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PREFACE 


The object of tViis book is to p;i\ o a simple and rigorous exposition of 
the First and Second Laws of th(Tinodynami(‘s. Work, temperature, 
and heat are explicitly defiiK'd. The First Law is stated in terms of 
work and heat aioIl(^ The term ema-gy — which represents a thermo- 
dynamic concept — is c[uaiititativ(‘ly defin(‘d. Without employing 
molecular pictures tliat hold only for id(‘alized gases, internal energy is 
'^hown to be a j^ropert}^ Steaxly flow is aj^proached through the more 
general concept of the open system. 

Illustrative' material, particularly in the first eight chapters, is drawn 
from familiar things and pro(*(‘sses, including familiar chemical reactions. 
Cons(*qu(‘ntly, tlu' tix'atment is kept general and relatively free from 
alg('hraic mani[)u I at ion . 

I'he Second T^aw api)ears as a single stat(‘ment, and the usual equiva- 
k'lit statements an' deiLa'd as (‘orollaries Tlu' (‘oncc'pt of re'versibility 
is rigorously defined; it is then appli(‘d to familiar proc'esses through 
('xamples and probU'ms. Tlu' entropy is shown to b(‘ a property, but 
the distinction betwee'u ('iitropy and th(' lu'at-tc'inpc'rature quotient is 
emphasizt'd by a (h'rivation of th(' Clausius inequality and by fre^quent 
appli(‘ation of it. 

T\\i' chaf)ter on aviiilability appears as a logical ('xtc'iision of principles 
that an' applied in prt'vious chaj)t('rs“ notably those on corollaries of 
the Sc'cond Law, int rodiu'tion to thermodynamics of clu'mistry, and heat 
and pow('r from combustion, llitlierto unpublished ('xamples are given 
of the application of the availability principle to tin' anunonia-absorption 
cycle and th(' in t('rna 1-combustion-engine process. A cpiantitative 
definition of irrevf'rsibility is olL'n'd. 

The material in th(‘ chaj)! (‘rs on the n'lation Ix'twc'f'ii pressure, volume, 
and temperature and on binary mixtures is not tk'w to the chemical 
('iigirieer. To the mechanical engineer it is k's^ familiar but equally 
important . 

In the last few chapters the emphasis is on equilibrium. The treat- 
ment of this subject brings out the interrelation between equilibrium 
and work-producing processes. It presents that part of the work of 
Willard (libbs which seems to bear most directly on problems in engi- 
neering. Moreover, it i)rovides a broad and sound foundation for the 
discussion of equilibrium in tlie field of nu'chanics. 
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Although the emphasis is on thermodynamics rather than on heat 
engineering, ad(‘qiiate treatment is given of engines, cycles, refrigeration, 
air conditioning, and other subj(‘cts that are usually included in a course 
in heat engineering. Each of these subjects serves to illustrate some 
]:)hase of the a{)pli(*ation of the First and Second I.aws to science and 
engineering. 

No one arrangement of material would be satisfae*tory to all teachers 
of the subject for all cenirsess e)f study. Ilowe\ er, the following approach 
has berri tevsted in practice and may serve as a guide in planning a pro- 
gram. 

The first term may be elevoted te> Chapters I to IX. The order' of 
thevse eiiapters is imj)ortaiit if the‘ methoel of e*xposition is to be used to 
t)e\st e‘ffe'e*t. "liu' second term may ineiuele seme' or all of Chapters X to 
XVI. lle'H' the' oreier is of le'ss importane*e and seme topics, sueii as the 
treatment of partial ])rope‘rtie‘s in Chai)te'r XIV, may if nece\ssary be 
pe)stf)e)ne'el. Furthe'r unehrgraeluate' work may be se'lente^d frejin Chap- 
ters XVII to XXII. Te)i)i(‘s fe)r graduate study may be seierde'd frenn 
Chapters XVII to XXVI. Ne) stuelent, graduate ejr undergraduate, 
sheiiild be e‘Xi)ect('el to maste'r an aelvancerl chapte'r until he is thoroughly 
familiar with the' me'thods anel e*e)nt(‘nts of Chapte'rs I to IX. 

Most of tlic' mat ('rial in the' first half e>f the' book has taken shape over 
a pe'iioel of years through sue*c(\ssiv(' rewisieuis of a text in mimeograph. 
This mate'rial has bea'ii useal by instruct e)rs e)f various de'grees of e'xpern- 
('n(‘(' to te'ach sUide'uls of se'Ae'ral branche's of engineering. Altliough 
still subjee't to improvc'ine'nt, the' me'thod of e'xpo.sition is no lemger in an 
e'xperimental stage'. It has Ix'e'U used succe*sslully with both graduate 
anel unde'rgraduate students. 
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CITAPTEK I 


DEFINITIONS 

Thermodynamics. Thorniodyiiamics is tli<* scicaua* of the relationslii]} 
l)('tw(‘en heat, work, and 1}»(‘ ])ro}r‘r1 i(‘s of syst(niis 

System. A systcan is any eollf^etion of matter enclosed within pre- 
scribed boundari(‘s. 

Pressure. for(‘(‘ exert(‘d l)y a systc'in on unit anai of its boundari(‘s 

(and, tlierefore, by unit, anai of (h(' ])oundari(‘s on th(' system) is call<‘d 
the pressure of IIh' systtan. Wheje th(‘ pressun' is ecaitinuously vairyinji; 
it must be defiiK'd as the forc(‘ a]>])li(‘d )>y tii(‘ systcau on an infinit<\simal 
piece of tlie boundary dividend by th(' arc'a oi th(' pi(a‘e. Esuall}^ the 
force applied by the systcan is dina'tt'd outwards, and ih(‘ ])ressiirf‘ is 
considered j)ositiv(\ ( )ecasi<jnaUy a system in a solid or a liquid state 
will appl^^ a forcH' on its boundari(‘s which is directed inward — the 
the pressure is tluai consukaxal n(‘[i;alive. 

Specific Volume and Density, dlu' voiumr* occupied 1)y unit mass of 
a system is calhal its specific volume. A\'h<a-(‘ th(‘ spec'iht* \a)lum(' is vaiy- 
ing from point to i)oijit in a syst(an it must Ix^ defiiual as tin' volume 
occupi(^d by an infinitesimal fi-aclion of th(‘ sysUaji divid('d by th(' mass 
of the fraction. TIk' spcaafn* \olum(‘ is the r(aaj)rocal of the densifi/. 

Work. The definition of work used in mechaiiies is the product of 
a force? and the distance in th(‘ dirt‘ction of the' fona' ovea' which it is 
a])pli('d,” 

When a ])iec(‘ of chalk is lifteal from a tabk^ to tlie to]) of a box restinf]^ 
on the table, wa)i-k is done' by th(‘ ageaii wliich do(\s the lifting. If w(‘ 
consider a sy.stem consisting of the* tai)k% the chalk, and th(‘ box it is 
a])parent that tlie configuration of th(‘ thing- e-onst it uting the sysican is 
changed by the work. W (‘ may say that tfic introduction of work into 
thc‘ systean results in a change in stat(‘, wh^aa^ t h(‘ word state is used to 
denote the configuration of the s^sfean. 

Work is pres(ait, only during the‘ action of the ageait. Bedore the 
action no work is ]^r(‘S(ait ; and aftea* the action no work is pr(‘s( nt. dlit' 
work appeairs onl>' during th(‘ change of state* and is se)m(*thing which 
enters the* syste*m freem outside*. Its e'xisteaiea* is fk‘e*ting. 'The' transi- 
te)ry nature* f>f we)rk is e)ne* e)f its elist inguishing charae*t erist ie*s. 

Work is e‘}iarae‘terize*d by aiiothe-r elist inguishing feaiture*: it is always 
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equivalent to and can be completely converted into the raising of a 
weight. Regardless of the direction in which the forces acts, by a suitable 
system of pulleys or kwers an equivalent force acting over the same 
distance can be made to raise a weight. If care is taken t-o reduce friction 
in the mechanism, the magnitude of th(‘ mass which can be raised 
through a prescribed change in lev(‘l by a giviai c mount of work can be 
made to approach indefinitely close to a ccTtain maximum value. We 
shall use that maximum value as a measure of work. 

In thermodynamics 'work is d(dined as follows; ]\'ork floivs from a 
system (and to another) during a given operation if the sole effect external 
to the system could be the rise of a weight. It is iiK'asun'd by the magnitude 
of the greatest weight which could be lifted thi‘oiigh a ])rescribed distance. 
Our definition includes not only the work d(din(‘d in iiK'chanics but 
certain other kinds of transitory quantities as woW. 

To illustrate ano1h(‘r kind of wa^rk consid('r a system in a state of 
stable equilibrium (that, is, a state which will not alien’ in the absence of 
('xt(‘.rnal effects) which has a potential differeii(‘(‘ E bedwinni two points 
on its boundaries. If a quantity of positive electricity dZ is caused to 
tlow^ out of the system at, the point of highen* potential and into it at th{‘ 
other point a change will occur in some observa))l(^ charaetcn’istics of th(‘ 
system. For exampk^, if the systeiu is a ca])acitor, th(‘r(i will b(‘ a change 
in t he deflection of a galvanometer coniKnied across it ; oi‘ if the syst,(‘m 
is a lead storage C(il, tlune will be a change in tlu^ mass of the ele(*tro(k's 
and in the composition of the el(‘ctrolyt,(‘. Tli(‘s(‘ changes are the result 
of the flow of electricity through the ])otential difference'. 

We learn from tlu* science of (i(‘ctrieity that, th(‘ sol(‘ external effect of 
this flow^ of (fleet, licit, y (‘ould hav(‘ been the rise of a weight. For, if the 
(flectricity were to flow' from the part, of th(‘ systcan at high pot('ntial to a 
motor, and from the motor to the })art of the systiati at, low potential, the 
motor could raise a weight. Moreov(‘r, if the resist,anc(\s of the motor 
w(‘re reduced indefinitely the number of ]K)unds of mass that would in 
the limit be rais(‘d through a h(flght of one foot ))ears the same relation to 
the product EdZ that the joule bears to tin foot-pound. In the limit, 
also, no effect other than t he rise of the w’eight would be observed outside' 
the system. Thus, in the thermodynainic staise, the system has deliv- 
ered work. 

It can be said further that whatever things ('xtc'rnal to the system 
this flow of electricity passes through will receive the work. 

A similar argument may be used to show t hat work may be transferred 
to or from a paramagnetic substaino by (‘hanging it s magnetization in a 
magnetic field. 

The first type of work, the me(‘hanical t\q)(', wall b(' usc'd to illustrate 
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most of the simpler parts of our subject. It is virtually the only kind 
of work which can be conveniently delivered in any appreciable quantity 
to gaseous systems. 

W ork fioxDvng Jroyn a system we shall call positive work^ and work flowing 
to a system we shall call negative work. For example, consider a helical 
spring which is stretched in the direction of its axis. If the spring con- 
tracts slowly against an external resistance, then w(‘ shall say that the 
work done by the* si)ring is {positive, because the spring could execute the 
same operation and leave no external effect except the rise of a weight. 
On the other hand, if the spring is stretched slowly then we say that 
work is done on the spring or that the work done by the spring is negative. 
For, the operation of the agent that stretched the spring was such that 
the sole effect external to the agent could have beem the rise of a weight. 
Therefore the ag(mt d(‘livered work and t he spring n'ceived it. 

Work is measured by the magnitude of the grf'atest weight- which could 
be lifted through a prescribed difference in level. It- can be shown from 
the principles of statics that if two forces, Fi and Fo, move respectively 
through distances Si and so in the direction of t h(‘ for(;es, then the work 
done by force P\ is 7i times the work done by forcv' Fo if 

FiSi //F2S2. 

Thei’efore, ivork done by a force may he measured by the product of the force 
and the distance it moves in its own direction, dims, we may write an 
expression for tli(^ work done by a force: 

dWr = F ds^ 

where dWy (hmotes the work doiu^ by force F as it moves a distance ds in 
its own dirc'ctiou. 

Temperature. Suppose t hat we have two pieces of the same material, 
one of whicli ffnls hot to the t-oucli and the other cold. If we place them 
in contact with each other we soon not-ice a chimgc^ in bot h, the first feels 
less hot, the second less cold ; and aft er a consid(‘rable period of time has 
elapsed we find that both fi'el th(^ same. 

The same phenomenon miglit have been observed in a less subjectiv(‘ 
fashion. Suppose, for instancu^ that the two masses in question are 
blocks of copper. If a deep hok^ is drilled in each we can insert in the 
hole a glass bulb filled with mercury the surface of which stands some- 
where in a capillary extension of the bulb. (This device is known as a 
mercury-in-glass thermometer. ) If we insert the mercury bulb into each 
of the blocks before bringing them in contact we find that the level of 
the mercury surface is higher when the bulb is in the hot block than when 
it is in the cold block. After the two blocks have been in contact with 
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(nich other for a lonp^ tinio t}jf* iiiereury level will he the same with the 
hull) iu (‘itluT hloek. TIk* two ])locks are now said to be at the same 
t(‘m|KTa1un‘. 

Mor(‘ d(‘l.‘iil('(l ohsrrviit jou would r(‘V(‘al that the kaigth of a side of the 
[lot hloek d(M‘rens(M} Jind th(‘ length of aside of tlu' eold hloek inereased 
during t his ('Xix'rinieni , or that iIk* (T'etrieal [’(‘sistaiiee of 1h(‘ first had 
d(ier(jas(‘(i and that, of tin; sc(‘ond had iii(*J-(‘as(‘d, hut. aflnr a eonsideral>lc 
jxaiod of time has elapsed no elian^es in kai^th or resistance occur as 
long as th(‘ t wo blocks remaii] isolat(‘d from everything l)ut each other. 
\V(‘ defim' cqualitij of lent peraiure as that, condition of two or more bodies 
in whi(!h no change', in any observable' ebaracte*ristic (Occurs wberi they are 
brought, into (*e)inmunicatie)n with e'ach e)ili(‘r. 

The^ UH're'ury in our me'reairy -in-glass I h('rme)me't('r is me'rely a hexly 
which (‘X('(‘ut('s a reridily ohse'rvahk' e*liang(' in ve)lnme when it is brought 
int.e) e*e)mmunu*atie>n with a he)ely that is not eejual to it in temperature. 

( 'onsiek'r now' a the'rmonieTe'r and two otlie'r hoelie\s. If the volumes of the' 
mere'ury remains unchange'd whe'ii it, is hre)ught inte) ce)mmunication 
with ()]!(' e)f the' he)elie‘s, the'ii tlie^ he)dy anel the* ther’mome'teT are eapial in 
te'inpe'rat lire'. If the' volume' of the* me're'ury re'uiains une*hange*d wiie*n 
the* t h{‘rme)me'te*r is hre)ug]it inte) ce)mmunicat ie)n with the se*e*ond ])e)dy, 
then we^ kne)w fre)m e'xpe'ri('ne*e tliat. no e-hange* will oce*ur in eitheT of the 
t.vvo he)elie's if the'y are' ))re)ught inte) e*e)mimmie*al ion with each other. 
We may say, 1 lu'in'fon*, that if (tro bodies ore each, equal in teni perat ure to 
a third bodq theij are efpial in tein perature to each other. I f this w’ere ne)t so, 
e'ejuilihnum we)ul(i iK've'r sii})sist within a. gre)U]) e)f he)die‘s. 

We* e‘an elistiiiguish varieeus leveis of te'inpe'vat ure' ne)w, ]>e*e*a\ise if a 
he)ely is re'me)ve‘(l frean om* isolateal grenip anel hrenght in ce)nta.e't. with 
a body from a se'cejud ise)late‘el greai]) tlu'n the* twa) gre)ups are at eliffe're'nt 
leve'ls e)f te'inpe'rat ure' if a, eiiange e)e'e*in's in an observable e‘}iai‘ae*te‘ristic 
e)f e>ne or both e)f tlie* bexlios whie*l» art* broeight te)gethei-. Of ce)urse a 
simple way to carry e)iit this inve*stigation wa)ukl be to include our 
indicatew, the mere'ury bulb and ste'in. in one' groiiy) e)f be)die's anel note 
wiif'the'r the pe)sition e)f the' nu'iiiscus e'hange's whe'ii the* indicator is 
bre)ught in e'ontae't with a s('e'e)nel gre)up. It would be permissible in 
the' abse'iu'e* of furl he'r ce)nc('pls to say that of Iwe) gre)ups of bodie*s the 
e)ne whie*h e'ause's tlie nu're'ury meniscus to come* to re'st at tlie liigher 
position is at the highe'r tempe'rature. A still more arbitrary, but equally 
fH'rmissibk', step w'oiild be the de'finition of a scale of temperature by 
assigning numbers in sequence to marks place'ei at regular intervals along 
the capillary tube, the iuimbe*rs ])eing higher the farther the mark from 
the bulb, in accordance with our definition of a higher teanperature. 

In this manne'r the* two most ce)mmonIy nse‘d scakxs of temperature 
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were originally defined. On the Centigrade scale the number 0 was 
assigned to the mark corresponding to the temoerature level of melting 
ice at atmospheric pressure and the number 100 to the mark corre- 
sponding to the temperature level of boiling water at the same i)iessure. 
On the Fahrenheit scakj the corresponding levels were assigned th(‘ num- 
bers 32 and 212 respectively. In each case tine length of the sltan was 
divided into equal intervals, so that a change of one in eith(‘r scale was 
always dc'iioted by the sam(‘ distance. 

Thermod3mamics and Molecules. In hydraulics we are accustomed 
to conceive of the pressure of licpiid water on the walls of its container as 
varying continuously from point to point, with no points on tlu^ sub- 
merged surface at which the pr(‘ssur<‘ drops discoiitinuously t/O zero. 
On the other hand, the kinetic th(H)ry of matter tcaxches that pn'ssun' is 
caused by a bombardmc'nt of the walls of th(' container by myrieds of 
discrete particle's called molecuk's. Thei’c'fore, th(' pnsssure that we 
measure is continuous neither with distance nor with time; and our 
definition of pressure as t he force applied at a giveai inst ant on an infiiii- 
tesimal piece of })oundary divided by the an‘a of that piece will yield 
values wdiicli range at random from zero to infinity. 

However, if tlu' scak' of our system is iudefinihty large compared wdth 
molecular distances, an infinitesimal fraction of tlu' iioundary area might 
still be an exlnaiuty large area in terms of mokvular distances. t)ur 
(ktinition of j)r(‘ssur(^ waiuld then corrc'spoiid to a finite' and steady value. 
Similarly we may give' nuaining to the valu(‘ of a tempe'rature or of a 
density at, a point jirovided that the })oint lie's in a sufhcie'iitly large 
system. 

Thus, thermodynamie* analysis is limiter! to systeans that arc large 
compared wuth the' mejk'cuk's which the'y comyirise. Ilowevc'r, since^ a 
(‘ubic centimeter of gas at, room t('mp(a*at,ur(* and pre'ssiire? contains about 
3 X 10^^ mejk'cules, no very great dimeiLsions are iie'ea'ssary to satisfy 
this recpiirememt. 

ddie existence of the molecule has bee'ii firmly established by (‘xyieri- 
ment , but, the scie'iu'e of thermodynamics does not. de'pc'nd uyion t his fact 
for its validity. Indeed, if it were to be'- yaoved tomorreiw^ that the 
meilecule is non-e'xiste'iit anel all matle'r is continuous in nature, no change 
in the tl^eory of t hermodynamics nee'd fehlow. In subseeyuent. pages the 
molecule wall play but a small y)art , because it is generally true that the 
exposition of thermodynamics is simplifitKl by ignoring the^ molecule. 

Heat. If we immerse 0.1 pound of coy^^per having a temy)erature of 
200 degrees on the Fahremheit scale in a mass of 1 pound of water having 
a temf)erature of 60 degrees on the same scale the copy^er and the water 
will, after a time, reach equality of temperature. The new' temperature 
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is found U) ho hi. 4 degroos, or the water is raised in temperature 1.4 de- 
grees by the e.oppcT. The results of this experiment may be reproduced 
at will; that is, 0.1 pound of copper at 200 degrees always raises the 
temperature of 1 pound of water 1.4 degrees (if the water is initially at 60 
degr(;es) wlien the two are brought together. Const^quenlly, 0.2 pound 
of copper will raise the temperature of 2 pounds of wat(^r 1.4 degrees (if 
the wat(‘r is initially at 60 degrees), because we have merely combined 
two ident ical experimcnits. 

In these experiments the copper has influenced the water in a fashion 
that can be quantitatively measund. The inflmnee can be thought of 
as somet hing which passed from the (topper 1,o the water, and it can be 
imnisured l)y the number of pounds of water wliich will rise through a 
prescribed intt'rval of ternperatun* as a result. It is called heat. 

It was ner(*ssary, of course, to have a ti'inperature difference 1x4 ween 
th(‘ copper and the water in t he experimemts just discussed or no measur- 
able influence on tiie temperature of the wat(T would have been found. 
It should b(‘ noted also that what is measun^d by the mass of the wat(‘r 
which rises through the prescrilx^d ii\t(Mwal of tcm])eratur(‘ is that which 
pamui from the coppc'r to th(‘ wat(T. 

Heat is that which transfers from one system, to a second system, at lower 
temperature, by virtue of the temperature differerice, when the two are. brought 
into communication. It is measured by th(^ mass of a prescribed material 
which can ))e raised in tempei’ature from one prescribed level to anothei’. 

lle>at, like work, is a transitory (piantity; it is ne\'(‘r contained in a 
body. The importance of this distinction will be made (evident in latea’ 
discussions. 

We shall adopt the convention that Jieat past^itiy to a sy.^tem is positire, 
and heat leaving a system is negative. 

State, Property, and Change of State. A state of a system is its (;on- 
dition or position and is identified through the proi,)erties of the system. 

A property of a system is any observable characteristic of the system. 

4\vo states of a system are called identical states if ev’ery property of 
the system is the same in both instanc(‘s. 

Wh(ai the state of a system alters, the change of state is described in 
terms of the end states. 

The path of a change of state is the series of states through which the 
system passes. 

The process involved in a change of st^te is described in terms of the 
f)ath and the method by which the path is described. An adequate^ 
description of the method must include at least, the heat or the work. 

Any process whose end states are identical is called a cycle. 

("orollaries of these definitions follow: 
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All properties are identical for identical states. 

The change in a property between any two prescribed states is inde- 
pendent of the process. 

Any quantity whose change is fixed by the end states^ f.e.. is independent 
of the process j is a property. This is a rigorous criterion by which we 
shall hereafter determine whethi'r a quantity is or is not a property, 

PROBLEMS 

1 . A system consisting of a (quantity of gas exerts a steady pressure of 20 Ib/sq in. 
gage on a H)-in. diameter piston as the piston moves througli 0 in. How much work 
is done by the system? (Assume a barometer of 29.92 in. of 32 F mercury.) 

2 . How many pounds weight wilJ the following quantities of work raise through a 
height of 1 ft: lOOOft-lb, 1000 kg-m, 1000 ft-poundals, 1 hp-hr, (> kw-hr, 4 ft'^ lb s(j in., 
20 liter atmospheres, 25 IT calories, 0.001285 Btu, 1 standard refrigerating ton-hour? 

3 . State the definition of an absolute kilowatt in t(‘rms of dynes and centimeti'rs 
and derive the factor for converting from kilowatt-hours to fofit-pouiuis. 

4 . Invent a thermomet(‘r, preferably a type you have never heard of, and define 
a temperature scal(^ in terms of it. 

6. Using the terms work and heat in the tliermo<Iynami(t sense write for heat 
to th(* system, W T for work done by the sysbnn, and Q~ and IF— respectively for 
heat from and work on the system, in tla^ following cast's. If tlien* is no heal writt' 
~ 0; if tliere is no work writt' U’ — 0. The italicized words in the first sentence 
in each exairqile d(;fine the system. 

(a) The air in a tir(‘ and connected tire pump. Th(‘ pump plunger is pushed 
down, forcing air into the tire. Assume tire, pump walls, and connecting tubt' 
non-conducting. 

(5) The water and water vapor in a rigid nu'tailit^ container. The c.ontaincr is set 
on a stove, and the pressure and temperature of its contents rise. 

(r) The system in (5) bursts its container and explodes into a (S)ld atmosphere. 
{d) Liquid in. a non-conducting Pcssel. The liquid comes to ri'st from an initial 
state of turbulent motion. 

(c) Hydrogen and oxygen in a combustible mixture within a non-conducting and 
rigid envelope. A spark which may be considered infinitesimal and negligible 
causes the tw’o gases to ('ornbine. 

(/) Hydrogen and oxygen in a com)>ustible mixture forming a bubble in a large 
reservoir of w'ater. A minute spark, as in (c), causes them to combine. 

BIBLIOGRAPHY 

Planck, Treatise on Thermodynamics (translated by Ooo), pp. 1-4, 34-39, Longmans, 
1927. 

Zemansky, Heat and T herniodynamics, (diapters I to IV, IVlcGiaw-Hiil, 1937. 
MacDoooall, Thermodynamics of Chemistry, pp. 1-3, 29-27, Wiley, 1939. 

WruiEH, Thermodynamics for Chemical Hngineers, ( diaj)ter 1, Wiley, 1939. 

PoiNCAit^, ThernnHlyn.ami(iue, (djai>ter 11, ( lauthicr-\dllars, 1908. 

,1. W. Ginns, Collected Works, Vol. 1, p. .51 (footnote), Longmans, 1931. 

Amehk’AN Lnstitute of Physics, Temperature, pp. 3- 23, 41-41, Reinhold, 1941. 



CHAPTER II 

THE FIRST LAW OF THERMODYNAMICS 


Introduction to the First Law 

Consider a system (Fig. 1 ) consisting of a fixed surface S and a weight 
CO tied to a drum mounted above the surface in frict-ionlc'ss bearings. 

Let us call the .state of this system in which 
the weight r(‘sts upon the surface state 1. 

A proc(‘ss occurs in which some outside 
agent turns th(‘ crank on the drum and 
caus(‘^ the wcaght to move slowly upward 
until it is (‘l(‘vated a distance h above thc^ 
surfa(*(‘. This new state of the systcan we 
shall r('f(‘r to as state 2. The process just 
descrilxMi was accompanied by a flow of 
work from a system comprising the agent 
and to th(‘ system comprising th(‘ weight 
and drum, in accordance with the definition 
of work: 

Work floins frotn a (and to another) daring a given operation if 

the sole (ffect external to the system eoald be the rise of a weight. 

N(‘xt, tli(‘ w'('iglit-dnun sy.st<an is allowaxl to n'turn to .state ] by a 
slow downwau’d mov(‘m(‘nt of 1h(‘ w(‘ight. In ord(T to insure slow^ 
motion it is n(‘cessary to apply a restraining force to the drum. It is 
ajiparcait that tlu* rc'st raining force might be th(‘ force applied by an 
opposing w(‘ight, of th(‘ same magnitude as waaght a; but outside the 
system, which wall rise th(' distance h as the system n^turns to state 1. 

Following the convention that work done by the system is positive and 
work doiH' on the systcan is negative', we may waate for the cycle of 
operations 1-2-1 

dW = 0, 

when' the circle on tlie sign of integration iridicates that the .summation 
is made' around a clo.sed cycle. 

It appe'ars that something wTich w^as supplied to the .system as work 
in process 1-2 was not dc'stroyed or even diminislu'd in the course of 
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the operations, because an equal amount of work ^^'as ret urn(‘d to the 
surroundings by tiie system when the original st ate was ix'stored. It is 
not proper in view of our definition of work to say that, the work was 
stored in tla^ system at state 2, but- we recall that in the science of 
mechanics the stored something is nTta-n^d to as j)otential energy due 
to gravity. 

Now let us rep('at process 1 -2 ('xactly, but, instcvad of opposing process 
2”-l with an external weight-, let us restrain the downward motion by 
means of a brake on the drum. Whiai th(^ wiaght, is oiic(' more' resting 
on the surface we iiispcH't th(‘ syshan to s(‘(' if state 1 lias Ixhmi reston^d. 
W(‘ find that it has been r(*stor(‘(l in (wery r(‘sp(a*t exc('])t. oiuy nanu'ly, 
the temp(a'atur('S of th(' di'iini and braki^ shoe' an' higlier than in state 1. 

Our (‘xp('rienc(' with lu'at, indicati's that even in this resiu'ct w(‘ may 
return to state 1 Ivy cooling tlu' liraki' and drum. Now for this second 
cycle of operations W(‘ may writ(‘ 

(f>/W 9^ 0 , 


and our concept, of a something whi(‘h is conserved to appear as work 
or to be ston'd as potential cau'rgy fails. 

Let us sp(*cidat(' as to tlu' possibility of irna'nting a ik'w manifi'station 
or phase of this something whi(*h will account for its si'cming disap- 
pearance' during the' ojH'ration of th(‘ brake'. We 
might assume', feir inst,ane*e, that the new pliase* is 
he'at, an assumptiein whie-h rniglit, be' de'feaide'el feir a 
t ime if we can she)W that- t he*re‘ is a functieinal retation- 
ship between the' quantity of weak unace'ount-e'd feir 
and the eiuantity of he'at- pre'se'iit in a e'ye’lic jireie'e'ss. 

This assumptiein might- hv V('rifie*el by lifting vaiious 
weights thiougli a ce'iiain e'hange' in le've*! anei meas- 
uring the quantity of heat de'live^re'el to a e*alorime*te'r 
by the ^system as it re'turns to its original st,ate 
(Fig. 2). p 

FLxjieriment-s of this sort have be'e'ii carrie'd out, 
and they show that thei wejrk done* in raising the' 
weight is pro])e)itional to the^ he'at- de'live'ix'd by ttie 
system to the calorimeter. Thea*e'feire* we* may write 


Brake 


J ^rlQ - i^dW = 0 [1] 

wliere (^dW denotes the algebraic summation of the quantities of work, 
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positive or negative, the algebraic summation of the quantities of 
h(^at, and J a factor of proportionality. 

The First Law of Thermodynamics 

Tlu! first law of thermodynamics is simply a generalization of [1] to 
include all cyclic proc(‘sses in natur(‘: If (my system is carried through a 
cycle {the end state being precisely the same as the initial state) then the 
summation of the work delivered to the surroundings is proportional to the 
summation of the heat taken from the surroundings. The summations 
are in both instances algebraic and include positive and negative heat 
and work. 

It should he noted that the experiments cit(^d above are by no m(‘ans 
a proof of the First Law, Thej^ do not include an example of that larg(^ 
class of cas(*s in which a net amount of work is d(‘livered to the sur- 
roundings (or ^dW > 0). Furthermore, any statement as general as 

this one, unless it. rests upon som(‘ principle which is still more g(‘neral, 
cannot b(^ prov('d. If it is true it is probabh^ tliat its truth will iK'ver 
b(' demonstrated except by tiu‘ failure of all attempts to disprove^ it. 

The Proportionality Factor, J 

By means of any cycle executed by any system we may find the pro- 
portionality factor J of [1] corresponding to })rescnbe(l units of work and 
heatu For exampk‘, two units of h(‘at. that w('re commonly employed 
b(Tore and aftcu* tlu' enunciation of the First Law aie the Ifi-degn^; 
calorie and tlu' OO-degn^e British thermal unit. A quantity of heat 
(‘X[)ress('d in ir>-d(‘gree (calories is the number of grams of water that 
will be raist‘d by it, from 14.5 to 15.5 di'grees C'entigrade while under a 
pr(‘ssure of 1 standard atnios[)her(^ A (quantity of heat expresst‘d in 
t)()-d('gre(' British thermal units is the number of pounds of water that 
will be rais('d by it from 59.5 to 60.5 degrees Fahrenh('it while under a 
j)ressure of 1 standard atmosphere. Experiments have shown, through 
11], that J corresponding to the 15-degr(*e calorie and th(^ kilogram- 
meter is 0.427, and that J corn^sponding to the 60-degree British thermal 
unit and tlie foot-pound is 778. 

Th(‘ value of J is as arbitrarj^ as the choice of units for either Q or IF. 
For (‘xample, if w(^ choose the kilograuYmetc^r as th(^ unit of work, it is 
always possible to devise a heat unit of such magnitude that J is unity. 
For w(‘ may var\" the unit of mass or the prescrib(‘d timipcu’ature interval 
or the fluid specifi('d in the definition of the heat unit. When J is unity 
t he units of h(‘at and work are called by the same names. Thus we hav(^ 
the kilogram-m(‘t{‘r of lieat or the foot-pound of heat, (inversely, we 
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have the 15-degree calorie of work, the ()0-dcgree British thermal unit- 
of work, etc. 

In this fashion the First Law eliminates the necKi for a dual system of 
units for work and heat. We may, if we please, discard all thc‘ old heat 
units defined in terms of prescribed fluid, unit of mass, and temperature 
interval and retain only the usual work units. Such a step would nmove^ 
the necessity for changing the value of J each time a presumably more 
precise measurement of work and heat is made. It would also simplify 
scientific literature by reducing the number of units which may b(‘ 
employed. However, custe)in and the‘ convenience of a unit which (nrre- 
spoiids to unit rise in temperature of unit mass of water have i}it]iei1o 
prevent(‘d this simplifie*ation. 

Heat units may still be abandoned without offending custom or 
conveaiiene*e ])y defining a calorie of work and a British thermal unit of 
work each of such magnitude as io give pro{X)rt ionality factors close to 
unity wheai paired respe^ct ively whh the old calorie of he^at and the old 
British tliermal unit of h(*at. Such a definition, in terms of electrical 
work units, was proposc'd by the First International St eam Tablets Con- 
ference at London in 1 929.* It is as follows: I int.ianational steam- 
table caloric' (I 11'' cal) = 1/860 international watt-hours. The con- 
vc'rsion from this calorie to kilogram-met (ts is found from this definition 
to be given by the equation 

1 IT cal = 0.42699 kg-m. 

The conversion factor differs from the J corresponding to 15-degre(' 
calories cand kilogram-meters by k'ss than the (‘xperimental uncert.ainty 
in the value' of J . 

The British thermal unit corresponding to the IT calorie is definc'd 
through an equivalence between compound units, which was approxi- 
mately true for the old heat units — namely, 

1 Btu/deg F Ib - 1 IT cal/deg C g. 

From this and the definition of the IT calorit' the conversion from 
British thermal units to foot-pounds is found to be given by the equation 

1 Btu = 778.26 ft-lb. 

Through subsequent pages the term calorie will be used t o denote the 
IT (*,alorie and the term Btu to denote the corresponding British thermal 
unit. Also we shall assume in all equations that the units are consistent 
— that is, the value of J is unity and the units of work and heat have' 
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the same name. Thus [IJ becomes 

j>dQ - ^dW = 0. [la] 

Corollaries of the First Law 

The Definition of Internal Energy, a. Property, Consider a system 
which can change by some process A from si.ate 1 to state 0 (Fig. 3), 
Q and by some process B from state 0 to state 1. Then, 
by the First Law [la], we may write 

r (dQ - dw) + r (dQ - dw) = 0 . 

JiA Jon 

Let pro(‘ess C be any other proc(‘SS by which the 
system may change in state from 0 to 1. Then for 
the cycl(‘ 1.4 GOT we may likewise write 

r (dQ - dW) + r (dQ - dW) = 0. 

JlA Joe 

Combining these two equations and simplifying, we get 

r (dQ - dw) - r (dQ - dw). 

Job Joe 



Therefore, vdicn a system changes from one prescribed state to another, the 
value of the integral of (d(} — dW) is fixed by the end states and is inde- 
pendent of the process. It, follows that, this integral is a property because 
it satisfies the crib'rion of a prop<‘rty as stated on pag(‘ 7. We shall 
call it. the internal energy of th(‘ syst.ian and give it thc^ symbol E: thus, 

E, - Eo= [ (dQ - dW) ^Q-W, [2a] 

Jo 


where Q and W dcaiote respi'ctivc'ly th(^ lu^t luait rec(‘ived by the sj^stem 
and th(‘ ni't work done by the system during the change of state from 
0 to 1 . DiiTerent.iation of [2a] givi's the expression 

dE dQ - dW 
or 

dQ = dE A- dW. [2] 


Tlu'rmodynamics tells us nothing about the values of Ei or E^ in 
12a], though it. does tell us, through [2a], the means of computing the 
difference' In'twenai them. Since* then* is no absedute* value ed the 
inte'rnal (*nergy, it is pe'rmissible* tei assume* its vaha* te) be zero at any 
spe*e*ifie‘el state*. Th(*n if me'asm*e*m(*n1s are imide* of the* heat and work 
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involved in passing fiom that, state to a second state the corresponding 
value of the internal energ>^ in the se^cond state may i)e found through 
[2a]. Obviously, the difference betwecai such values for any pair of 
states may be substituted for the left-hand m('ml)er when [2a] is applied 
to a process joining that pair of stales. 

It is profitable to dwell on th(‘ distincliori ix'twc'en the property E on 
the one hand and the non-propertii's Q and W on th(' otlaa. In the 
section called Introduction to tiie lirst I. aw it was ])()inted out that, the 
cyclic intc^gral of dQ or of dW may b(‘ oMua* tlian z(‘ro, which is proof 
enough that the integrals of tla^sc^ quantiti(\s an' not. prop(‘rti(\s. On 
the other hand [la] and [2] in com])ina.ti()n show^ tliat the cyclic, integral 
of dE cannot be oth(‘r tlian zero. 

The dihenaitial dE is an exact, difh'n'iit ial in terms of th(‘ variables 
(the indepi'iident prop(‘rti(‘s) that del.(‘rmin(' th(' state. That, is, tlu* 
valu(‘ of its int('gral is fixi'd, (‘xc<*pt for an arbitrary constant, wluai the 
valiu's of th(‘ ind(‘pen(l(‘nt variable's are fixi'd. No similar statement, 
can be made' etone'e'rning the' ditfere'ntials dQ and r/lT, be e'ause' tlu' value's 
of the'ir inte'grals de'pe'iid eai the' preie'e'sse's by whie'li tlu' state' is ap- 
jinxaehexl and neit, upein the magnituele's of t,lu‘ jnope'rtie'S e'eirre'speinding to 
the' state'. Tlius, we' may use' the* syml>e)l E\ te) de'iiote' the' internal 
e'lH'rgy corresponeling to a state' 1; but. the' e'e>rr(‘Spe)neling symbeds ITi 
and Qi woiilel neit lie' e'lnpleiye'el, be'e*ause' tlie're' is ne) ejuantity of w'ork 
which ceu’i’e'Sjionels t.e) state' 1 (no matt,e*r low t h<' re feae'nce' state may be' 
sedea'te'el), neir is tlie're' a ejUantity eif lu'at. e'eine'Speineling tei state 1. 

The Law of Con.^vrimtion of IQicnju. ddie' l^aw ni ( tinservation ol 
Knergy may be' state'd as foUeiws: The uderK(d energy of o sy.sterti renioms 
U7icf tanged if the system is isolated from its environtnetd as regards work 
and heal, re'gardk'ss of the' nature' eif the' cliange's within the' syste'in.* 
If one pad. of the' syste'in sheiulel snlte'r a ek'cre'ase' in inte'i nal e'UC'rgy, the 
re'inaining ])art,s would expe'rie'nea’ an ine're'ase' eif pre'e'isely t he' same' mag- 
nitude. Meire'ove'r, the internal energy, be'ing a, proiie'it.y, remains 
vnehanged for any cyclic change in the* state* of the* system. It is easy t.e) 
show that the above stateme'ut ejf the' Law^ of ( kinse'i vat iein of Ene'rg>^ 
is ('ntirely e'Cpuvalent to the' First Law in tlie' feirin [Ij. 

The Defiteilion of Energy. The term energy may be employed as a 
general term which embraces heat, work, and miernal energy. J'kich of 
these has been de'fined })reviously. 

In terms eif our experie'uce^ in otlu'r sciences we find internal energy 
to be ine'lusive. For example', into a syste'.m e*oniprising a marble in a 

* Therefore, it is soirietiitjes said, after Clausius, “ the ener^^y of the universe; is 
constant.’' This is a hold — and unnecessary — extension of a principle which re- 
lates to finite systt;ins. 
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howl, work may be introduced to give tlie marble a finit(‘ vc'loeity. The 
corresponding increase in the internal energy of the system is (-ailed in 
mechanics the increasi^ in kinetic energy. Again, into a system com- 
prising a weight in a gravitational field, work may b(‘ introduced to 
raise the weight. The corr(\sponding increase in the' internal energy of 
the system is called in nu^chanics the increase in potential energy due to 
gravity. Similarly, internal eiuu-gy may include' potential ('iiergy in an 
electrostatic- field or in a magnetic fi(dd. These' are all forms of stored 
energy which may be increase'd or decreasf'd through the transfer of 
work alone. Inte'rnal ('iiergy includes beside'S these all the kinds of 
stored energy which are affect-e^d by transfe'r of heat. 

The First Law and the Boundaries of a System 

The First Law states that work and heat- are' equal in a cyclic process. 
The quantities of work and heat, as e'xi)lain('d in Chapt er I, are evaluated 
at the boundaries of a syste'm. If the' system consists of a block of coppe'r 
which is exposed to an external block of diffe're'nt te'inpe'rature, then 
heat will flow. But if both blocks are' within the' boundarie's of the sys- 
te'm the same effects will involve no he'at. Similarly, if the' system con- 
sists of a weight which is raise'd to a higlu'r k've'l l>y the fall of an external 
weight, then work flows. But if both we'ights are within the boundaries 
of the syste'm the same effects will involve' no work. 

From these considerations it may be' se'e'ii that- no application of the' 
First Law e^an be' made until the^ syste'in and its boundarie's are defined. 
The boundarie's nee'd not Ix' stationary, and in general the'y will not be. 
The'y may extend or contract in accordance with the' Ix'havior of tlie 
matter wliich e^mst it utes the system, but the'y must always e'nclose' the' 
same collection of matter. In any eve'iit, the Jirst step in the solution of 
a problem in thermodynamics is the description of a system and its bounda- 
ries. 

PROBLEMS 

1 . Explain why work and heat are not properties of a system, using the weight- 
pulley-brako system of Figs. 1 and 2 as an example. 

2 . A system executes a cyclic process during which there are four heat transfers; 
namely, 

Qi - 224 (;al, (h = -20 cal. Qs = -200 cal, = 37 cal. 

At four pi^ints work is done, three of which are Tt^i = 50 watt-sec, W 2 = —40 watt- 
sec, IF3 = 75 watt-sec. What is the fourth work quantity, and is it done on or by 
the system? ^ 

3 . A system executes a process during which 

Q = 224 IT cal and TT = 50 w’att-sec (international joules). 

How much does its internal energy increase (increase +, decrease — )? 
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4. A system executes a process between a temperature of 100 degrees and a tem^ 
perature of 200 degrees. The heat transferred per degr(*e increase in temperature at 
each temperature attained during the process is given fw the equation 

dQ 

— - == 0.5 Btu/degree. 
at 

The work done hy the system per degree increase in temperature at each tempera- 
ture attained is given by the equation 

dW 

— = 1 — Q.Olt Btu/degree. 
di 

Find the increase in internal energy of the system during the process. 

6. The internal energy of a c(?rtain system is a func'tion of temperature only and 
is given by the expression 

E = 25 -f 0.25/ IT cal. 

When this system executes a (certain process the work done by it per degree tem- 
perature increase is 

O.KHiS kg-m, degree. 

dt 


Find the heat transferred when the t(unj)erature (‘hangos from 100 degrees to 200 
d(igrces. 

6. A revolving flywheel having a kinetic “nergy of 1,000,000 ft-lb is brought to a 
dead stop by a {)iston as tl)e piston com})res.ses air in a cylindi^r. Neglo(‘t all friction 
between piston and cylinder and in flywheel bearings, and assume the piston ami 
cylinder walls non-conducting. How much has the internal energy of each of the 
following systems incnviscd? 

in) The air within tin; cylinder. 

(5) The fiywh(*el-pist»)n cf)nibination. 

(c) The whole mechanism. 

Consider the systems described as .surrounded by non-conducting envelopes which 
constit\ite the boundaries of the system, and ncgle(‘t the work done against the 
atmosphere. 

7. A fanwheel in a room having non-conducting walls is allowed to coast to a 
full stoj), no power being delivered to it. (Considering the system bounded by the 
walls of the room, 

{a) Is the work -f , — . or 0? 

(h) Is the heat -f, or 0? 

(c) Is the increase in internal energy -f , or 0? 

8 . State whether the internal energy increases, remains the same, or decreases 
for the system of each process described in problem 5 of Chapter I. 


SYMBOLS 


E 

J 


internal energy of system in general 
l)roportioiKility factor 
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Q heat to system 

W work froirj system 

summation made around a closed cycle 

BIBLIOGRAPHY 

Pi.ANCK, TrcatiHC. on Thvrtnodt/nnnnn^ (translated by ttoo), pp. 40-47, Longmans, 1927. 
Zemansky, flvAil (ukI Tfirrmodynamicji^ (Chapters I to IV^, McCdravv-Hill, 1937. 
MAcDoiKiALE, Thvnnodijnamir.^ of (HictniMry, ( diapter IV, Wiley, 1939. 

WEiiEft, Tlivnnodtiiionncs for (finmcal Engineers^ Cliai)ter II, Wik'y, 1939. 
lOesTEiN’, Thcnnodifnanur^^ Chapter II, Wiley, 1937. 

PoiNCAit^:, I'hcrmodffnamiquc, Chapters!, IV, V, VI, Gauthier- Villars, 1908. 



CHAFIl^R III 


THE PURE SUBSTANCE 

Independent Properties and Dependent Properties 

In some systems it is ne(‘(Nssary to prescrilx* a. larg;(' mimber of indcv 
pendent cbaraeterislies or pro])ert’!(\s bi'fon' tin' stat(' is dc’fmed. Even 
in the simple systcaii deserihc^d on page 8 whieh eousists of tlie weight, 
cord, drum, brake, and surfa(*(‘ it is nee(*ssarv t-o d(‘fin(‘ the states not 
alone in terms of tlie position of tlu' W(‘ight, ])ut also in terms (>f th(j 
1emp(‘rature of the brake and the t(‘inp('ratnr(^ of 11 h^ drum. If the 
w('ight is allow(‘d to fall um-est raincal to the surftu*(‘ tlu^ temix'rature of 
the weight and tlu* t<‘mp(a-atur(‘ of tli(‘ surfae(5 must. b(^ ineluded as 
important and ind('i)(aid('ntly varying ])rop(‘rli(‘s. 

It should be n'UK'inlx'red t hat, all observabli' oi- m('asura})le eharac- 
teristies are properti('s, but. all ne(‘d not b(‘ indepeiidcait, pro])('rties. For 
example, tlu^ diani('t(‘r of th(‘ brak(' drum incr(‘as(‘s slightly wIkui it is 
used to restrain ilu' falling wraght, but. it can Ix' shown that for each 
tempcTature of th(‘ brake drum tlu'n^ is a (‘orr{‘si)onding diamt^ter. 
Therefore, measunanent. eitlu'r of the diamet.cu’ of tlu' drum or of its 
tcanperatun' may })e usc'd to identify t.h(‘ staU^; nH'asurf'iiK'nt of both 
is unnec(‘ssary. If t emp(‘rature is eonsidc'nnl an iiid(‘pendent variable, 
th(‘n drum diametc'r is a dep{‘ndent. variabli*, and eonv{‘rsely. 

Ixd; F denote a dependent prop(‘rty and Xj, X 2 > * * * enough inde- 
pendent properti(\s to d<d(‘rniin(^ tla^ state of a systcan. When the 
(quantities Xi, Xo, • ■ .t„ an* fixed, then tlu* (quantity P is fixed. The. 
mathematical statement of this fact is as follows: 

P ^ }{Xx, X2r ■ ' 

where / denotes a function. This (aquation may b(^ inb'rprc^ted geo- 
metrically by the following statcanent.: There is a rontiv/nuni in n T 1 
dwiensiom which represents the relationship hebreen P, X\, X2, • * • — a 

dimension being assigned to each of these guanfilies. If tlaac^ are two 
independemt j:>rop(‘rti(\s, as for qnin^ gas(‘s and licquids, then th(‘re is a 
surface in thr(X‘.-dimensional sqiace wliich will r<*|jresent the relation 
between two ind(*p(‘ndent qiroqx'rtic's and a dc'qx'iident one. 

17 
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Any change in the property P may be expressed in terms of its partial 
derivatives and the changes in the independent properties; thus 


dP dP dP 

dP = dxi + — dx2 + • * • r" 

oX\ dx2 dXfi 


dXn 


As an example of the application of this equation consider a system 
having two independent properties, Xi and X2. Then the differential 

of the dependent property P is given by the equation 

, dP , 

dP = — dxi H axo. 

dXi dX 2 


Th(' partial-differential calculus t(*aehes that, if P is a function of Xi 
and X2, then the magriit.ud(‘ of the se(X)nd derivative of P with respect 
to Xi and X2 is independcait of the order of diff'erentiation: thus 


d /dP\ _ d /^\ 

dX2\0Xi) dXi \dX2/ 


If, then, we have an expression of the form 

dP — M dxi N dx 2 , 

it follows that 

dM ON 

dX 2 dXi ' 


provided that P is a property of the system * This is another test by which 
a propc^rty may be identified. 

The Pure Substance 

A syst(*m whieli is homogeneous in composition and homogeneous 
and invariable in chemical aggregation is called a pure substance. For 
{'xampk*, a system consisting of pun* oxygcm existing as a \xipor, a 
rK|ui(l, a solid, or any combination of thes(* is a pure substance. The 
sam(‘ may be said as regards ordinary water. Air may ])e considered a 
pure substance as long as it is all vapor or all liquid. Howev(‘r, if part 
is liquid and part, vapor, tlani it is no longer a pure substance, for th(' 
licpiid will be ric^her in nitrogen than tlu^ vapor. Again, a mixture of 
one mole of hydrogen gas and one-half mole of oxygcai gas is a pure 
substance as long as no liquid or solid phase appears. On t,he other 
hand, if in one part, of the system the cohstitiumts are combined chemi- 
cally in the form H2O, the system is not a pure substance, because 
though homogeneous in composition it is not homogeneous in chemical 
aggnigation. Moreover, if the entire system changes in th(‘ course of a 


In the language of inatheiriatics. dF is an exact ditTereritial if (L\f 'dx2 = d.Y /dx, 
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process to the form H 2 ^^j it would not be considered a pure substance 
during that process because it is not invariable in chemical aggregation. 

It is known Irom experience that a pure suhstance in the absence of 
motion, gravity, cajnllarity, electriciiy, and magnetism has only two inde- 
pendent properties * Among the familiar properties of a pure substance 
which can be quantitatively evaluated are pressuix', temperature, si)e- 
cific volume, internal energy, viscosity, and ('lectrical resistivity. As 
our experience in thermodynamics and in otlu'r sciences is broadened 
we can add to this list. From among 1h(‘S(‘ we may s(‘leci. two, and if 
tiiese two prove to he indef)endent of each other, th(‘n when their values 
are fixed the values of all the oth(‘rs are fix('d. If aftei' a, change of state 
the initial values of our t wo s(‘l(H*t(Hl propc'rth's are rc'ston'd, then the 
initial values of all the oth(‘r ])rop(‘rties will be resiored. Commonly 
any two properties will he indc'pendent of ('ach othc'r, though then^ are 
obvious exceptions: for (‘xamph', a property cannot be independ('nt of 
another in terms of which it is d(‘fin(‘d, thus, t he specific volume cannot 
be independent of the density, nor the elect ric'al resistivity of the elec- 
trical conducti\ity. A less obvious exception is the combination of 
pressure and temperature — these propertk's an' ind(q)endent of each 
other for a pure substance in the vapor phase or in the liquid phase, but 
not for a mixtun' of phasf's. 

The Symbols e, u, E, and V 

A syshmi consisting of a pure substanc<‘ in a homogem^ous and stable 
state has two independc'nt properties in the absence of motion, gravity, 
(‘lectricity, magnetism, and capillarity. Then'fon', we may state that 
the internal energy of a 1 -pound mass of such a system is a function, 
for example, of t(mip(‘rature and volume of the unit mass. To this 
function we shall give' the symbol ?/, when^as th(' symbol e may be used 
to denote the internal eiK'rgy of a unit system in general. Thus, for the 
conditions specified, w(! may write 

e =■ v{l,v), or .simply e ~ u. 

Values of the function u may Ix' arrang('d in a tables according to 
values of two arguments, such as temperature and volume or temfX'r- 
ature and pressure. Valii(*s of e could not b(' arrang(^d in such a simple 
table, bccau.se e changes not only with chang(‘K in banperature and 

♦ This statement is strictly true only for liquid and giuseous states. Under the 
conditions specified a solid may have different pre8.sures in different directions (for 
example, tension in one direction and cornpres.sion in another). 7'hus, for a single 
independent property ~ the [)res.sure — ^ would be Hul)stituted several independent 
properties. Two propertie.*? will .suffir e to dct<*nnine tlie state only if pressure is the 
same in all directions. 
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volume, hut also with changes in motion, height, electrostatic charge, 
position in an (‘h'ctrostatic field, etc. Therefore, we distinguish between 
11 , the function of two variables, and e, the function of many variables. 
Following the usual convention we shall use the capital letters U and E 
to denote the corresponding (iuantiti(\s for systems that are not of unit 
mass. Thus, 


U 


— ju dm and E -- j 


e dm. 


wh(‘re int(‘gration is taken ov(‘r all ekamaitary masses that constitute 
th(‘ syst(‘m. 


State Changes in a System Consisting of a Pure Fluid Substance 


The (\)nsi(ifi{-V(fh(me Process (the Isometric). Consider a system 
consisting of a unit mass of a pur(‘ fluid substance uninfluenced by 
gravity, (t(a‘tricity, capillarity, or magnetism. If (his system is con- 
fined within a chamb(‘r of invariable volume 
a, chang(' in the st-ate of the fluid can be ac- 
com])lish('d by either: (a) rotating a paddle 
whe(‘l within tlu^ fluid, by means of an exter- 
nal falling w(aght,, for instance; or (b) adding 
heat by th(' a])plication of a body at higher 
tc'injK'rature (N, Fig. 4). 

L(‘t. us p(M'form two (‘xp(‘rim(mts, one of 
the h(‘ating typc‘ and one of the paddle-whec'l 
typ(\ (‘a.ch starting from tlie same state (the 
saiiK' pr(‘ssure, t.('mp('ratur(‘, sjx'cific volume', 
total volume, internal energy, (4c,j. In the 
lieat iiig ('X|)(‘rim(Mil no work is done by or on 
th(‘ system. Tlunefore, we may wiile, by [21, 



Fig. 4 


dQ ~ du. 


In th(‘ padrll(‘-wh(‘('l (xjx'rinu'nt no heat nec'd flow, but the paddles 
ap])ly a force' to t lu' fluid anel move' it through a distance. 71us eiperation 
constitutes the' a])])li(*at iem of weirk to the fluid anel re'sults in acceler- 
ation and meition e)f parts e>f the syste'in. The' motie)!! will vanish after 
the ceimjile'tiou of the' e)])e‘ratie)n. \\v may writer for the paddle-wheed 
experime'iit, by 12], 

0 = du -h dV. 


Now, if the heat adele'd in eeiu' expe'rime'iit is made nunmricalb^ equal 
to the weirk adeled in the' othe'r (the same numbeir e)f calories or the 
same numher of foot-fioiuuls), the' final internal energy will be the same' 
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for both experiments. Morc^over, since the si)ecific volume n^mains 
unchanged in ])oth expeiimeiits, the final specific volumes will b(‘ 
identical. Th(‘ (H|uiva]('nci- of Hu* two indt'pc'iuK'nt proj)eiiies, s])e(‘iri(* 
volume and internal energy, is siiflicicait to insure equivahmta' of the 
two final stat(\s. 

Here we have two i)ro(‘('sses with tlie same iitilial sta1('^ and tlu' sanu' 
final states. The (‘hang(‘s in all i)rop(nii(\s are th(‘ same in ])o(h, 
and the identity of thes(‘ changx‘s malo's i‘vid(ait the idemtity of tlie (aid 
states. On the otlua' liaiid the work imolved is less than zero in oik' 
process and zero in the other. The luxii is zcm’o in one and gn^ater than 
zero in the other. If tin* luxit and work in thi'se pioci^ssc's had repix^- 
senU^d ])roperties or changes in properti(\s, tlaar \ aliK's would hav(‘ laxai 
the sarm^ in both instama^s. Tluw are ditlerent because (he end slaft s of 
a pr<)ecss do not fix the ealiics of heat ond morh. 

The ratio of tlu^ incnaise of intca’iial (aiergv^ in a constant- volunu' 
]woc(\ss to the (‘onx'sponding incnaisc* in tianpiaatuiv ex])r(‘ss(*d as a 
derivativ(‘, is called th(‘ .xpeafie heot of eonsftud eolnrnv. Thus 



Evkhmtly th(‘ term spi'cific Inait. is a niisnonK'r unless its dcTinition 
includes a sufficiently ci?‘cumscrib(‘d di^scription of the process in which 
at constant yohnne dn ~ dQ. N(‘X'('rth(‘l(‘ss \v<* shall 
use this t, (‘I'm bf'cause il is so g(‘nerally accept (‘d ; but 
it must. b(' understood tlial. it re]ires<‘n(s the rate of 
change of a ])ro])erty with t(‘mpcrature rather than 
a (juantity of he:it. 

The Consta iit-l*re.^s‘i(.re Proceyx (Ihe I HOpiedfc), H 
a fluid is confiiK'd in a cylindrical clnimbcr closi'd at 
the top ])y a weighted iiiston which can mov(‘ up and 
down frictionlessly and witliout ch'arance thig. 5), its 
pix'ssure will n'lnain constant (or a.ny proc(*ss which is 
cari’i('(l out slowly. As in 1h(' constant.- , olunu' proc- 
('ss, work or heat can In* add(‘d to (he fluid undc'r 
the ])iston. In either eviait the \'olume occu])i(d by 
the fluid will change and tlie jiiston will mov(‘ to a 
new position. L(‘t us consider a s\'st(‘ni consisting of 
unit mass of fluid. Th<' work done by this system on 
its surroundings is the product of a forc(‘ and th(‘ dis- 
tance through which it mov(‘s; thus, lor a slight outward motion of tJie 
piston the work doin' on the ])iston is po ds or p di\ wh(‘!(‘ u d(‘n(jt(‘s the 
area of the piston, ds the distaina' the iiiston moves, and <(e the inereas(3 
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in the volume occupied by the system. Equation [2] applied to the 
heating process becomes 

dQ == du + p dv; 

applied to the paddle-wheel process it becomes 
0 — du p dv — dWpy 

where dWp denotes a positive number representing the amount of work 
done by the' paddh* wheel on the sysb^m. 

Since p is constant w(‘ may writer for {du + p dv) the single differ- 
(‘iitial d{u + pc), in whi(‘h v denotes the specific volume of the fluid. 
Now the quantity (ii -f pv) is mad(‘ up (Uitin'ly of properties, that is, it 
is made up of quantities whose (bang(‘ is fixed by the end states. There- 
fore it is itself a ])rop(‘rty, because the (‘hange in it is fixed by the end 
stat-es and is irid(‘pendent of tlu^ process by which tli(' change occairs. 
Its usefulness in several typers of probkuns justifies assigning to it a 
name and a symbol. It is called enthalpy (pronounc(;d en-thal^-py), 
and the symbol for its value pcT unit mass of substance is h, 

Th(' pfuldle-wheel work in the first constant-pressure process is con- 
s('quently given by 

dWp = d/i, 

and the heat in the second by 

dQ = dh. 

If the initial states iwv th(‘ sanu' in both processes and the heat in the 
second is equal to the paddle-wheel work in the first, then the final 
(‘iithalpies and pressures will be res{)ectively the same for the two and 
the final states will be khuitical. 

The ratio of the increase in taithalpy in a constant-pressure process t-o 
the corresponding increase in temperature, expn^ssed as a derivative', 
is called the specific heat at constant prcssvre. Thus 



As in its constant-volume' count (‘ipart, the' term specific heat is a mis- 
nomer, but we shall use it with the understanding that it represents 
the rate of change of a prop(‘rty wit h tianperat ure rather than a quantity 
of heat. t 

lUprcscntaiion of Changes of State on Diagrams, Any change of state 
which consists of a continuous series of homogeneous states assumed by 
a pure substance can b(‘ re])res(‘nted on a diagram having any pair of 
independent propi'rtic's as coordinate's. In Fig. 0 a constant-volume 
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change and a const ant-presjsiirc change are shown n'spectively by lines 
OV and OP on the pre^ssui’o-volunie plane, the teinperature-piessun' 
plane, and on the plane of internal energy and volume. 


P 



Fig. (J 


Homogeneity is never realized in any finite process which is compl(‘ted 
in finite time — for instance, the fluid at the bottom of the constant- 
volume chambc'i’ is warmer than the fluid a]>()vc it if heat is sup])lied at 
a finite rate. Noverth(‘l(‘ss, many a(*tiial pi'occ^ssc'S .ar(‘ cairi(‘d oiii 
slowly enough t.o avoid s(‘rious d(‘partur(‘ from homogtaunty, and thes(‘ 
may be adequately represent(‘d on a diagram of pi‘op('rti('s. 

The ProcesH at Constant Internal Enenji/, For any change of state at 
constant internal erua-gy [2] becomes 

dQ = dW; 


that is, the heat, supplied to a system from its surroundings must Ix^ 
exactly counterbalanced ])y the work done by t.h(‘ system on its surround- 
ings, or (‘Ise there must be mat her h(‘at nor work. A proc(‘ss bas(‘d on 
the second of th(ise alt(‘rnatives can b(‘ (‘Xia’uted as follows: 

A system consisting of a unit mass of fluid is (‘onfim.-d in one part 
of a chamber, the walls of which are }KTfectK non-conducting to heat. 



by a thin partition. The remaining space within the chamber is ex- 
hausted of all matter (Fig. 7). When the partition is removed through 
a slot in the wall of the chamber the fluid flows rapidly into the space 



24 


THE PURE SUBSTANCE 


bc'yond, vvhiP^ its volunu' iii(*r(‘asos and its pmssuro dorreasrs. The 
1(‘nip(‘raturc will })r()bal)ly d(‘(*reas(‘. 

As this }>i'<H‘<‘ss d()(‘^ not consist of a siieci’ssion of lioniopjenG^ous states, 
it, cannot Ix' r(‘pr(‘S(‘nt(‘d by a line on any diagram of properties. But 
any niimb(‘r of inti'rnuxiiate )u)mog('neous states can l)e obtained by 
I)rociding a large numIxT of thin jxii-titions in the exhausU'd sj)ace 
whi(^h can be withdraavn successively b(‘giiining with th(‘ one restraining 
th(‘ fluid. If the number of partitions is increased ind(Tinit(‘ly the 
various states of th(^ system t,race out a lin(‘ of constant intm’iial energy 
on .a diagram of ])roi)(M’ti('s. 

Anoth(‘r profx'ss at- constant inU'rnal (‘n(‘rg>^ can b(^ devis('d in 
a(‘c()r(hinci‘ with tlu' first alt,(‘rnative discus.s(‘d aJ) 0 V(‘. Th(‘ fluid is 
(fonfin(‘d in a- (wliiuh'r Ixiiind a piston wliich is IkTJ in plac(‘ by a torce 
(Fig. 8). Th(‘ forct' is reducc'd just- (*nough t-o allow th(‘ piston t-o move* 
slowly outward, whil(‘ a hot body is applied to the (aid of th(‘ cylindm* in 
such maniK'r as to caus(‘ a flow of laait ('xactly (Himil to the rat(‘ at 
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which th(‘ systx'in does work on tlu’ 
pist-on. Of course, th(‘ cont rol of this 
proc(‘ss ])r('S(ai1s gravi' diflicultie^s in 
contrast to the ('ase with whi(ii the' 
(wpeririKait of the pariit ioiHxl chambea* 
(‘an be carrital out . Despite^ th(‘ dif- 
fer(‘nc(\s in mia'lianism. in dilfiiuilty 
of ex(‘Cution, and in (plant iti(‘S of 
work and luait involved, these* two 


])roc(‘ss(‘s at constant inb'rnal e'lKM’gy can lx* n'lire'sc^ntixl by the* sanx' 


line on a diagram of pro}K‘rti('S, provid(‘d that tluw have the' initial 


state' in common. 

TIk'V dihei’ in one' re'spect that will be' of importance in late'r dis- 
cu.ssions: namely, the* piston jirex'e'ss can be' re've'ise'd so that the syste'iii 
ret race's the' patli which it followed in the' original experiihent as it 
re'C<'ive's work and re'je'cts head- (‘xactly exiiial in magnitude' re'speclive'ly 
to the' work done* and the' he'at re'ce'ive'd originally. The syste'in in the' 
partition e'xjx'rime'nt cannot Ix' made' to retrace its path without- intro- 
ehu'ing epiantitie's eif work and lu'at which playe'd no part in the oiiginal 


proci'ss. 

The Con^tdnt-Tefii pend tire /Vecew {fspthenti(d). Both the' proe'e'sse's 
at constant inte'rnal e'nergy wliich are' ele\scrilx'd above* can be conve'rted 
to const ant-tempe'rat lire' [)ioc('sse's if the fluid is made to communicate 
through (‘onducting walls with a constant -te'inpe'rature bath. Under 
the'se circumstances it is probable* that lu'at will be transferre'd in the 
piartition prex-ess as well as in the* piston pioce'ss. For the* partition 
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process [2] becomes 

(IQ — duy 

whereas for the piston proci^ss it is 

(JQ == ,hi -f dW. 

Since the chang(‘ in u is the same for two pro(‘(‘ss(^s joining; the sanu' two 
states the heat transhTred in the piston ])rocess will (\\c(M'd t.h(‘ li(‘at. of 
the partition proc(‘ss by the work done Iw the systtaii on (lu‘ ])ist()n. 

Work Done on a Pisto7i. If a fluid is confiiu'd within a cylind(‘r ])y a 
pistoiij work will be doru' by the fluid if (ho i)iston is allow('d to iuov(‘ 
outward — that is, toward lar^('r ^'oluln{s of tli(' fluid. If th(' motion 
is slow ('noup;h we may assunu' that tli(‘ ))i‘('ssure ('xerted by tlu' fluid on 
the piston will 1)(‘ th(‘ sam(‘ as tlu‘ i)r(\sM)r(‘ (‘X(‘ri(‘d on the (‘vlimler walls. 
(This assumption is satisfa<*t.ory for tlu' hi”h('st. sp(‘('ds att.ain(‘d l>y 
pistons in r(‘ciproeat in^ (‘ngin(\s.) Eoi' atiy smc.Il expansion in which a 
unit mass of fluid increases in volunu' by an amount dr the work doin' 
by 1h(' fluid on t he ])iston is ^iv('n by 

pa dr ” p dr^ 

when' a d('notes th(' area of tiu' piston and ds th(' distance throut^h which 
the piston movi's. Tlu'n'fon', th(' total work doin' on a piston durinji; 
any proc('ss is tin' integral of p dr or tin* aiea, uinl('r tin; (‘ur\a' n'pn'- 
senting the process on a p-/’ diagram. 

Hovvev('r, work and tin' integral of p dr an' m»t always ('(lual or 
('(piivalent., and gr(“at can' must, be i‘xerciM'd in making tin' .substitution. 
It should be noted that, of the two exprrinn'uts (k'.scrilx'd abo\’(' whicli 
('mploymultii)l(' partitions (that at con.st ant ('in'igy and that at constant 
t,('m])('rat ur('), both have- finit(‘ vahn*s of tin* intc'gral of p dv and zrro 
vahu'S of work. In the pa,ddl(‘-wln'(*l ('XjM'rinn'nt, at constant vohmn' 
the integral of p dv is Z('ro and tin' work doin' by tin' system is h'ss ilian 
z('ro. The ruhsiiiidion of p dv for dW ran f>c mode onli/ if all the (vork 
involved in the process ir done by the final on a noiving boundary on irhieh it 
exerts at all times the same pressure that it exerts on its sUitiotairy boundaries. 
SometiuK'S, as in tin' paddk'-wln'el ('xpc'rinu'nt at, constant. ])ressur(', 
dW can be separated into two parts, oin' of which is p dv and tlu' otln'i- 
a work which must be dctc'rmined otln'rwis('. 

Adiabatic Processes. A process nbich involves /n; heat is c(dled an. 
adiahatic process. The imna'ss at const, ant intc'rnal ('in'rgy in which tin* 
pailition is withdrawn is an adial)atic jh’occss. On the otlu'r hand, tin' 
(‘xpansion at constant intc'rnal cnc'i'gy involving woi'k on a piston and 
iieat is not an adiabatic pro(;ess. Tin* same' path may corres[)ond to an 
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adiabatic process if followed in one fashion and to a non-adiabatic 
process if followed in another. 

One simple adiabatic proc(‘ss consists of a slow expansion (or com- 
pression) of a fluid behind a piston, the piston and cylinder walls being 
perfc'ct heat insulators. For this process [2] becomes 

0 = dll + dW. 

H(u-(; we may substitute p dv for dW and obtain 

du — —p dr. 

The path of this type of expansion can ho traced on a diagram of 
pro[)(‘rti(‘s of tlu' fluid provid(‘d that the n^lation between p, v, and ii is 
known for th(‘ fluid in th(‘ cylinder -■ that is, internal energu's must b(‘ 
a\'ailnhl(' in th(‘ form of charts, tables, or algebraic equations, for all 
combinat ions of pressur<‘ and sfx'cific \ olume. 

Th(‘ e(iuatiori giv(‘n above may be written 

du 

Thus, if th(‘ initial state is represented by tlu' point P in the u-v dia- 
gram of Fig. 9, the init ial slope on the diagram may b(‘ laid off e(jual to 

minus the initial pr(‘ssur(\ The curve may 
y p. be ai)pr()xiinat{‘d by following this slope for a 

\ sliort distanc(‘ to Q wlien^ th(' corresixmding 

pressure' may b(‘ determiiu'd from u, v, and 
the known relation, and a lu'w slope may be 
laid off. A s(‘Cond st(‘p may be made to R, 
and so on until (‘nough of the curve has been 
located. Several methods of finite-step in- 
¥ t(*gration have been devised for the solution 

^ ^ of this ty])e of probh'in. The crude one just 

outlined s(‘rv('s ad(‘(iuately to illustrate the method. Once the u-v curve 
has be('n drawn the itath of t.h(' process can be traced on any other 
diagram such as a u-t) or a p-v diagram. 

If th(' reflation Ix'twetai ?/, p, and r is available in algebraic form then 
it is quite* possible that a complete algebraic statement can be found for 
the relation Ix't w(‘('n any two propt'rtie.^, such as p and v, for this type of 
adiabatic ('xpansion. For instance, the u-p-v relation for some gases 
may be re'presented satisfactorily over a wide range of conditions by an 
(‘cjuation of the form 


a = A -f Bpv. 
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where A and B are constants. Then for any process we get 



by simple differentiation; and, since for adiabatic expansion behind a 
piston du/dv = —p, we may w'riU' 


or 



B p dv d In V 

I -h /i V dp d In p 


Integrating we get 
where 


pv^ = constant, 
k = -ir^ 


PROBLEMS 

1 . One pound of air can bo expanded from 100 Ih/sq in. aba and 100 F to 50 lb/ 
sq in. abs and 100 F a.s it does 20,700 ft-lb of work and receives 20,700 ft-lb of lieat. 

A second kind of expansion can be found between 100 Ib/sq in., 100 F, and 50 Ib/sq 
in., 100 F, wdiich reciuires a heat input of only 10,000 ft-lb of heat. 

(a) Wdiat is the inen^ase in internal energy in tin* first expansion? 

{}>) What is the incre.'ise in internal energy in th(‘ .second expansion? 

(r) IIow' much work is done by the air in the second (expansion? 

2 . A system consisting of a pure substance receives 108.7 Btu of heat at constant 
volume. Next it receives — 177.0 Btu of heat as it does —40 Btu of work at constant 
pressure. 

(a) If a process can be found which wall restore it to its initial state without a 
net heat flow to or from the system, liow much work will b<* done by the system 
during that process? 

{h) Fix the value of internal energy in the initial state at zero, and find the 
corresponding internal energies at the other two states. 

3 . The specific heat at constant volume of a certain system is constant and 
equal to 0.25 Btu/F. In a constant-volume process which involves stirring, the 
temperature of the system increiises from 50 F to 150 F while it receives 10 Btu of heat. 
How much work is done hy the system during the constant-vedume process? 

4 . The specific heat at constant pressure of a certain sy.stem is a function of 
temperature only and may be expressed as 

Cp - 0.5 + ^ calories/degree C 
where t is the temperature (jf the system in degrees (Centigrade. 
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I'lio system is while it is maintained under a pressure of 1 atmosphere until 

its volume increases from 2000 ern^ to 2400 eni’' and its temperature increases from 
0 C to 100 C. 

(a) How much lieat is added to the system? 

(h) How much does th(‘ internal enerj^y of the system increase? 

5(a) On f)ap:(' oO of the SVcn/// 'J'ahics hy K(*ennn and Keyes, find the volume, v, 
:uk 1 th(‘ enthalpy, h, of J lb of steam at 100 lb s(i in. jibs pressure and at a temperature 
of 100 l'\ Find th(‘ internal energy of that same 1 lb of steam. 

(/>) hind a t-cnnperature at 12S Ib/sq in. abs for which the volume of a pound of 
sttaiin is th(‘ same as a1 100 lb s(j in., 400 F. 

G(n) How much heat must be transferred to a j)ound of steam in a constant- 
volume contaiiK'r to raise its ju’essure from 100 ll> 's(j in. to 128 Ib/srj in. if its initial 
t(Mn})(‘rat ur(i is 400 and no work input occurs? 

If tli(‘. saaiK' ris(‘ in pr(‘ssur(; from the same initial state had been accomplished by 
stirring, without heat transfer, at consta/it vadunai; 

{h} How much stirring v^o^k would b(‘ done? 

(r) VV'hat would Ix' the final intiTual emagy? 

7(a) WatcM' at .42 F w(‘ighs 02.12 Ib/cai ft and ic(‘ weighs 57.2 Ib/cu ft. Find the 
Work done by a system com})rising 1 lb of ic(' at atmospheric pressurt; and 32 F as it 
UM'lt.s to water at con.stant te;npera,ture and pn^ssurc* 

(h) If th(; internal energy of the pound of ice increa.s(‘s by 144 Btu as it melts, how 
much h(;at is tninsfern'd to the ict‘ during th(‘ melting process? 

8. The p-v-u relation for a I'ertain gas is giviai by the eijuation 

a = 831 f 0.017 pr 

wh(‘r(‘ a is in Btu piT pound, /> is in pounds p(‘r s(|uar<‘ inch, and /’ is in cubic feet per 
pound. Find the work done' by and tlu^ heat r(?c(!iv(*d by a 1-lb mass of this gas in the 
tollowing changes in which all work is done on a slowly moving piston: 

Pito(a:ss FROM to 

p V p V 

lb sq in. cu ft/lb Ib/sq in. cu ft/Ib 

(a) (^)nstant volume 100 5 150 5 

(/)) ( 'onstant pressure 100 5 100 7 

(r) ( sinstant int(‘nial 100 5 150 

energy 

{(I) Find the work doiu* in a diffenuit kind of process lietween the same end states 
as in priicess (c) if the heat added is 5 Btu lb. 

9. Show that the ('xponent k in th(‘ expression pr^ = constant is 1.3 for adiabatic 
('xpansion Indiind a piston if the /w-// relation is givcm by the equation in problem 8. 

10 . Iv\pr( ‘ss tlu‘ woi k done by a gas as it e.xpands bidiind a piston according to the 
relation - constant, in terms of the initial pressure and volume and the ratio of 
till' final pn'ssuri' to the initial i)ressure. 

11 . Uompute the work done by a 1-lb fluid system as it expands slowdy behind a 
piston from an initial pressure of 100 Ib/sq in. abs and an initial volume of 1 cu ft to a 
hnal volume of 3 cu ft in the following expansions: 





PROBLEMS 


29 


(a) Pressure remains constant- 

(b) Pressure X volume remains constant. 

(c) remains constant. 

{d) pv remains constant. 

(e) The pressure-volume relation tabulated below: 

c p 

cu ft /lb Ib, scj in. 

1 100 

1. f) 00.62 

2 7.) 

2. r» r);i.i2 

‘d 25 

12. If the internal energy (lecreases by 200 Htu/lb in jmtbkun tl(c), how much 
heat is transh'rred to the system? 

13. A pound of sup(Theated st(‘.‘im (onl racts slowly behind a [)iston at. a coiistant 
pressure of 14.69(> Ib/sq in. abs from 40 cu ft/Ib to 00 cu ft/ lb. I'lnd; 

(а) Th(^ work done by th(* .st(*am. 

(б) The increase in internal energy. 

(c) The h(*at transferred to the steam. 

14(a) A pound of steam ex('cut(*s a constant-temp(‘ratiire (‘\i>ansion lu'hind a 
piston from lOOO lb sfj in. abs to 500 lb/s(i in. abs at 700 h’ Find the work done by 
and the heat transfernal to the steam duriiuj; the (‘\pansion. Friu* work must be 
found ^graphically from a plot showing int(‘rm(‘diat(' values.) 

(h) A pound of steam expands into an (‘xhausted spact* adjacent t.o its ori^rinal 
container. Initially at 1000 lb s<j m. abs and 700 h" it (W[}atjds t.o 500 11) 's() in. abs 
and 700 E, Uow^ much heat is transhured to th(‘ stcaun during th('. ex])ansion? 

16. A pound of steam (‘\(‘cutes a const.a?it-int(a'nal-enor«:y expansion bcdiind a 
})ist()t) from 1000 lb, sq in. abs, 700 F, to SOO lb 's(j in. ab.s, 

(a) Find the temi)eratur(‘ of th(‘ steam when it, rea(‘h(‘S SOO lb/s(| in. abs. 

(b) Idnd the work done by the sOxani af)pro\imately. (Lcxaite tlie state at 900 

lb s(i in. ab.s as an aid.) 

(c) Find the heat transferred to t he steam. 

SVMBOIvS 

a area 

Cp specific lieat at constant pressure 

Cy specific heat at con.stant volunu' 

e internal energy of unit, system in general 

E internal energy of system in general 

h enthalpy per unit mass 

m mass 

pressure 

dependent property 
heat to system 
distance 


s 
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71 the quantity U for a system of unit mass 

U internal energy of a system in the absence of motion, gravity, elec- 

tricity, capillarity, and magnetism 

V specific volume 

W work from system 

xi, X2 independent properties 

Subscripts 

p constant pressure 

V constant volume 



CHAPTER IV 

THE FLOW OF FLUIDS 


The Relationship between e and u 

It was stated on page 19 that a system eonsisting of a pure substance 
in a homogeneous and stable state has two indei)endcnt properties in 
the absence of motion, gravity, (capillarity, ek^ctricity, and magnetism. 
We use the symbol e to denote th(‘ internal I'lK'rgy of unit systems in 
general and th(c symbol u to denote the internal energy of a unit- system 
of a pure substance under these restriet(‘d (‘onditions. Let us find the 
relationship between the quantities u and e for a pure suhstamce when 
neither motion nor graA’it-y is ignor(‘d (though w(‘ shall continue to 
igmme capillarity, (‘lectricity, and magiu'tism). 

Consider a 1 -pound sysban (‘onsisting of a pure substance that is 
homogeiKcous in state. L(‘t- it be acc(‘lerat(‘d by a force in such a way 
that neit-h(cr its tcanperat-urc' nor its volume is afiected. (To accomplish 
this purpose it is inauvssary that the forc(' 1)(‘ .appli('d normally to th(‘ 
surface of the fluid system and not through shear.) Then the function 
u is unchang(‘d in magnitude, though the internal (UKU'gy e is increased 
by the amount of work done by tlu* force. 

We shall (waluat-e the change in c in terms of the change in velocity 
of the system. From the laws of motion w(‘ may write 

F ~ tna, 

where F denotes the force appli(‘d to tlu' system, rn the mass of the 
system in the physicist's units, and n th(‘ accekeration of the system in 
the direction of the force. During a small interval of time dt the force 
moves througli the distajic(‘ ds. The w^ork delivered to the system is, 
tlK'refore, given by 

F ds — ma ds. 

The acceleration may be stated as 


dV 



or as 

/£F\ /M ^ 
\ds/ w/ 
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\vfier(‘ V (l(‘not(\s the com[)on(*nt of velocity iii th(‘ direction of the forc(*. 
Sul)stituting in the cxpreshion for F (hy we get 

Fds = mV dV = cl 



'rhus, we find lluit the work doii(‘ by th(‘ force is identical with the 
incH'ase in th(‘ so-called kinetic energy of the system. Upon reaching 
the. velocity U, the system has the inti^rnal energy given by 

7nV‘^ 

c=u + —, 


or, sinc(‘ 1 pound mass is \/g units of m (where g is the acceleration 
givtai to 1 pound of mass by 1 pound of force), 


u -f 


2/ 


If a forc(' F is used to lift our 1 -pound system through the change in 
height dz in a gravitational field of uniform strength, th(‘n from the 
principl(‘s of statics we know that 

F ds = dzy* 


and th(‘ internal energy of th(‘ syst(un is increas(‘d by th(‘ amount dz. 
lM(‘asuring c from an arbitrary datum, we may express the internal 
('iK'rgy in terms of the function a, the velocity F, and the height z: thus 


e = 



i:il 


The Open System 

If a sysL'in is so d(‘scrib(‘d that matter crosses its boundaries in the 
cours(' of a change of state, it is called an opim system. 

(\)nsid(>r a syst('m N, Fig. 10, enclosed within i\ fixed boundary By 
and an intinitesimal adjacent mass hm. If the boundary between B 
and 6m is jMMK'trabh' to 5a/, the small mass may b(‘ made to join tlie large 
on(‘ insi(l(' B. While it is crossing B the siirroimdings will excai on 5a/ 
a prt\sMir(' p. 


* IP re ;ui(l in tlin follnwiiiK jiagos it is iissiiined that the aeceleration of gravity is 
i(leiitu‘!il with {/, the acceleration given to unit mass by unit force. If the acceleration 
ol gravity is </', then the for<*e on unit mass is^ 

F — ■“ ; and F ds — - dz. 

(J y 

t This term and the analysis that follows are given by Gillespie and Coe, J. Chem. 
Fhys., 1 ( 1933 ), 102 - 113 . 
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The work done by the surroundings on tlie compound system com* 
prising S and 5m will be, to small (luantities of the first order, 

pv 8m * 

where v denotes the specific volume of the mass 5ni as it. crosses B. It is 
ass\imed, of course, that tbe boundary H remains 
fixed in position. 

Let us denote tlu^ initial and final int.( rnal em^rgies 
of th(' material within B by and E" r(‘sp{Hdively, 
and the initial internal energy of th(‘ mass 8m by 
e 8m. Then, for the compound syst-can S and 8m, 

[2] becomes 

8Q — — {E' + c8m) — pv8m,\ 

where 8Q denotes heat transha-red to B and 8ni from other things (luring 
tlie process. It was shown in the iirecc'ding section that, if motion and 
gra\'ity are considered, thcai we may writ(‘ 

+ h + 13] 

^0 



so that our equation for tlu^ open system lieeomes 


5Q 


E' 


E' - 


/ 

I II 4- pi’ + - — h 

\ 




8m. 


Recalling the definition of (‘iitlialiw, h, we may wnt(‘ this 


SQ = E" - E' - (^1 + out, 


|41 


where h denot.(\s the initial (‘nthalpy p(‘r unit mass of tluid tliat cross(‘s 
the boundary B. txpiation |t| may Ix' applii'd to the* tinnsh'r of a 
finite mass across B by summing up value's of ih(' first and Iasi li'ims for 
all ek'ments of the finite mass. If an eleiiK'ni. passf's oulwai’ds across 
th(' bcjundary, tln'ii 8m is nc'gativc' and h is its ('iilhalpy p(‘r unit, jnass 
as it ('inergf's. 


* If 8w is a rub(‘ tlu' force in the direetioji of its motion is vvher(‘ / rlenotths the 
lenp;th of a side, and the work is pl'\ 'This product is in accord with th(^ statement 
above. If dm is any othc^r shape, the statement above* may be* veriHed by sul)dividim; 
the shape into (‘lementary enbes. 

t Note tliat the equation dQ - dB -f dll’ liokls only for a closed system (such as 
the compound system de*scribed above*). It doe^s not liold for ;in ope*n system - 
otherwise we e-ould write 8Q ~ E" - E' . MoreM>v('r, the* stntement of the First l^^aw 


in the form 



dW df)es not liold for an open system. 
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A simple example to which [4] applies is the adiabatic flow of a gas 
from a large reservoir or main (the pressure and temperature in which 
are affected negligibly by the flow) into a small chamber of lower pres- 
sure. As the pressure increases in the small chamber the increase in the 
internal energy enclos('d is equal to the initial enthalpy of the fluid that 
(‘nters. 

It is easy to generalize [4] to allow for work crossing the boundary B 
(by motion of the boundary or otherwise). Let dWx denote the work 
passing out through B as the mass din passes in across B. Then the 
expression for bQ becomes 

SQ = E" - E' -(h + ^ + 8m + SW^, [5] 

because the total work of the compound system (*S and bni) is (5TTy — 
pv 8m), the latter term in this panaithesis being included in the product 
h bin. 

Steady Flow 

Consider a box B (Fig. 1 1 ) which has an opening 1 into which fluid 
is flowing and another 2 out of which it is flowing. An opcai system may 
be described wLich is bounded by the rigid walls of the box and the 
imaginary planes 1 and 2 across the corresponding openings. We shall 


© 



assume that work is leaving th(‘ box by means of a shaft or its equivalent, 
and that heat is flowing into it, as shown diagrarnmatically in Fig. 11. 
To this system [5] may be applied, but the result is mor(‘ useful if the 
extimple is restricted further. 



THE ENERGY EQUATION OF STEADY FLOW 


35 


Let US assume tlie following : 

(а) The fluid is uniform in composition, state, and velocity at the 
entrance, and these things do not change with time. 

(б) The same is true at the exit. 

(c) The state of the fluid found at any point within the open sys- 
tem is the same at all limes. 

(d) Tho- mass rate of flow into the open system is constant and 
equal to the mass rate of flow out of it. 

(e) The rates at which heat and work cross the boundary are con- 
stant. 

An open system for which these assumptions hold is called a steady-flow 
system. 

Assumption (c) requires that and E' should Ix' identical, so that [5] 
simplifies to 

= - E ^ [5tt] 

If these terms are summed up for all the elementary masses crossing the 
boundary during the period of time required for a unit mass to enter 
[or, by assumption (d), to Ic^ave], [5] bcconu's 

+ + + g + + 161 

where Q and denote respectively tht‘ heat passing inward and the 
work passing outward across boundary B for ea(*]i unit mass entering 
the apparatus. This is the energy equation of steady floiv. 

Assumption (c) iic'ed not be so rigorous. It is easy to see that, if the 
stat{*s of the fluid at all points within the open system periodically and 
simultan(K)Usly become identical with states previously existing at those 
points, then [0] holds good. Thus it will appl> eciually well to a turbine 
and to a reciprocating steam engine. 

The Energy Equation of Steady Flow and Bernoulli’s Equation 

It was shown on page 32 that if a net force of F fiounds is applied to a 
mass of 1 pound by somc'thing other than the gravitational field, and 
the force is moved through a distance ds in its own direction, then by 
the laws of motion we may write 



where V denotes the velocity of the mass and s its height above some 
horizontal datum plane in the gravitational field of strength g. 
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Let us consider a stream of fluid in steady flow through a passage 
\V(‘ shall assume tliat no shearing stresses exist in the fluid, so that al 

forces exerted on an elementary mas 
y of fluid by adjacent fluid are norma 
in direction to the boundary surface 
of the element. ( 'onsid(‘r such an ele 
nienl (Fig. 12) whose leaigth U is ir 
the direction of the resultant velocity 
V and whose ends are planes of equa 
an'a normal to that din'Ction. The 
iH't force applied by adjacent fluid in the din'ction of V is 

p da — (p -f dp) da = —dp da, 

wh(*re p dc'notes the pi’essure on the* upstrc'am ('ud, p L dp the pressure 
oil t,h(’ downstream (‘nd, and da the eross-s(K*tional art'a of the ehmient. 
Wlaai the ekanemt moves through its own h'ngt.h dl, th(‘ product of the 
for(*(‘ and th(‘ distance^ through which it moves b(‘Com(‘S —dpdadl, 
or —dpvdm, w'here v denotes the siK'cifii* vohiiiH* of the fluid and dm 
tlu‘ mass of th(‘ ekanent. We may now apply 17| to the (d<anentary 
mass of dm pounds, and we g(‘t 

— V dp d)fi - dm d { I -f dm dz, 

\-( 7 / 



which may be simplified to th(* form 


V dp 4 " d 



-j- dz — 0. 


[ 8 ] 


This is th(* gem'rid form of Hcrnoidl'ds etpiation for a steady state of 
llow.^ It is a (H)iise(pi(‘iK‘(‘ of tlic' lairs of motion which were enunciated 
by i\('wton 17)0 y(*ars liefore the enunciation of the First La\v of Thermo- 
dynamics or th(‘ Law of ( \>ns(‘rvation of lOnergy. 

Ik'spite the anachronism the (‘(|iiatioii of Bernoulli is often referred 
to as an (UKagy (‘quation, Ix'cause it proves to be a n'stricted form of th(‘ 
k’irst laiw. Tlu* laws of motion contain within them a priucipk‘ of con- 
servation fo]- a certain type of liy})othetical system. This type of sys- 


* For ail incompressible fluid IS] may be integrated to the equation 


pv -h 



4- z — 


constant, 


^hich is the form of Bernoulli’s equation fre(|ueutly encountered in hydraulics. 
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iem has come to Ix' known a conservatirc .^ysion* No single insianee 
of a eoiiscTvative system has ever been (ineelly o!)seive(l in nature, 
though by deduction we ha\e come to beluwe lluit 
the molecules of a gas constitute such a s'\ stian. 

The fluid system that we postulated abo\(‘ is fret' 
from shear stresses and is, therefore, a conser\ ali\ e 
system. 

Let us compare the Btunoulli (‘quation \S\ witli 
the enei'gy equation of steady flow [t)], winch wt' 
shall reduce' to the conditions of the Btanoulh t qua- 
tion by eliminating shaft woiL, 11 j, and b\ ai)j)hing 
the remaining expression to two st^clions that are 
separated only by an infinitt'simal tlislantr along 
the stream (Fig. 13). Thtai we gt'l 



dh + d + dz - dQ = 0 : 

or, upon ('xpanding dh, 

du + /) dv " dQ T i I (( 


iti«i 


■€) 


+ dz = 0,t 


as compared with iht* Bt'inoulh (‘qua! ion 

V dp -f il + dz ~ 0 

* Maxwell 111 7 hcoii/ of Heat (Apple ton liss")], <)2) de iinos i ( onserviitive system in 
tlie follow in^ terms “ If, iiminv s\st( ni of IkkIk s, tht lone whieli n ts Ix't \v( ( n any 
two hodit. s is m the line lomiiif; the m, in<l de jx nds onh on t Ik n (list ok ( , md not on 
t lu‘ .IV in w liK h they 'ite* moving; at the t inu*, t lu n if no of Ik » loins k t on t Ik s\ sU m, 
the sum of the* pofcnti il ind kuutn ol all the. bodu s of the sy stem will alwaxs 

K'lniin th(' s line ” 

i This IS Jill expanded form ot thi* (‘qu ition 

(l< \ (h f}i } — d(J - b, 

as may be been by (omparmg it with [tj This eijuation iniy be written 
e (I j) + d( 1 p <lr — (IQ b, 

as compared with the Bernoulli eiiuation, dp f d( 1 -/2ii) + dz - 0 The iwo an* 
identical if we may write 

d( p dv ~ dQ - d i dZf 

de = dQ - pdv i d(l ) h dz. 

This is true for a fluid system in the absemee of eleitniity, magnetism, capillarity, 
and fluid shear, for then work reeeived l)V tht fluid results only m compresfaion, 
acceleration, or change in level 
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Since the energy equation of skiady flow is true in general, it follows 
that th(} Bernoulli equation holds whenever we may write 
du + p dv — dQ = 0, 

for then the two are identical. This last equation holds for any process 
in a pure substance' for which ii is identical with the internal energy per 
unit mass and p dv is identical with the net woi’k done by the system. 
It will [)e n'called that, the' property u is a fuiictjon of only two inde- 
peaident prop(‘rti('s, such as pn'ssure and temperature, and is the internal 
('ru'rgy in the abse'nce of capillarity, magnetism, and electricity from the 
standpoint of an observ(‘r wlio s('('s no variations in velocity or level, 
that is, an observer who stands on the system. The work done by the 
system would tluai be p dv in the absence of fluid shear. Therefore it is 
[K'rmissible to wriki 

dll p dv — dQ - 0 

for any fluid systc'in in the absence of capillarity, electricity, magnetism, 
and fluid shear. Theses are the conditions under which Bernoulli’s 
e(|uation will hold. 

The Continuity Equation of Steady Flow 

In the solution of stc'ady-flow problems it is often neec^ssary to use in 
addition to [(>] th(' rdationship bd.ween velocity, area, and spcaafic vol- 
unu' which is impli(‘d in assumi)tion (d) above, which may be stated 

te = iCi == W2j 

wher(‘ ?/’ df'uotc's the mass rate of flow and su])scripts 1 and 2 refer to 
sections across the path of flow. An e(|uivak'nt statenn'iit is 

Va TiUi V 2«2 

— = — - = » 9 

V I'l Vo 

in which a d(*iiok's the area of a cross s(‘Ction of the stream peri)endicular 
to the ^’('locity V. This is the continuity equation of steady flow. 

Applications of the Energy Equation of Steady Flow 

The J oulc-Thomson Experiment. The apparatus for the Joule- 
Thomson experiiiK'iit consists of a horizontal tube containing a porous 
plug with pressure gages and thermometers preceding and following the 
plug. If a fluid is supplied to it at section 1, on oik' side of the plug, it 
will flow through, provided that a low'er pressure is maintained at section 
2 on the other side of the plug (Fig. 1^). The energ>" equation [6] for 
this {'xarnple of steady flow becomes 

T? 

4- “ = T* ~ ^ x — f?. 

2(7 2/7 
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In the absence of any sliaft, or its cquivalenl, projecting through the 
wall of the tube, must be zero, and Q may be mad(i to approach zero 
V)y applying adequate insulation to the wall. Tlie kinc'tic-energy terms 
may be omitted if they are made (‘qua! by providing, according to [9], 
areas in the ratio 

^ ^ rq 

O2 Vo 

oi’ by making both Uf and V% so small that their difference is negligible. 
Then [6] reduces to the equalit-y 

hi — ho. 

Holding always the same initial condition at 1 and reducing the 
]n’essure step by step at- 2, we could trac(‘ by this experiment a line of 
constant enthalpy on a tenqH'ratuix'- 
pressure diagram. The sl()p(‘ of this 
lin(q (dt/dp)h, is known as the Joule- 
Thomson (‘oefficient. (kmerally it is 
small, but it may l)e eithc'r gr(\ater or 
1(‘SH tJian 7A)TO. It is posit i\'e (dca'n^as- 
ing t with decreasing p) for steam and 
carbon dioxide within ttu‘ usual range 
of conditions, and it is n(‘gativ(' for 
hydrogem and for liquid water at room tnmpcu'at ure and pr(\ssuro. The 
JoukvThornsoii experiiiKait is a rela.tiv('ly sinqJe m(‘a,snnan(‘nt whicli 
yields useful information. It has b(‘('n em})loy(Hl fr(‘(iu{‘ntJy t,o deter- 
miru' the nJations betw(‘en properties o( substances. 

The ConsUini-Teruperaiare ExpanHiun. In the* ap[)aratus shown in 
Fig. 14, a heating (or cooling) (‘hmerit could b(‘ inserted in th(‘ [)()rous 
plug so that heat might. Ix^ permitted to flow to (or fiom) the (expanding 
stre^am. We learn finni tiie (ri(‘rgy (riuation of st.cruly how (tu'gkx'ting 
change' in kine'tic ('uei’gy as IxTore') that the' herit transfern'd from the 
heating element to the fluid is given by 

Q ~ ho — hi. 

If we should legulate the flow of heal so that the' tf'mperatures at 1 and 
2 w(‘re identical, then, by re'ducing the‘ f)r('ssure‘ ste'p by ste']) at 2 while' 
holding a constant initial stain, we could trace' tli(‘ e'nthalpy-[)re'ssure 
re'lation along a path e)f censtant te'inpe'rature'. I he sle)pe' of this path 
on an enthalpy-pressure' e*hart, (c)h/dp)t, is known as the eomtant- 
iernperature coefficient. Like' the Je)ul(‘- 1 honisor) e*(X‘tfici('nt it is fre‘- 
eiuently ine'asuind in orde'r to el<4errnine the' reflations Ix'twe'en pinj)- 
erties of a substance. 


<? f 



Fi(3. 14 



40 


THE FLOW OF FLUIDS 


Heating and Cooling in Steady Flow, The energy equation of steady 
flow in the form 

h2-hi 

ap[)lies to iioy Ijf'afing or cooling d(‘vifo, such as a steam boiler or an oil 
cool(‘r, ill which tlu'ri' is no moving naa'lianism and, thcTcfore, Wx ~ 0, 
arid in whii'.h chang(\s in kiiK'tic (au‘rg>' and height lietween eiitrancx' 
and (;xit a-n* negligibl(‘. 

Adiabatic Steady-Flow Prncc.s'.sc.s*. As pn'Aaously stated, an adiabafic; 
j)roc(‘SS is OIK' in wliich no lu'at transh'r occurs. TIh' Joule-Thomson 
expansion is an adia])atic procc'ss, but there ai'(* otiu'i's of importance' to 
lb(‘ (‘UgiiK'e'r. Tlie flow of sb^am through steam iurbinevs, e^xcc'pt those 
of v(‘ry small powe'r, may be considered adiabatu*, because the heat 
I ransh'F per penind of stvam, Q, through the' casing or along the shaft 
is smjill as e*ompare'el with the* shaft weirk, Mh-.* 

The^ e'ne'.rgy eeiuation of steaidy (lejw [(>), feir any adiabatic case b('e*omes 

w, = 2 + 

Ml 

if e'hang(‘ in ehraition may be ne'glerterl. This state'ine'nt is applie^able' 
to an eiilire' turbine' or le) an individual stage' of a turbine'; it will apply 
eepially we'll tei a ce'utrifugal compre'ssor and its 
stage's. 

The' (le>w e)f ste'am through a neizzle' is aneither 
important e'xample' of an adiabietie* steady-flow 
[)re)e'('ss. Imagine' a simple' conve'rging passage' 
(Fig. In) through wliie'h ste'am is flowing. Tlie* 
lu'at transfe'r pe'r ])ounei of ste'am, Q, will be' 
small, usually, bce'ause' a large' anuaini of fluid 
can be' passe'd threiugh a ne)zzle' e)f small dime'n- 
sie)ns. In the' a])se*nc*e' e)f all moving rne'e-hanisms IF^ must b (3 zero. 
There'fore' |()1 be'ceane's 



If the state's 1 and 2 are' known, then the' increase in kinetic energy 
in the' nozzle' can be cemifiuteel. ( 'e)nA’erse'Iy, if the increase* in kinetic 

For instimcf a turt)in(' v\ieti ati uninsulated easing surfai'e of 100 sej ft (not in- 
cluding th(' exhaust liooti wliieh is nearly' at room temperature) would give luait to 
tlu' ail of (lit' turhiiie room at a rate of about .‘tyoeM) Utu hr. Assuming a capai'ity 
of 10,00() k\\ ;»iid M steam (low of 100,000 lb, hr to correspond to the 100 sq ft of 
surface, we find () ^ 0 35 Ltu lb, which is approximately 1 1000 of the w'ork output, 
W X- tif course, insulation would reduce (o a still smaller fraction of the work. 
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energy and either state is known, tlu' entlmlpy of tlie otlier slati' can 
be found. 

PROBLEMS 

1 . In a crrtairi Joule-Thomson cxporiiiu-nt tlic ].)w-[)n\ssuro side is 10 ft vertieally 
below the high-pressure side. 1’he vfdottity on Mh‘ iow-pn*ssiire sidt‘ is r>() ft see, 
and on the high-pressure side -l.'f ft, see. A.^^surning no heat traiish'r, eoniput(‘ tla* 
change in entlialpy from high side to Knv side. 

2. For the gas of proldein 8, in Chapter 111, find tlie ratio of tlownstrearn eross- 
sectional area to iipstnaim eross-st'ctional area if tlie pressurt's in a .loule-Thomson 
experiment are 7.5 Ib, sq in. abs and 70 lb, s<j in. abs, tlie flow is horizontal, tluav is 
no heat transfer, and no change in enthalpy between high side and low ,-^ide. 

3. If the areas in the preceding jnoblem were (‘(pial, high sidt' and low sid(‘, what 
w’ould be the change in (Uithalpy if th(> initial kiiuqic energy wviv 0.1 Htu Ib and the 
initial specific voliiiiK' 5 cu ft/ lb? 

4. A steady fhiw of steam enters a la'ating coil at 1.50 Ib s(j in. abs and 400 F 
and leaves it at 140 Ib/sq in. abs and (>0() F. 

{a) If th(' kiiK'tic (Uiergies at (*ntrance and exit an' n('gligib](‘, how much heat 
is transferred to each fiound of steam as it jiassc's timmgh the coil? 

(h) If the coil is 100 ft high and the liow is downward, and the entrance and 
exit velocities are nwjiectivi'ly 200 and 2S0 ft sec, how nnn h heat is transferri'd 
to (‘ach pound betwi'Cii the sanu' end pressures and ti'inperat ures? 

6. A st(‘am turbine naa'ives a steam flow of 10,000 ib, hr and d<'liv('rs .500 kw. 
Th(! heat loss from tlie ea.sing and thi' turbini' beaiing los^ an' iH'gligilile. 

(a) Find the change in (*nthaipy aero.s.s IJk' turbine if the vi'loeities at entranci' 
and exit and tlu; differeiwe in ('h'vation at (‘iitrance and exit are ni'gligible. 

(h) hind tfie change* in ('iithaljiy across the turbiia* if iIk* vc'locity at entrance 
is 200 ft/see, the velocity at (‘xit is 1200 ft. 'S(‘c, and tiie init'l pipe is 10 ft. above 
the f'xhaust. 

6. A steady flow' of st(*am enters a, condi'iiser wit h an <*nl hal))y of 1000 Ht u, lb 
and ;i. velocity of 1200 ft/'sec. O'Ik* cinuk'H^ati* leavi's the ciuidenser with an (‘iithalpy 
of 70 Htu;lb and a velocity <4’ 20 ft, sec. Mnd tin* heat transhared to the cooling 
fluid of th(^ condenser jier pound of steaiii conden ed. 

7. 'Fhe Sleatn 'I’aJiIcs give the following vaba*s: 



SciariK’ 

Ib\TUALPY 

Saturated sti'am 

cu ft lb 

Htu -11) 

at 100 lb, s<j. in. abs 
Liquid water 

at 100 lb,'s(j in. abs 

4.122 

11S7.2 

and 100 V 

O.OIG 

f)S.2 


(a) Compute the amount of heat suppliial to each pound of a steady strcaim of 
II 2 O as it changes in a ooih'r from wat.tu' to steam in the respective statf.*s given 
above. 
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(b) How iiHirh does the flow work re(iuired to deliver the steam exceed the 
flow work required to introduce the liquid? 

(c) How much does the iriterriai energy of each pound of H 2 O increase in the 
process? 

8 . A reci})rocatirig engine may he considered a steady-flow devic^e if there is 
enough *' receiver ” capacity on either side of it to smooth out variations in pip)e- 
line conditions caused l)y the intermittent action of the engimj. The ‘‘ indicated 
work ” of an engine is the ind work donc^ on the piston. 

A small reciprocating engine is supplied witli steam at 1(M)0 Ib/sq in. abs and 
760 F. The steam (‘xhausts at .SOO Ib/'sq in. abs and 520 F. If the heat loss from 
the engine cylinder to the atmosphere is 4000 Btu/hr and the steam flow is 2000 
Ib/hr, find the indicated power of the engine. 

9 . In a test of a wat(^r- jacketed air compressor it is found that the shaft work 
r(‘(iuir(‘d to drive the com})ressor is f)0,000 ft-lb/'lb of air delivered, that the enthalpy 
of the air leaving is '10 Btu /lb greater than that entering, find that the increase in 
enthalpy of th(‘ circulating water is 40.5 Btu/Ib of air. From these data, compute 
the amount of heat jaissing to the atmosphere from the compressor per pound of air. 

10 . A nozzle is a device for increasing tlie velocity of a steadily flowing stream. 
At th(‘ inlet to a c('rtain nozzle the enthalpy of the fluid passing is 1300 Btu/lb and 
tlu‘ velocity is ‘200 ft /sec; at the <iischarge side the enthalpy of the fluid is 12(K) Btu/lb. 
Th(‘ nozzle is horizontal, and there is a negligible heat loss from it. 

(n) Find the v('locity at the nozzle exit. 

(5) If the inlet ar(‘a is 1 s{i ft and the specific volume at inlet is 3 cu ft/lb, find 
the rate of flow. 

(c) If tlie specific volunu' at the nozzle* discharge is 8 cu ft/lh, hnd the exit 
area of the; nozzle. 

11 . Steam approaches a horizontal nozzle at a pressure of 100 lb/'s(| in. abs and 
a tempera, tmx* of .^)()0 F through a, passage of very large cross sectiiin. It reaches the 
di.Mchargi* of the nozzle at a ])r(‘ssnre of 70 lb/s(i in. abs and a temperature of 423 F. 
Neglec’t h(;at k)ss from the nozzle. 

(n) Find the velocaty in the nozzle discharge. 

{{)) h'ind the area of the nozzle discharge cross section required to pass a flow 
of 1 Ib/sec. 

12 . Liejuiti water flows steadily downward through a vi'rtical converging tube, 
d’he (*nt,halj)y at a point 500 ft above a reference plane is 100.0 Btu lb; its eiithalj^y 
at a point 100 ft al)ov(‘ the reference plane is 99.5 Btu/lb. Neglecting heat lo.s.ses, 
find the v(‘locity of the water stream iit the lower lev(*l if its velocity at tlie upper 
level is 30 ft s(‘c. 


SYMBOLS 

a acceleration of system in direction of force, area 

e internal energy of unit system in general 

/i* inb^rnal energy of system in general 

F force 

g acceleration given to 1 lb of mass by 1 lb of force 

h enthalpy per unit mass 
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m mass in physicist’s units 

p pressure 

Q heat to system 

(is small distance 

S system 

t temperature 

dt small interval of time 

u internal energy of unit system in the absence of motion, gravity, elec- 
tricity, capillarity, and magnetism 

V specific volume 

V velocity, component of velocity 

VI mass rate of flow 

Wx shaft work from system 

z height 
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PROPERTIES OF A PURE SUBSTANCE 

A pure suhstanen naiy in (‘xist as a solid, a li(piid, or a vapor. 

Tli(‘s(' diff(‘r(‘iii asjKais of Iho siil)st.anc(‘ are known as phases. The 
t(‘rin j)lias(‘ was introduced into thermodynamics by Willard Gibbs, who 
us(m] it, in a mon' gc'iua-al s(‘ns(‘, namely, a phase is any physically homo- 
gnicoas asperi of a ^<}|stc^n. Thus a substance may have more than oik' 
solid ])has'‘, one of which may b(‘ amorphous and the others may be 
(liflerent crystalliiK' forms. The boundary Ix'tween i)hases is usually 
sharp and ck^arly dc'finc'd, but, occasionally, as betwem vapor and liquid 
abov(‘'ihe critical point,, one i)hase bl(*nds into 
the oth(‘r and no d('finite boundary can be de- 
tect (m1. 

L(‘t us follow ih(‘ changes of phase of water 
und{‘r difh'nait, conditions. Consider a pound 
of ici' at a tnm])(aatun‘ of 0 F confim^d in a 
cylind(‘r by a movabl(‘ piston which ('xerts of) 
th(‘ ic(' a f)n‘ssur(' of 1 atmospher(‘ (I'ig. 10). 
Th(‘ temp(‘ra,t,ure of all 1h(‘ ice may be rais(‘d 
miiformly i)y a slow addition of heat. Th(‘ 
h(‘at,, as explain('d on page 22, is ('qual in 
magnitud(‘ to the incn'ase in enthalpy of t])e 
substance; then‘fore W(‘ may use the quanti- 
ti('s of h(‘at as a UK'asnn* of {‘hang(^s in enthalpy. 

\\ lun th(‘ b'm}){'ra1ur(‘ r(‘ach(\s a2 F th(‘ na'asurc'naaits of heat indi- 
cate that th(' ('iithalpy has inennsed about. 15 Btu. Upon furthca* heat- 
ing w(‘ tind at first no change in tempi'rature, despite th(' increase in 
('Uthalpy. During this pcu’iod tlu' substance' ('xhibits a mark(‘d change' 
in appearance' wlie'u vieuve'e! through a glass cylinder. Semie' of it has 
be'eaane' lieiuid. The- proportions e)f soliel and liquid can be changed at 
will by he'ating or cefoling the substance'; but neither he'ating nor cool- 
ing (within ea'rtaln limits) will cause a change in the t,('m[)<'rature. 
\\ he'll the enthalpy has bee'ii increxise'd by 143 Btu over it.s value' for the 
seilid at 32 F the' entire' mass will be' in the liquid phases and fuilher 
he'ating will re'sult in a rise* in te'inpe'raturex 

Th(‘ (hange m (‘uthaliiy be'twe'en the seilid phase and the liquid 
phase' at the same' pressure' anel te'iniie'rature is called the latent heat of 

44 




Fl(}. Iti 



PKOPKirriES OK \ PURE SUliSFANCE 


45 


fusio7i a choice of words that is uiifortuiinK' IxM'ausc the term heat 
siuaild have been reserved for eiuTgy in transit across the boundary of a 
systcan by vij*tu(‘ of a temperat,uj’e difi(T(aic(‘. Though tliis changt* in 
(‘uthalpy can be caused by nn'ans otlu'r than laait, such as a nnoiving 
paddle wh(‘(‘l in th(' nuTed iraclion or an (dectric’ (airixait. ])assiiig 
tlirougli the sufjst,anc(^ vv(‘ sliali iKwcrtlieless adof)t the team laUait h('al 
))(‘causf^ it is corunionly acceplx'd. 

A labait hc'at or cliange in enthalpy at. constant, prc'ssun'. and tenpx'r- 
atur(i is a characteristic* of ail w(‘ll-defined boundaries lu't wchui phase's of 
a pure substance. In fact it is often usc'd as a iiK'ans of delecting su(‘h 
boundaries. 

Upon birther heating, the liquid rise's in t( inpea’ature. At 212 E 
its enthalpy is found to be 180 Htu high(*r than that of the* licjuid at 
32 F. ()nc(‘ more' w(^ have' n'aclu'd a point when' the ('ntlialpy may be 
inci'(‘as(^d without change' in te'inpe'i’ature', and once more* we notice' a 
change; in the' ai)[)earane‘e of the* substane*e' as t.lie' e-nthalpy is ine*re'as(‘el. 
Some ejf it be'come's vaj)or. The' proportions of liepud anel vapoi* earn 
be* ebange'd at will by he'ating or e'exding; but jie'ilhe'r heaet ing nea e'oed- 
ing (wit hin ce'rtain limits) will e*ause‘ a change* in I he; te‘mi)erature*. 
Wlie'n the* enthaljjy has be-e'ii ine*reased by 070 Jitu o\e'r its \ alu(‘ for 
the* liepiid at 212 F the* e'utire' mass will be in tiu* eajior pliase' anei fur- 
the'r heat ing will re'sult, in a rise* in te*mpe'rature. Tlie* change' in e*iithalpy 
be'twe'en the liepiid ])lia.se‘ and the* vapor phase* aX the; same* j)re'ssure* and 
te'inpe'rature is calk'd t he' latent heal af ra f)ori::ali<ni , The* liejuid at, 1 
atinosphe;re of j)re*ssure anel 212 de'gi’e'e*s of t.e'inpe'rature*, from whie*h 
the vapor was evajeonite'd and with which the* vapor e;an c'xist in all 
])roport.ions in e'quilibrium, is an e'xample* of a. mherated If quid. The* 
vapor which is forme;el from the' liquid anel with whiedi the* lieiuid e;an e'xist 
in e;e|uilibrium is known as satnniied vajH>r. Furthei- heating will cause; 
a rise in the* t.e'mpe;rature' of the* ^'ape)l■ which i^ the'u kneewn as mjMrheated 
vapor. 

If the pre'ssurc' exe'rt,e;d by the* f)iston we're 100 Ib/sq in. abs instead 
cd atmospheric pre'ssure* tiie* ie*e‘ weaild me'lt at a slightly lowe*]* te in- 
perat.ure* and the* lieiuid would e'vai)orate‘ at a highf'r te'mpe'ratiire*. 
The boundarie'S betwc'cn phases foi' e*a.rbon dioxide* are* shown on a 
te‘mpe'ratur('-pre;ssure plane in Fig. 17. This diagram show's that, 
be'low^ a certain prc'ssure the solid phase; may e:xist in eeiuilibrium with 
the* vapor phase*, or it may be* eajnvert.c'd to the* \'ai)or jehase without 
passing through the liepiid {diase during the* c'onvc'rsion.t Above that 

♦ This is a pe;c;iiliarity of wate^r. Most substance's have; higher rnedting points 
at highe;r pressures as do(;s water at pre*ssure;s aiiove* li) sej in. 

t This proee>ss is known as suhlimnhon as distinguished from fusion (solid to 
liquid) and evaporation (liquid to vajjor). 
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prossun^ the solid phase eaii exist, in equilihriuin with the liquid phase 
but not with the vapor phase. Thus the solid-vapor boundary meets 



0 250 500 750 1000 1250 

Pressure~Ib/sq in. abs 

Ficj. 17. Phase Bouiidari<‘s for Carbon Dioxide 

t h(' solid-liquid boundary where th(‘ two join th(‘ li(piid-vapor boundaiy. 
11 k‘ junction of th(‘S(' curv(‘s corresponds to a stale at which all three* 
piiasevs can coexist, in equilibrium. It is calh'd the* triple poittl. 



Fia. 18. Tcmp('r^)turo-Pr(^s.sur(' DiaKrain for IJquid and Solid Water 
From lirKlfirnan, ./. I'tankhn luftt., Vol. 177 (1014), pp. .'515-332, 

At the other extremity of the* lieiuid-vapor boundaiy is the critical 
point beyond whiedi there is no latent lieat of x'aporization and no 
otlu'r characteristi(‘ (*hanj>;e which iionnally marks a change in phase. 

Boundaries between liepud and solid phases of water are shown in 
Fig. 18. Bridgman* has determined the latent lu\‘its at. these bound- 
aries. 

Becau.s(' of tlie lat(*nt heats the phase boundaries which are lines on 

* Froc^ Am. Acad , Vol. 47 (1912h pp. 441-5r»S. 
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the tempcratiire-prossuro plaiu^ are hands or areas on the enthalpy- 
pressure plane (Jdg. 19). dlu'v are areas on the pressure-volume 



Pressurc-kg/sq cm 


Fic;. 19. Erithalpy-I’n ssur(‘ Dia.grain for C^arhon Dioxide 



Fi(.. 20. Proh.sun'-Voluino Diagram for Clarlxm Dioxide 

plane as widl (Fi^. 20) Ix'cause marked chanj^es in \'oluine occur during 
the transition IxOvvccn phas(‘s, as is apparent when water ('\'aporat(‘S. 
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Mixtures of Two Phases 

Th(Te is a 1yp<‘ of [)rop('Hy iisod in Ihcnnodynainics the value of 
wliieh for any system is (‘(pial to tlu* sum of its values for all the paiis 
of the systcaii. \\v shall ejill such prop('rii('S exicaisive properties. 
Volume', iritea’iial tai(‘rgy, and (‘nlhaif)y are (‘xte'iisive properties. Pres- 
sure, t(‘mp('i‘a1 UH', and deaisity, on the' oth(‘r lamd, are not extensive' 
prope'rties. If r stanels for the value' e)f an e'xleaisive property for unit 
mass of a two-phase* mixture*, we may write* that r is e'qiial to the* sum 
of the* value of t,he* pre)pe*rty r for the* liepiiel part e)f the* sysU'in and the 
value*, of the proi)e,‘rty r fe)r the* vapor i)art e^f the* system: 

r - xr^ + (1 - t)/ 7 , 

whe're* x de*n()t.e\s the m.ass of va,pe>r pe*r unit mass e)f mixture*; ?/, the 
ma| 2 ;nit.uele eT tlie* pro[)erty fe>r unit mass e)f salurate'el liejuiel in the* 
mixture*; anel the* magnituele* of the* pre)pe*rty fe)i’ unit mass e)f sat- 
urate*d vapor in the* mixture*. Similarly for any o1he*r e*xtensive* pre)p- 
e'rty, r', we have* 

/ == X}\, 4- (I - x)rf. 



The derivative of the first of the'se prope*rtk*s witli re*spee1 to the se'eojiel 
is p;i\ en by 

dr dr/dx ^ 

dr' dr' /dx r[ — r'- 

whie*h is ind(']H*ndent e)f x. There'fore*, the* line* on a diagram of e*xten- 
sive pre)pertie‘s (fe)r example*, lug. 21) repivseaiting mixture's of twe> 
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I.)has(\s ill equilibrium at any one pr('ssur(‘ and ti'inpi'rature is a straight 
line; and the ])ioportions of tlu‘ two phase's in a. mixture represented 
by a })oint on that line an' given by the ratio of tlie li'iigths of th(‘ 
segments of the line on either side of th(' point, dims, in Fig. 31, the' 
pe)int P repre'seaits a mixture in \vhie*h tlie' mass propeirtion of liepiiel 
to vapor is PQ : HP. 

On the pressurc'-volume' diagram anel ejn thr ene'rgy -volume diagram 
(Figs. 20 !iiid 21 ) th(' mixture's eif two phase's at any pivssure and te'rn- 
perature are repre'sente'el ]>y straight line's, eae'h })e)int ein wliiedi rep- 
rc'sents particular jireipeirtieins of the' twee phase's and all ])()iii(s eni whif'li 
represent all jiossibk' })re)portie)i\s. On the te'iiipe'ralure'-pre'ssure dia- 
gram (Fig. 17), on Hie othe'r hand, mixtures of all pre)pe>rtions at any 
one' te'rnperature and jire'ssure' are' re'pn'se'iiteel by a single' peiint. There'- 
few^ the prope*rtie's pre'ssure' anel tonqie'rature' elei neit toge'tlu'r de'fine 
the^ states eif a twei-phase' mixture'. On page' 10 it was })ointe'd out that 
two independent ])i'ope‘rHe's aele'epiate'ly de'te'rmiiu' the' state of a pure' 
substance;. Within the' two-phase' re'giein, ])re‘ssure and te'mpe'ralure' 
e*annot be alte're'd inele'pe'iiele'ntly of e'ach e»th('r any variatieiii in 
t,e‘mt)e'rat,ure' must re'sult. in the variation in pie'ssui’e* indie*ate'd by the' 
lietuid-vapor lieaindary (Fig. 17) anei lu) otlu'r. 

The Triple Point 

The* trifile' peiini ajipe'ars as a triangular are'a em any eliagrarn w'hicli 
has ne'it he'r pi’e'ssure' iieir te'inpe'rat ure' as a e*e)orelinat(', sue'h as Fig. 21 
whiedi has inte'rnal eiK'i’gy anel volume' as e'oordmate'S.’^ The' thi’e'e 
e'oriK'rs of the' triangle' I'e'pre'se'iit the* seiliel (S), the' lie|uid (L), and the; 
vapor (V) jihase's, re'spe'e'l iAe'ly. A })e)int li on the line' SL re'jire'sents 
a mixture' ejf soliel and lieiuid in whie'h the' jirojieirt iems of sedid to li(|uiel 
are' BL : BB. Similarly a peiiiit (’ on the* line* LV re'pi-esrnls a mixture' 
of liquid anel vape^r in the' profieirl ieins CV ; L( and a j)e>inf. I) e>n tlie* 
line re'pre'sents a mixture' eif seilid and vapor in the' pre)portions 
IW : BD. Any peiini M within the bemndarie's of the' triangular are'a 
represe'iits a mixture of solid, liejuid, and vapor. If the straight line' 
LM intersects boiinelary SV at 1) the' ratio of seilid tei vapor in state; M 
is I)V : SI), The othe'r inoiienlieins are* give'ii ifi similar fashion by the 
inte'rse'ctions B anel P ein the' othe'r two beiunelarie'S. 

On tlie e'nthali)y-|)re'ssur(' eliagrarn anei on the pre'ssii re volume • 
diagram (Fdgs. 19 and 20) the' triple' peiint, is r(;piesent(;d by a straight, 
line. On the' te'npK'ratnre'-pre'ssure' diagram (IHg. 17) it is only a point. 
Thus no pair of preijie'rtie's eif wliieh t.e'm])erature or pressure is one 
suffices to define' a trijile'-point state*. 

* Tiic entiialpy-entropy diagram is au exceptioD- 
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The Critical Point 

The eritieal stiitc may h(' ohsorv(‘d by filling a quaiiz liilx' with the 
proper proportions of a liquid and its vaf)or and tlaai heating th(‘ tube 
and its contents. If th(' ])rop(a* ])roport,ions ar(‘ pres('nt at atmos- 

pluTic pr{‘ssure b(‘fore the fub(‘ is s('aled (A in Fig. 20) the meniscus 

s('parating 1li(‘ fwo phase's will nariain near the middle' of the tube; 
until, as the critie^al pre'ssure is aj)i)roache'd, it becomc's less distinct and 
finally disjippe'ars. If too much lie|uid is introducexl {A')j the me- 
niscus will rise' to the* top of tlie- tube' be'fore the eaitical pressure is 

i*e;ae*he‘d; if too little' the meniscus will disappear at the bottom 

e)f the; tube before' the; critie;al pre'ssure is reae-lu'd. 

At pi-essures higher than the; critical pre'ssure' t he lieiuid can be heate;d 

frean a le)w te'm})erature; to a 
liigh one withe)ut any elise;on- 
tinuity in the proce'ss. ]^J:)ul- 
lition does not occur as at 
lower pressure's, and no other 
(;ve;nt, marks a change' from 
the liquid phase' t-o the ^'ape)r 
phase. The distinction be'- 
twe'e'ii the; two phase;s is there- 
fore' arbitrary. 

At t,e'm])eratur('s higher 
than the e*ritie*al te'irqx'rat.ure' 
the pre'ssure' e)f the vapor 
may be' in(‘re*ase‘d to very 
high value's vvithenit any dis- 
e'ontinuity in the' proe'ess to 
^ mark a e'hange to the liquid 

Fia 22. Pres.sure-V.,lun>e Diagram ch.aracteri.stic^ 

e)f ise)therins on a pressure'-vedume' diagram at te'iiipe'ratures higher and 
lower than the critical te'inperature are illusti’ated in Fig. 22. 

The Peabody Calorimeter 

Wlu'n the state of a syste'in consisting e)f a gas or a liquid is to be 
ele'te'rmiiie'd the usual })ie)ce*elure is to me'asure' the pressure and the 
te'nqx'rature' of the system, be'e*ause‘ the'se' twe) i.)rope'i1ie's e'an be readily 
measureel and they are' inde'pende'iit pVo[)ertie*s. But wlu'n the state of 
a syste'Ui consisting of a mixture of liquid anei vapor is to be determinc'd, 
to me'asure the pre'ssure' and the tc'inpe'rature will not suffice', because 
these two are no longe'r iiide'iK'nde'iit pre)pe‘itie‘s. It is ne'ce'ssary, there'- 
fore, te) measure some' other property in addition to the' pressure' or the 
te'mi)e'rature. 
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The Peabody calorimeter is a 
a mixture of liquid and vapoi*. 
steady flow through a porous plug 
device into a large ])assag(‘ whtaf^ 
its velocity is negligible. A(‘cord- 
ingtothe energy equation of steady 
flow [6], for sueli an expansion 1h(‘ 
initial and final enthalpies must be 
identical. If the cTirve n'present- 
ing saturated vapor on tlu' en- 
thalpy-pressure diagram is similar 
in charact('ristics to t hat shown in 
Fig. 28 the expansion from the 
initial state A to a stah^ B which 
is at lower prc'ssiirc! (tliough at. tlie 
same enthalpy) may result, in a 


sample oi t he mixture is expajided in 
an orifice^ or some other throttling 



CalohmoUT 


single-phas(‘ stab* at, B. Mcatsurc'- 
ment of pressure and tenqxa'atun* 


device for determining the enthalpv of 
A 


on the low-pressure side of tin* throttling devices will id(‘ntify the state' 
B, and a table' of pio])(‘rti(.‘s of the* supeu-heaite'el Viij)or will yield the 
corresponding enthalpy. This is the* eaithalpy of state A. 


Pipe 

Sampling tube 


Ty — Ky — cr 

o o o . 

qC — Q o J I 




Qt 


i\ 


Calorimeter 


Fio. 24. Installation of a IVabody Calorimeter 


In Fig. 24 is shown diagram matically an installation of a jacketed 
Peabody calorimeter for sampling a mixturv of vapor and liquid from 
a veulical pipe*. 

The Peaboely cidorimeder has (‘(‘rtairi limitatiems: Its indication is ne* 
be'tte'r than the* sample* it receave's; if the .sample' is diffe're'Ut, in the pro- 
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poll ions of the two phas(‘S, from 1ii(‘ st ream that is to be measured, tlicm 
the indication will b(‘ in ('rror. Th(‘ state B (Fig. 23) must a vapor 
state; that is, the (aitludpy of ihe mixturf' must, be greater than that, 
of thf‘ saturat('d vapor corresponding to th(‘ low(‘i* pn'ssure. This 
r(H]uirement limits th(‘ use of tlie (‘alorimeti'r to small proportions of 
Fujuid and to p]‘(\ssui‘(‘S tliat an* low relatives to the cittical pressunx 

Tables of Properties 

Th(' d(^t(‘rmina1 ion of lh(‘ pro])('rti(‘s of substance's has beeai tlie ol)j('ci 
of scF'utific ('XperiuK'iit and analysis sinc(' the b('ginnings of sci(']ice. 
SoiiH' c()nc('pt of th(‘ magnitude' of the' ac(‘umulat ion of data on pro])er’ 
ti(‘s can b(' obtaiiK'd by an inspc'e'tion of th(' T nUrnational Critical TahUi^C 
which are' a com])ila(ion in s('V(‘n ^■olumes of significant data in ext renu'ly 
abbreviati'd form. 

Similar data, have' Ix'C'n e'xpanele'd, lor a lew substanea's comme)nh’ 
(‘inploye'd in ('ngiiU'e'Hng and sci('nc(', inte) e'Xl('nsi\'(' table's showing (he* 
vaJiK'S ol many pi'ope'itie'S in a fe)rm die‘tat(‘el by u1ili1>’ anel ceenve'iiie'nce'. 
Thus, the'H' ai'e' table-s of the* the'rmodynainic pre)p('i'ti('s (that is, ])re)[)er- 
tie'S ce)mmonly use'd in the' applications e)f the'rinoelynamics) of water, 
ammonia, carbon dioxide', amnK)nia-wate'r mixture's, ele'.j 

The' pre)p('rtie'S of wate'r are' kne)W!i with pre'cision ene'r a widc'r range' 
than are' t he' projee-rt ie'S of any othe'r substance'. More'e)\’e'r, wate*r is e'lii- 
ploye'd in ('iiginee'ring and scic'nce' ])e'rhaps moi'e' ceennnonly than any 
othe'r substance'. For the'se' re-asons its |)re)pe‘rtie'S have' be'e'ii tabulate'el 
in gi'cat de'taih 

The' A'eelume' e'utitle'el Thcrnaxh/naaiic Bropcrtic.^ af Sfi'nia, incJafli}i(i 
(lata au the liquid and solid p/a/.sc.s, by Ke'e'uan and Ke\v('s, is an ('xain])l(' 
of a table' eef ])re)pe‘j’t ie's of wate'r whie*h was ]>re'i)are'el ])riinaiily to fill 
the' iKM'els e)f the' e'ligine'e'r. It eaensists principally e)f tabulatieais eef 
e'e'itain prope'rtie's whie-h have' be'e'ii elcfine'el abeeve', nanie'ly, s])e'cifie‘ 
ve)hime', e'nthalpy,t anel (in senne' |)hice's) inte'rnal e*ne'rgy, and another 

I ntcrNofiofidl Crihcdl 'fahlcs, Mc( !rn\v-I lill, lirJO. 

I The^ fdllowiii^ are' ('xaniple's: 

WnU'f, hee'iiaii and Ke'.ve's (Wile'V, lO.'Ui). 

Udch (SprieiKe'r WYAX) 

( ^'illeridar (Aniold, lOot)). 

Dorse'v (lU'iulidld, 10 tO). 

Aiinnoiiia (Bure'aei uf St, andarels, 102D. 

Carbetn dioxide', (piinn and tone's (Hedifliold, 1936). 

Aminonia-wate'r mixture's, Je)nniiigs anel Shannon, Refrig. Fyng., Vol. 35 (1938), 
pp. 333 336. 

t Tho e)np:ine'e'r pre'fe'rs a tabulation of e'ntlialpv to a tabulation of internal energy 
because' the bulk of liis problems ivlate to steady-tlow proee'ssexs. Where the internal 
('iiergy is not tabulateel it can be obtaine'd r(*adiiy from tlie re.'latiun u - h — pr. 
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property, entropy, which is defined in subseqiu'ot pages. The values 
of these properties are given for various eombinalioris of valuers of iLe 
independent proper ti(\s, pressure and tcarqx'rature. The ranges of 
states covered by llu' various tables are shown in Fig. 25, where the 
numbers refer to correspondingly numlxTed tables. 



Temperature — ^ 


Fig. 25. TIk' of Stat(‘s Covi'i-od by 1 , 2, 3, 4, and 5 

in tli(‘ St('iiiu 3’al)l(‘H of Fcon.an jlihI ly(\vevS 

Tabl(\s 1 , 2, and 5 arc' table's of saturalion state's, and tli('s(' have tluTe- 
for(' a single' ind(‘pend('nt argunn'iit, iianu'ly, tenipe'rat iirc' in Tables 1 
and 5 and pressure' in Table 2. Some' sain[)li' line's from Table 2 are 
givn'ii below: 


Table 2 . Saturation : Pressures 


Aba. Pr«aa. 


.Specific Volume 

Enthalpy 

Entropy 

Internal Energy 

Aba.PrMa, 

Lb 

TtffTlp. 

Sat Sat 

Sat. Sat 

Sat. 


Sat 

>at. 


Sat. 

Lb. 

Sd. in. 

Fahr. 

Liquid Vapor 

Liquid Evap. Vapor 

Liquid 

Evap. 

Vapor 

Liquid 

Evap. 

Vapor 

Sq. In. 

P 

t 

V, V, 

h( h|( h|t 

.V 

Sf, 

H 

Uf 

Uf, 

u« 

P 

60 

281 01 

0.01727 8 515 

250.09 924 0 1174 1 

04110 

1.2474 

• '.585 

249 93 

845.4 

109 ,5 3 

60 

61 

282.26 

0.01728 8 359 

251.37 923 0 1174 4 

0 4127 

1 2M2 

1 6569 

25121 

844.3 

1095 S 

61 

62 

283 49 

0 01729 8 208 

252 63 922 2 11?.. 8 

0 4144 

I 2.10'< 

1 65 S3 

2.i2 46 

843 i 

1{W5.8 

62 

63 

284 70 

0 01730 8,062 

2.53 87 921.3 1175 2 

0 4161 

1 2377 

1 6S 38 

253 70 

842 4 

1096.1 

63 

64 

285 90 

0.01731 7 922 

255 09 920 5 1175 6 

0.4177 

1 2346 

1 6523 

254 92 

841 5 

1096 4 

64 


Ta})le 3 has two inde'pe'ndeait. arguments, pre-ssui’C' and te'mpe'rature', 
and Ihrt'e' de'pe'iide'nt ejuaniitie's, s})e‘cifie' volume'^ enthalpy, and (aitropy. 
Some' sample* line's fe)llow: 

Table 3. Superheated Vapor 

t^'*i**' t .r Temperature— Degree* Fahj-enheit 

1.,;") Liquid v^dor 290" 300 320’ 340'’ 3C0 SSO" 400' 420’ 440’ 460" 480" 600" 620" 640" 

V 0017 8 208 8 203 8 423 8 f>80 8*02 4 181 4 427 S671 9914 10 1 '■>4 i0394 10fi32 10 869 11 106 11.342 

62 h 252 6 1174 8 1178 4 11818 114.! 3 12(H V 1214 8 1221 8 1234 8 1244 6 1254 5 1264 2 1274 0 1283 7 1293 4 1303 1 

(283 49) 8 0 4144 I 6553 1 6601 1 6672 1 6809 1 6440 1 1 7186 I 7303 1 7417 1 7527 1 7615 1 7739 1 7842 1.7942 1.8040 

▼ 0017 8(X,2 8 131 8259 8 511 R719 9(101 9 246 9 485 9 723 9 960 10 145 10 429 10 662 10 894 11 126 

63 h 253 9 1175 2 1178 1 1183 5 1194 1 1201 5 1214 (. 1224 7 1234 6 1244 5 1254 ( 1264 1 127 1 9 1283 6 1293 3 1303 I 

(284 70) 8 0 4161 1 6538 I 6577 1 6W8 J 6780 1 6417 1 7043 1 7164 1 7281 1 7395 1 7505 1 7613 1.7718 1.7820 1 7920 1 8019 

V 0017 7 922 7 974 8 100 8 348 8 592 8 833 9071 9 306 9 540 9 772 10 103 10 213 10 462 10 10 917 

54 h 255 1 1175 6 1177 8 1183.2 114( 9 1204 3 1211 4 1224 S 1234 5 1244 4 1254 2 1264 0 1273 8 128 3 5 1293 1 1303 0 

(285 90) 8 0 4177 1 6523 1 6553 1 0625 1 6763 1 6894 1 7021 1 7142 1.72Sa 1 7373 1 7483 1 7591 1 7696 1 7799 1 7899 1.7998 
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Table 4 is like Table 3 in the arrangement of the arguments, but the 
natui’c of the dependent quantities has been altered in order to reduce 
the dimensions of tlu* table. Instead of the specific volume Table 4 
gives the excess of the specific v olume over the saturation specific volume 
at the t(‘mperature in question. Corresponding constant-temperature 
difierences are given instead of the enthalpy and the entropy. Sample 
lines follow: 


Table 4. Compressed Liquid 


Temperatur©— Degreei Fahrenheit 





32" 

100" 

200" 

300° 

400° 

600" 

600° 

620° 

640° 

660° 

680° 



p 

0 088S4 

0 9492 

11 526 

67 013 

247 31 

680 8 

1542 9 

1786 6 

2059 7 

2365 4 

2708.1 


Snturated v. 

0.016022 0 016132 0 016634 0 017449 0 018639 

0 020432 0 023629 0.02466 0 02598 0.02777 

0 03054 


Liquid 

hi 

0 

67 97 

167.99 

269 59 

374 97 

487 82 

617 0 

646 7 

678 6 

714.2 

757.3 

Abt. 

Lb./SK|. In. 


Af 

0 

0 12948 

0 29382 

0.43694 

0.56638 

0.68871 

0.8131 

0.8398 

0.8679 

0.8987 

0.9351 

(8»i Itnip) 

( V - V,) 

w 

-1.1 

-1 1 

-1 1 

-11 








200 

(h~h,) 


+0,61 

-i 0 54 

4 0 41 

+ 0 23 








(381 79) 

(S-bf) 

w 

+ 0 03 

-0 05 

-0 21 

-021 









(v-vC 

10' 

-23 

-2 1 

-22 

-2.8 

-2.1 







400 

(h-h,) 


+ 121 

+ 109 

+0 88 

4 0 61 

+0.16 







(444.59) 

(8-S<) • 

10» 

+004 

-016 

-0.47 

-0.56 

-040 









(T-Ti) 10* 

-21.5 

-19.2 

-21.0 

-27.5 

-40 0 

-64.5 

-132.2 

-160 

-202 

-270 

-400 

4000 

(h-hi) 

+ 11.88 

+ 10 49 

+9.03 

+ 7.41 

+4 71 

-0.16 

-10.0 

-D3 

-17.4 

-22 5 

-32.4 


(8-#,) 10* 

H0.29 

-2 42 

-4 74 

-6.77 

- 9 40 

-13.03 

-19J 

-21.4 

-24.0 

-27.2 

-343 


(v-v,) 10» 

-24.1 

-21.4 

-23.5 

-30 7 

-44 9 

-72 5 

-151 5 

-184 

-234 

-313 

-464 

4600 

(h-hl) 

+ 13J2 

+ 11 80 

+ 10.15 

+ 8.40 

+ 5.40 

+0.02 

-11.1 

-15 1 

-19.9 

-26 4 

-38 4 


(s-m) lO' 

+0 26 

-2.74 

-5J3 

-7.60 

-10 58 

-14.80 

-22 4 

-25.1 

-28J 

-32 7 

-41.8 


In ord(‘r to obtain tlu^ properties for a state intermediate between the 
stall's tabula! (‘(1 it is only necessary to interpolate in Table 4 (liiu'ar 
int(‘rpolation is g('n(‘rally ad(*quati') for the difTerences from the satura- 
tion valiU's. Tlu' saturation values themselves can b('st be obtained 
from Tai)le 1, uuh'ss th(' temperataire corn'sponding to tlu' state appears 
at t h(* head of out' of the columns of Table 4, whereupon th(‘ saturation 
valiK'S may also b(* found at the head tlie column. For purposes of 
interj)olation at low pressure's it. should be noted that the value of each 
of the diiTerenct's — (v — r/), (h — /t/), and (s — Sf) — becomes zero at 
the saturation pressure corresponding to each temperature. 


PROBLEMS 

1 . I'Yoiii the S/raff? Tables, tat)ulatc pressure, temperature, specific volume, 
enthalpy, and inte-rnal energy for: 

(a) Saturated li(iuid at 1 standard atmosphere pressure. 

{()) Satnrat('d vnpor at 1 standard atinospliere pressure. 

(r) \'apor superheated 100 degrees at 1 standard atmosphere. 

(d) Lujuid at 100 F and 1 standard a^jinosphere. 

2 . Tabulate: (a) the latent heat of vaporization, (h) the change in volume during 
vaporization, (c) the increase in internal energy during vaporization, for H 2 O at 100, 
rSOO, 500, 700, and 705.4 F. 

3- Complete the foll<)\\ing table for HoO, entering either numerical results or 
djiiShes in each block as the item may or may not be pertinent. 
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State number 

a 

h 

c d 

e 

/ 

0 

h 

i 

i 

Mass, pounds 

Total volume, cu ft 
Specific volume 

3 

4 

2 

40 4 

ry2G 

200 

340 

50 

1 

10 

1 

0.01 7G4 

Pressure, gage 
Pressure, abs 
Temperature, F 

85 

90 

200 200 
500 


185 

100 

250 

2000 

UK) 

350 

Superlicat, F 
Quality (dryness) 
Per (^ent moisture 

0.80 

80 


1.00 

1.00 

0.80 

O.OI 




4(a) Find the proportions by vroluinc of liquid and vapor 1120 in a sealed tube 
at atmospheric pressun' that will pass throiij?h the critical state when heated. 
Assume no change in volume. 

(h) How much heat must l)(‘ ad<led to th(' (‘ontents of tla* tube between atrnoa- 
pheric pressure and the criti(‘al state if the volume enclosed is 1 cu in.? 

6. A mixture of ice, liquid water, and water vapor is ii; eciuilibrium in an insu- 
lated rigid container. I’Ik' mi\tur(‘ is stirn^d by a pad(lh‘ wluel until only vapor 
remains in the container at a jin^ssure of 200 lb, s(j in a)»s and at(‘inj>eratureof 381. Hi''. 

(a) What were the mass proportions of liquid and vaj)or in tlu^ container when 
the last of the ice had just melt(‘d? 

(h) H{)W much stirring work per pound of contents was done IxdwiHjn the time 
the last piece of ice melted and tlie time the last drop of water evaporated? 


Tuiplk-Point 1)at.\ 


Temjierature, 32.02 F; pressure, 0.0<SH8 lb/H<] in. aba 


Solid 

Liquid 

Vapor 


Enthalf>y Specific volume 

Btu db cu ft/lf) 

-M.3.3 0.01747 

0.02 0.01002 

H)75.S .3303. 


6(a) From the triple-point data given above determine liow much the increase in 
enthalpy exceeds the increase in internal eiierg> for a pound of ice inciting to liquid 
at the triple point. 

(/>) How much work is done by a pound of ice if it melts under a piston at triple- 
point conditions? 

7 . A steady stream of steam at 3 Ib.sq in. gage pressure, siijierheated GO F, is 
condensed in a radiator and is trapped out at 150 F. How much heat is given up by 
each pound of steam? Barometer is 30.55 in. of lig (0 C). 

8 . Ten pounds of steam at 150.3 lb/s(i in. gage pressure with 2 per cent moisture 
is condensed every minute in the jackets of a reciprocating engine. 7 lie condensate 
leaves the jacket at tiie temperature of the steam. How much luait is given up by 
the jacket steam per minute? 
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9 . A steam main closed at botli ends has an internal volume of 43.22 cu ft which 
is filled with dry saturated steam at 280 F. 

(a) How much heat must flow from the steam to reduce the quality to 0.5? 

(b) What will be the pressure in the main when the (piality is 0.5? 

10 . Measurements taken during a test of a reeip)rocating engine indicate that at 
two points during a r<wolution of th(i crankshaft the volumes octcupied by steam 
bet.wT^en the piston and the valve are 0.70 and 1.30 cu ft respectively. The corre- 
S[)oriding pn^ssures in the cylinder are 100 Ib/sq in. gage and 50 Ib/sq in. gage. At 
both points 0.2 lb of steam arc confined within cylinder and ports. 

(a) Find tlu' temp(*rature of the steam at each point. 

(b) If 7000 ft-lb of w'ork is done on the piston betwecm these twm points, how 
much heat is transferrc'd betwa^en steam and cylinder walls, and in w^hich direction? 

11 . A steam turbine receiv(*s 20,000 lb of steam per hour at a pressure of 80 Ib/sq 
in. abs and at negligible velocity. The power delivered by tlie steam to the turl)ine 
shaft is 1325 kw\ The steam leaves the turbine at 2 in. Hg abs carrying 10 per cent 
moisture and traveling at 1000 ft sec. The eoTidonsaU; leav(‘S the condenser as 
saturated liquid at coiKhmser pressure and at negligibh' vcdocaty. 

{(i) Find the t(anperature of the sb'am approaching the turbine. 

(6) How' much heat is delivered to the condenser cooling water per hour? 

(c) If the cooling water rate of flow is 800,000 Ib/hr and its inlet tempei’ature 
is 60 F, wliat is its discharge temperature? 

12 . A throttle valves n^duces the pressure of steam as it flow's through a pip(‘ line 
from 150 lb/s(i in. abs to 50 Ib/scjin. abs. The superheat is 10 degnios before the 
throttle valve wduTo tlui v(3ocity is low. Some distance after the throttle valve 
th(j stream fills tlio pipe and proceeds at negligible velocity. Find the temp('rature 
and superheat of the steam there. Assume negligible ht'at loss from the i)ip(‘. 

13 . In a J^eabody calorimeter steam is c.xpanded through an orifii'o into a large* 
chamber at about atmospheric pressure where it slows down t-o low velocity. A 
test wnth a Peabo<ly calorimeter gives a, temperature of 250 h" in the large chamber ui 
which the pn'ssure is 0.6 in. Hg above atmospheric pressure. If the pressure in the 
steam main from which the steam is sampled is 100 lb/s(i in. abs, find the quality 
of the steam in the main. 


14 . An exhausted chamber w’ith non-conducting w'alls is (a)nnected through a 
valve with a st(‘am jnain through which .steam at 100 Ib/scj in. abs and 500 is 
flow ing. Th(' valve is opened and steam flows into the chamber until the pnvssure 
within the charnb('r is 100 lb/.s(j in. abs. Find the temperature of the .steam in the 
chamber wlam flow' stops. Define your .system to include only the; steam w'hich is 
finally in the chamber, and inspect the boundaries of the system for work. 



16 . A ehamb(‘r contains 1 lb of steam at a pre.ssure 
of 300 Ib/'.sc] in. abs and at a tempei’ature of 700 F It 
is connected through a valve with a vertif^al cylinder 
W'hich is closed on top by a piston. The piston is loaded 
by a w'l'ight of such magnitude that a pressure of lOO 
Ib/scj in. abs is necessarj'^ to support the piston. 

Initially the piston is at the bottom of the cylinder 
and the volume confined between valve and piston is 
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n(*plip;ible. I he valve is opened slight!}', and sU'am Hows into the cylinder slowly 
until the pressures on the two sides of tlie valve are equahiied. 

The final temperature in the chamber is found to be 4:i9 F. Find the final tein< 
peraturc in the cylinder. Assume no heat transfer from steam to vails or from 
chamber to cylinder. Assume also that the state of the steam in the cylinder is 
finally homogeneous. 


SYMBOLS 


h enthalpy per unit mass 

p pressure 

r value of an extensive property per unit mass 
,9 distance 

u internal energy of unit system in the absence of motion, gravity, etc. 
V specific volume 

X mass of vapor per unit mass of mixture 

Subscripts 

/ final, saturated liipiid 

(j saturated vapor 
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CHAPTER VI 


THE SECOND LAW OF THERMODYNAMICS 
Heat Engines 

A heat engine may ho defined as a conlimwusly operating system across 
ivhosc boundaries flow only heat and work. It may be used to deliver 
work to external deviees, or it may ree-(*ive work from external device's 
and cause' lie'at to flow from a low leve'l of tem])e‘ratur(' and to a high 
level of t(‘mp('r!itiir(\ This latter type of heat engine is known as a 
refrigerator. 

Our defiriilion re'Ciuire's that the material which constitiitc's the heat 
engine' must e^xee'uto only eyclic changes. Otherwise the syste'in would 
ne)t Of Karate continuously but we)uld have^ to 
be replaced by new material at intervals. 

A simple type of heat engine (Fig. 2t)a) 
consists of a cylinder on end e^lose'd at the 
te)p by a free'ly moving f)iste)ii which confine's 
a quantity of air. The f)islon supports a 
platform which comes to level A wheai the' 
f)iston rests on stops near the bottenn of the 
cylinder and comes to level B when it is up 
against, stops at the top of the eiylinde'r. As- 
sume that the piston is initially at the lower 
position and a weight G is slid onto the plat- 
form. A heat source *S is now brought into 
e'ontact with the bottom of the cylinder and 
the re'sulting flow of heat to the confined air 
(•aus('s its fin'ssure to rise until the piston is lifted off the lower stops. 
The heating may be continued until the piston comes up against the 
toj) stops wlu'ii the weight may be slid off onto lev(‘l B. Next, the heat 
source is n'lnovc'd and in its place is put a low-temperature body or heat 
sink Z. The direction of heat flow is now reversed and the pressure 
of the confiiu'd air falls until it is just enough to support- the weight of 
the fnston and its platform. The i)iston descends ui)on further cool- 
ing until it comes to its original f)osition against the lower stops. The 
comf)l('te cycle of (‘\’(*nts may b(‘ refX'atc'd without renewing any |)art of 
th(' I'ligine or its working fluid, provided only that the source and sink 
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are continuously available at the desired temperatures. In Fig. 265 
the cyclic process which the working fluid experiences is shown on the 
pressure-volume and tem- 
perature-volume diagrams. 

For this cycle we may re- ^ 2i ->5 f 

write the First Law [la] in 
the form '' 

W = — q2, V — - < '4 

where W denotes the net ;; 

work done by the air during 
a (‘.omplete cycl(', qi the 
h(‘at received from the source, and qo the heat rejt'cted to 1h(> sink. 

It is customary t o define the efficiency of u heat engine, which w(' shall 
denote by r], as the ratio of the work deliv(4'(‘d to the Imii received 
from the source: thus, 

(h 7 1 

For the air engine just describ(‘d the ('flicacaicy is l(‘ss tluin unity b(*(;aus(* 
r /2 stands for a positive' number. 

The Carnot Engine 

A heat engine can be devis(‘d in which tiie working fluid re^ccuves all 
heat at one temperature and reject, s all heat, at one oilier temperatur(‘, 
as follows. A cylindca’ containing a quantity of aii‘ confincH by a 
piston is brought into good iht'rmal cont.aci with kirgi' heat reservoir* S 
at temperat.ure (Fig. 27). Wlien thiTOial 
equilil)riuni is establisluKi th(' following proc- 
esses arc ex(‘cult‘d: 

12. With th(‘ fluid in state 1 (Fig. 28), 

the h('at souixa' is removed from the cylinder 
so that the fluid is t h(‘rmally isolated and the 
piston is allowed to move* out slowly to posi- 
tion 2. During this operation both the 
pressure and the tem]M‘rature will fall. 
When th(^ temperatur(‘ reaches that of a 
second large heat r(*servoir Z at, niot-ion of the piston is stopjxxl. 

♦ t,erai reservoir is used here to moan n liojit source' or a heat sink of uniform 
temperature. It should not be inferred from the more general definition of the term 
that heat can be stored. Wluui heat is received from a reservoir the internal energy of 
the system which constitute.s the reservoir is reduced. 
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2-3. The reservoir Z is now brought into good thermal contact with 
the cylinder and the piston is made to move back toward its original 
position so slowly that the air remains at the temperature of the reser- 
voir. At any pressure during this compression the temperature and 
volume of the air will be less than at the same pressure during the 
expansion 12 because of tht‘ How of heat out to the sink. 



Ewi. 28 . 'I'Ik' CycE 

3-4. When tlie piston reacluvs point 3 the n*s(u-voir Z is narioved so 
tliat the air is th('rnially isolated once more, and tlu' coinpnvssion is 
continut'd. Without, tlu^ cooling action of the reservoir the temper- 
atun^ will rise. Wlaai it r(‘ach(\s ti again th(‘ piston is stopped. 

4 -1. The cylinder is ])roiight into good tht'rmal contact with th(‘ 
reservoir S and the jtiston is allowed to move outward so slowly that. 
th(‘ air remains at the tianpia-ature of the res(‘rvoir. WIk'ii the air 
reaches its oiiginal volume and state' the' cycle' is completed. 

Now the aeliabatic e'Xpan.sion 1-2 may be ('xeM*ut('d again and the' 
cye'le re'|M'at(‘d as ofte*ii as ile'sire'el. 

This is an exam[)le' of a (\iruot cyvk\ which may be' de'seribed as con- 
sisting of two isot he'rmal proe-e\sse‘S conne'cte'd by twa;) adiabatic! proc'esses. 

A characteristic of the Carnot cycle is its i*('versibility. All its 
})rocesses can be performc'd in the Veverse direction and in the reve^rsc' 
order as shown belowe 

During any infinitesimal movement of the piston from a to b through 
a displacement 5i' (Fig. 29) in process 1-2, the work done! by the fluid is 
p bv (see page 25). 
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If at b the piston is stopped and eausod to iijovc' back to a again, the 
work done by the air is —p6v {dv being a positive number). For any 
adiabatic process th(‘ increase^ in internal eii(‘rg>' is given, in ac(a)rdance 
witli [2], by 

dll = —dW. 

Then'forc' the change in internal enc'rpy^ of the fluid as th(^ piston move's 
fi'om a to h will be cance'h'd by tlu' change in internal energy when the 
jiiston returns from h to a. both the 
volume and the internal (‘lua'gA' of the' 
fluid will b(' the same aft (a* tlu' ('xemsion 
(d)a as before; conseeimait ly, Hk' state' ot 
the fluid will be the same' li('fe)ve' aiul afte'r. 

If this re'asejiiing is ai)pli('ei to the' e'ntire' 
j)roe*('SS 12 it becomes e'\'ide'nt that tbe^ 

('X])a.nsion can be' re'verse'el starting at. 
stilt, (* 2 and re'turning to state' 1 at tlu' e*x- 
pemse of a e]muit ity of we)rk exactly e'ejujil 
to the weirk of e'xpansion from 1 to 2. 

Dui'iug any infmite'siimil move'nu'iit ol 
tlu^ ])ist e)n from (i^ t.o h' I hrougb dis])lace'- 
ment 5/’ while' the' tlnid is in teinpe'ratiire' 

('quilibrium with the' lic'at soure*e' S (])ie)(‘- 
ess i 1), the' waitk deene^ by the' iluiel is 
p dv iUiel the' lie'iit 1 ransfe'rre'el te) it is 

(l(^) -- (lu T dll', 

wiiere dW is identie*;il with p dr. It at f/ the' pist.on is steejipe'd and 
causc'd to move back .agiiin to u/ wiiile maint.aining te'injierature eepii- 
librium with S, the' st ate' of tlic' fluid at (/ will be' the^ sjinie' <‘is lie'fore the'; 
('xcursion Ix'Ciiuse the' temiie'riiiure' :md the' volume are both the same' 
as before'. ( V)ns(‘(|iK'ntly tlu' interiml e'lie'rgy will be the siime as belore' 
anel wa- may write' 

dnia'ioh^) = — du (f/ \u a^). 

It is iilso true* that 

dW(a'U)h') - p&r --- to a). 

Therefore, wa* get 

dQ((i' \oh') =- -dQ(b' n). 

Applying this re'iisoning to the* e'litire* jireiea’ss 4 1 wei find that the* 
constiint-te'nqierature' e'xpansion can be* reversed starting at state* 1 and 



a b 
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nTuriiing to state 4 at the expense of a quantity of work exactly equal 
to the work of expansion from 4 to 1, and accompanied by a heat flow 
to S (exactly equal to the heat flow from S during the expansion. 

vSimilarly proc^esses 2-3 and 3-4 and, consequently, the entire Carnot 
cycle can !)e shown to be nwersible. In the original operation heat was 
received from S at high temperature, work was delivered to the piston, 
and heat was r(‘j('ct(‘d to Z at low temperature. In the reversed oper- 
ation h(‘at. is re(t('ived from Z at low temperature, work is received from 
the piston, and heat is delivered to S at high temperature. This is the 
cycle of th(^ Carnot heat pump or refrigerator. 

It should be noticed that when the engine of Fig. 26^ is revei’sed it 
will not act as a heat pump between the sink and sourca^ indicated. 

The Steady-Flow Engine 

The most familiar example of a 
steady-flow (aigine is that shown in 
Fig. 30. It consists of a closed (*ir- 
cuit in which li(|uid is eva})orat(‘d as 
it rec(‘ive8 hvi\\ in the boiler, the 
vapor fornu'd is (‘xpand(‘d to low(U' 
t('mp(‘ra(ur(‘ as it deliviu’s work IFi 
to a shaft in the turbine, the vapor 
(ond('ns(\s at low temperature and 
rejects heat qo to cooling water in 
the cond(‘ns('r, and the cond('nsate 
n'ceives woik from the pump as 
it is returned to the boiler. 

Efficiency of Heat Engines and Perpetual Motion of the Second Kind 

The (efficiency ?] of a heat (*ngine was defined on page 59 by t he equation 

W qi ~ q2 

^ (/I 

In (‘ach of the engine cycles described above, the value', of this ratio is 
l('ss than unity because q 2 is in (*ach instance great t'r than zero; that is, 
only part, of the lu'at. n'C(‘iv('d is converted into work, the remainder 
being r('ject(‘d to the heat sink. In fact, in these cycles a finite rejection 
of h(‘ati oc(‘urs n^gardless of how perfectly and frictionlessly the processes 
of the cyck' an' c,arri('d out. 

It is important to know how nearly one could obtain complete con- 
version of heat into work, or how nearly one could realize' an efficiency 
of unity, hv im])rov('na‘nt of an ('ngiiu' or its cycle'. Thi> qr»(‘sti(vii wilt 
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be answered C|uaii1i1aiiv('ly on snbscaiiK'iil ])ag('s 11iro\ij2;h the Second 
Law of Thermodynanucs and a new scale of t(anp('ratiire. In {h(\ 
approach to that answ(‘r it is iH^cessary first to show tlial if a heat (‘iigine 
(U)uld be devised which would coin})letely convert into work all fh(‘ heat 
it received at- any one hwc'l of tempca'ature, tla'ii work could be con- 
tinuously produc('d at, ihv (‘xjKaisc* only of heat taken from the atmos- 
phere, the rivt'is, the ociain, or th(' solid (‘arth. 

Assume that a heat engine can Ik‘ devised (E, E1g. 31) whicli will 
take heat from a resmwoir at some finite* ternperatun* ti and deliver an 
equal amount of work. IaA, a heat pump P (for (wample, a Carnot 
heat pump) be provide'd to delive^r to that reservoir an amount, of heat 
^ 1 , equal to the lu'at r’cejuin'd by 
the engine. Theai the reservoir will 
s(‘rve merely as a conductor be- 
tween the pump and the engine, 

The heat pump may use* flu* atnios- 
plu're, a ri^a‘r, the ocean, etc., at a 
t(*mperatur(’ /2 as a sourca* from 
which it obtains a less(‘r (juantity 
of heat (? 2 - Th(' woi’k luau'ssary to 
its operation, Wp = qi -- (] 2 , (‘an 31 

be obtained from th(' work of the 

(aigine. Theix; remains a net. output of work from the combination 

Wn = We - Wp - qi - (r/i “ g2) = (i2- 

The combined engine and pump will produce* from a given amount of 
heat taken from a free and limith^ss sour(‘.e an eejual amount of work. 
No expensive, high-teaiqK'ratun* supply of ('luTgy is necMled. 

Such an engine would be, without (]U{‘stion, the* most profitable* 
engine ever dewised. It should be noticed, how(*v(‘r, that it is not a 
p(*rp(*tual-motion machine of the ordinary kind, because a perp(‘tual- 
motion machine is a de-vice which continuously producers work without 
drawing upon any supjdy of matte*!- or heat. This machine, on the* 
othe‘r hand, re*e*e'ives heat as it produce*s work. Ne‘verthele*ss, it is in 
no way less de*sirabl(* than a pe‘rpe‘tual-motion mae*hine*, be‘cause* the* 
supply e)f he‘at is free and alaindant. 

In fact, in seane re*spee*ts it might be* consiel(‘re*el more de^sirable than a 
pe*r])etual-motion machine*. l'\)r, if we we*re* to substitutes for the at.mos- 
phe‘re‘, which se*rve*s as the soiirea* of }ie‘at., sejine* e)bject. that wei wishe*el 
to cool below the* te‘mpe*rature of its e*nvirejnment, tliis machine we)ulel 
ce)e)l it and proeluce* work and le‘avei no ol.he*r e‘fTe*ct.s. Thus, our machine? 
would pre)duce we)rk and i-e‘frige?ration simult.aneously at no e;xpense. 
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wherejis a fKTpctiiaJ-niotion niachiiu^ would lu’oduco only work. It has 
coinf' to V)e known as a prrpHiHil-niotioii yuachine of the second kind. 

The Second Law of Thermodynamics 

The S(‘(*on(l Law of Thc'.rniodynaiiiics sl.atcs that a perpetual-motion 
maehirK' of 1h(‘ second kind is an iinjHjssihility. Following Planck,* 
and using th(‘ tf'rm reservoir to denot(' a systc'ui whos(‘ h'mperature is 
uiiiforni, we shall r(‘stat(‘ it as follows: It is i m possible to construct an 
enfjtne which will work rn a cornpleie cycle and produce no effect except to 
raise a weiyhi and exchange heat with a single reservoir. 

Sin(‘(‘ it deriv(\s from no other scientific ])rinci})le, the S(H‘ond Law, 
lik(‘ the First Law, is justified only l)y th(‘ failun' of all attcmipts to dis- 
prov(‘ it. For dis})roof it is not nec(;ssary to const i'U(d a p(‘rpetual- 
motion macliiiu^ of th(‘ second kind; it is lU'cessary only to nduto any 
on(' of the nurnc'rous corolla.ri<\s of the law. Sinc(‘ (‘ach advance made 
in th(‘ precision of expcainH'ntal scieiKu^ has scm'vchI to coufinn all these 
corollaries, the Second Law is now as firmly (\stal)lished as t lie J^'irst Law. 

PROBLEMS 

1. Starting with 1 lb of \\{\\u{\ water at (>5 1’ nrulor n wi-iglitlcss piston cxj)osod to 
the atinospheu' (1.5 ll)/s(| in.): 

(a) l)es<‘rii)e tlu; {'ych' of pro(*(‘ss(‘s aiul the >tates i)as.sed tljrongh by tlie fJoO as 
it lifts weights through n heiglit- of 1 S in on ( la* piston as (hvseribed on pages .iS and 
59. The pistoie area is 1 s(j ft and tiie weight lilte'd e'aeie e-yf-h' is 14,i short tejns. 

(t>) I'ind the^ heat transterr(*d in (‘aeie e»f the preeersse's which constitutes tlie cyeie. 

(r) What is the' th('rnia,l eilie'iency of the* engine? 

Answe'i' the epie'stieens in t he* preerding jH-oblein for an initial wate-r epiantity e)f 2 lb, 
eethcr e'onditieens be*ing the same. 

2. A freak engine* reu'e'ive's heat and doe's weerk on a slowly moving j)istf)n at such 
rate's that the e-ycle of e>pe'r;itions of a pound e)f the' working tluiel e*:in be* re'jere'sente^d as 
ae'ii'e'le 2 in. in diame'ter on a, /M’diagram on uhie-h 1 in. = 100 Ib/se^ in. and 1 in. = 2 
cu ft 11). 

(ed How much work is done by each peeunel e)f the working fluid for e'ach cycle e)f 
ope'rations? 

(h) If the' he'at rejected by the engine' te> ae'olei rese'rvoir is 1000 Btu cycle* lb e)f 
working fluid, what is tlie tlu'rmal efficienev of the* engine? 

3. A cylinder e'e)ntaining 2.5 lb of steam is cle)sed by a slowly moving piston 
traveling back anel forth be'fw('(*n two extr(*me positions. At one* of the-se- e'xtreme 
positions the volume* avail;ible* to the ste'am is 5 cu ft lb; at the othe*r it is 20 cu ft, lb. 
During the* [irogre'ss of the* piston from eine ^\trenu' position te> the* other, heat flows te> 
or from the sU'am at sue*h a rate* as te) keej) the tcmpe'tature of the ste'am eainstaiit. 
With the piston at eitheu* (*nd, he'at fleews to eir from the steam so that, the temperature 
changes between the twe) cemstant tempe'ratures while the piston is stationary. 

* Treati.w on Thcnnodtjuamic^, by Alax Planck, tran.slate'd by .Alexander Ogg, p. 89. 
Longmans, Green and Ceanpany, 1927. 
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If the higher tenijHirafuro is 500 F and the lower is 500 Y, find: 

(a) 'The work per (lyde. 

(h) The thermal eOi<;ien('y of the hi'at (ifigine 

4 . In a steady-flow steam (*yel(‘ tlu' fluid flows in turn through a feed pump, fioiler, 
turbine, eondenser, and hack to the feed pump. T!ie conditions of the fluid between 
these various pic'ces of apparatus an‘ as indicated b(‘I<wv: 



ITessure 

Ib/sq in. abs 

T<'mi)(‘niture 
or Quality 

Velocity 
ft /sec 

Pump 




Boiler 

5(K) 

S(F 

20 

'furbinc 

295 

blMF 

160 

(Yndensir 

1 

91% 

1000 

Pump 

i 1 

1 ; 


2t) 


Find the thi'niial ethcieucy of tliis st(‘ady-llow engUH\ neglecting heat lo.ss from th(' 
apparatus and change in levi'l from point to point. 

6. The tluaanal efiiciency of a c(‘rtain engine* is 50 per c('nt ; lind: 

in) The heat transferred to tlu* engine* p(*r kileavatt-lctiir of work delivered. 

{h) 'fhe ratio of heat rea-eave'el to h(*at r(>je‘ct,e*d. 

(e) The ratio of work done* to lu'at ?(*je‘cted. 

6. A storage battery e-onnecteal to an <'le*ctric motor constitute*s an (mgine whicli 
e*an rai.se* a w'e*ig})t and take* a nctjutiiH’ amount ol lie'at from a single se^uret*, the atmos- 
phere. Why isn’t this a violation of tlu* Si*coneJ Law? 

SYMBOLS 

q a positive number representing a ejuanuty of heat 

Q heat to system 

/j, ^2 temfiera lure's eif source* and sink re'.speedi v< ly 

u. internal energy of unit system in the absence of motion, gravity, etc. 

V specific volume 

W work from system 

Greek Letter 

71 efiiciency of heat engine 

Subscripts 
E heat engine 

n net output 

p pump 
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REVERSIBILITY 

The Definition of a Reversible Process 

The concept of reversibility has iK'eji disciissc'cl bile'fly above in (‘on- 
jiect-ion with th(‘ (Carnot cycler ller-e we shall c()nsiele‘r it in more' detail 
because it, plays so laige^ a paii in tiie de‘ve‘le)])in('nt of the‘ coi’e^llarics of 
the; Second Law. 

A process is called rercrsible if ific sysicni and all ^'letncfds of its eaviroii- 
meni can be cotupletely rcslorcd to their respective initial slates after the 
process has occurred. 

It was shown on pa^e (>() that the' adiabatic ])re)C('ss 1-2 of the' ('arnot 
cye'le can be reversenl in direction and the* syste'in <‘an be' re'stored to its 
initial state 1 by re'lurninj;' io it prer;is('ly tlu' amount of work re'C(‘i\a'el 
from it. in the' direct pioce'ss 1 2. If the' work of proce'ss 1 2 iia-d be'cn 
use'd to acc(‘l(*rat(' a fiictionk'ss tlywhea'l, the'ii in the' le'verserl proce'ss 
2-1 the system would be re'stored to its initial slate and the' flywheel t.o 
its initial velocity. ThuS; all trace's of the* original i)ro(‘(‘ss would be; 
(effaced. The're'fore', the ])ro(‘e'Sses 1-2 and 2-1 are rera'i’sibk' jwoce'sses 
in accordance; with the* definition ^ive'U above'. 

It was shown on ])age G1 that, the' isothe'rmal ju’oea'ss 4 1 can be 
r(‘ve'rs('d with re've'rsal of the* work and of the head. Thus, l.)y re've'rsing 
the proex'ss, the syste'm, the flywliee*!, and the' heat souice S could all be; 
re'storexl to tlu'ir re'sjx'ctive states. The'refore*, the' processe's 4 1 and 
I ”4 are reversible' proce'sse's. 

Since each part of the Larnot. cycle* is i-e*versibl(' — that is, the traces 
of each part can be comi)le'le‘ly effae'e'd - - the' e'ntire* cycle must be 
iwe'rsible. In the dire'ct. cycle heat flows oui of a n'se'rvear at high 
temperature, a smaller amount, of he*at flows into a re'se'rvoir at low 
temperature, and work is de'livere'd. By re've'rsing the* cycle the* same 
epiantity of work may be al)sorlK'd while (|uantiti(*s of h(*at that, are; 
ide'iitical in magnitude to those of the dire'ed. cycle*, though reversed in 
direction, are transferred be*twe*en the system and the reservoirs. 

Some Irreversible Processes 

We shall show’ with the aid of the Second Law that no process is 
reversible which involve's (a) friction, (b) transfer of heat across a finite 
interval of teviperature, or (c) unrestrained e.rpansiayi to loirer pressure: 
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(a) An (‘xamplo of a of sta1(' involving friction is the change 

in a viscous huid sysicni at con^lant voluna' u'sulting from rotation of 
a paddle wheel in the fluid, 'hhe only effe(*ts of this process are a rise 
in the t(‘mpea-at urc' of th(‘ fluid and the fall of a w(aglit which causes the 
paddle whcnd to rotaU^. (Eig. H‘2). 

Assume tii(‘ process to b(' r(‘V(‘rsible. Then by th(‘ d('finition of a 
reversi})l(‘ proc(\ss it must b(‘ possi})l(‘ to cool the fluid to its original tem- 
[)erature, raise th(‘ wcaght to its original position, and l('a\ (‘ nootherc'ffects. 

j\'ow th(' fluid can always b(^ raised 
in tenpKTat ur(‘ at constant volume by 
su})])lying la^ad from a r(\s('rvoir that 
is higlu'r in t('m])eratur(‘ than the 
fluid. After th(‘ heating \\v may eni- 
j)loy th(‘ r(‘vers(‘d paddh'-whcat proc- 
(‘ss to cool th(‘ fluid and rais(‘ a wc'ight . 
\V(‘ may su])})ly heat from the r(‘ser- 
voir, rais(' a s('cond wc'ighi , and so on. 
Jtut this d('A'ic(‘, whi(‘h would b(‘ a 
conse(jU('nc(' of tin* n'versibility of 
tJa* paddl<'-wh('('l pr()r(\ss, is a piT- 
p(‘tual-ino1 ion machiiu' of the second 
kind and is, by tlu' Sc'cond Law, an 
impossibility. Tlu'n'forc', \\\v ]>addl(‘-wheel type of process is irn'\'(‘rsibl(\ 
(b) 'Fransh'r of heat across a finite interval of t(‘ini)(‘ratun‘ from onc' 
r(‘S('rvoir (the Ijot, r(\s(‘rvoir) to another (tlu' cold i‘(\s('rvoii-) would 
result, in a d(‘crease of a C(‘rtain amount in th(‘ int<'i'nal ('n(‘rg>' of th(‘ hot 
reservoir and an increase of tlu' sanu' amount in t hat, of th(^ cold rc'SiU’Voir. 
(It is assuiiK'd for convcaucaice that. th(‘ volunu's oc(ai])i('d by the n'ser- 
voirs a,r(' invariable'.) If this proef'ss we're re've'i’sible' the'ii a ])re)e‘ess 
cenild be founel whie-h weailel re'sult, in an ine're'ase in the inte'rnal C'ne'rgy 
of the' lu)t re'serve)ir and a de'cre'ase' of e'e|ual a, mount in the inte'rnal 
e'lH'rgy e)f the' e‘e)lel re'se'rvear. The're' weailel be' ne) otlu'r ('ffi'e'ts. 

A heat e'ligine' cenilel be* made* to ope'rate* be't we'e'u thi'se two rese'rvoirs. 
After eae'li withdrawal e)f he'at fre)m the* he)t n'serve:)ir the' re've'rse pie)e‘e'ss 
ele'S('ril)e*el abe)\a' could be* use'd to re'store* the' inte'inai e'lie'rgy of the hot 
rcse'rve)ir to its initial value'. Te) make' the ])roilue*1 ieen e)f work con- 
tinue)us it wenild only be ne'C('s.sary ^to supply te) the* cold re'servenr fre)m 
a single' source* a cjuantity e)f heat e'eiual te) the' work de'live'iT'd fey the 
engine*. The* e*ngine in ce)mbinatie)n with the* heet and colei re'se'rvoirs 
would theai constitute a ])e*rpe'tual-me)t ion machine* of the* se'cond kind. 
There'fore*, any jeroe'ess inveelving transfer of heat ac'ross a finite interval 
of temperature is irre\'ersible. 
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(c) Unrestrained expansion of a fluid (as in the partition experirm^nt. 
of page 23) results in an increase in volume, a decrease in pressure, and 
no change in internal energy. If this process were reversible then a 
process could be found which would result in a decrease in volume, an 
increase in pressure, and no change in internal energy. There would 
be no other efi’ects. 

After the execution of this latter process the fluid could be expanded 
behind a piston so that work could be delivered to the surroundings. 
An amount of heat equal to the work could be supplied from a single 
source, so that the internal energy would be the same after the incniase 
in volume as before. Thus, a cycle is described consisting of the reversed 
process of the preceding paragraph, expansion bc'hind a piston, and 
healing. The result is a peapetiial-inotion machiiui of the second kind. 
Therefore, unrestrained expansion of a fluid is irn^versible. 

In problem 1 at the end of this chapter a numb(‘r of processes are to 
be proved either reversible or irreversible. The examples given above 
will s('rve as patterns of the type of reasoning to be employed. In the 
reversible cases it will suffice to show^ that the i)roc('ss and all its effects 
can be completely undone. In the irreversible ones it should be assumed 
that the process can be completelj^ undone, and then a perpetual- 
motion machine of the si^coiid kind should be devised. 

The Criterion of Irreversibility 

In the preceding section a process was proved to be irreversible by, 
first, assuming it to be reversible, and, second, showing the assumption 
to be absurd by devising a perpetual-motion machine of the s('cond 
kind that is made possible by it. Thus, the crit(a*ion of irreversibility 
may be stated as follows: A 'process is irreversible if a perpetuaUmMion 
machine of the second kind would result from its being reversible. 

This criterion may be applied directly to many simple operations, of 
which those of the preceding section are examples. In other instance's 
it becomes extremely cumbersome, and th('n it is better to employ the 
Inequality of Clausius or the Principle of the Increase of Entropy, 
both of which are formulations of the criterion of irreversibility. 

The Reversible Process as a Limiting Process 

Any process which involves the motion of a boundary of a system 
(the motion of a piston, for example) must be executed indefinitely 
slowly if it is to be reversible. For, if the fluid should be accelerated 
as the boundary moves, the force applied by it for inward motion would 
be greater than for the reverse motion, and more work would be taken 
from the environment during the inward motion than (;ould be restored 
to it during the reverse motion. 
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Aliy process whic^li involves a transfer of heat must also be (executed 
indefinitely slowly if it is to be nwiu’sibh*. l^'or if the systian should be 
heated at a finite rate it must be lower in temperatun' than the source 
of heat by a finite amount in order to overcome resistance to the trans- 
fer of heat. It was shown above that no procc'ss which involves transfer 
of heat across a finite interval of tc^mperature can bt* reversible. 

Reversibility, then, demands not only that friction be absent and 
unrestrained expansions be avoided, but also that, the process be executed 
with infinite slowness. It is so obvious that th(\se conditions will not 
be (aicountered in our experitaice that, wt' may state definitely that a 
reversible process can never be realiziR. On the other hand, the 
irreversible proc(\ss('s discussed above', which employ (‘d friction, trans- 
fer of heat across a finite inb'rval of temperature, finite velocity of a 
piston, and unrestrained ('xpansion, are common occurrences. For 
examples, it is impossible to mo\'(' a ])iston in a cylinde'r or even to move 
one part; of a gaseous sysU'm n'lative to anotlu'r part without setting up 
those she'aiing forces which are calle'd friction. It is always possible' by 
lubrication to re'duce the' frieiion oi the pisteni in the cylineler; and it is 
always possible by re'dueing relative vele)cities to reduce the frietion in 
a liuid mass. (Generally, we may rc'diieui friction as near to ze'i’e) as we 
pk'ase, but, for ne) finite metiem e'xecuted in finite time will frie!t,ion 
vanish. The frictionle*ss preiea'ss is thus a limiting one which actual 
jnoce'sses may be' made' te) appreiximate'. 

So it is with reversiVile processes in general. They are limiting cases 
of actmil proce^sse^s. By taking pains we may bring an actual proe*e\ss 
as near to revei-sibility as w’o please, but \ve cannot make it entirely 
reversible. Like tiie' frie'tionh'ss fluiel of hydromechanie's, the^ re'versible 
proce^ss is a hype)t]ie'tical devie;e w^liieti plays an important part in setem- 
tific reasoning.* 

Reversibility in Steady Flow 

The definition of a reversible process given above applies to any 
system wtiich takes ]vu’t in steady flow' through an apparatus: that is, 
a steady-flow process is reversible if an apparatus can be devised which 
will restore the stream to its initial state and leave no change in the 
environment. Thus, expansion of a fluid in steady flow through a 
frictionless nozzle (I to 2, Fig. 33) may be reversible because a friction- 
l('ss diffuser (3 to 4, Fig. 33) may caiise the stn'am to leave in the same 
state (4) as that (1) in wtiich it enteix^d. Similarly the flow^ of steam 

* It has f)een Sfiid that an irreversible process makes history. A rc^versible process 
can be completely undone, so that no trace — not even a fatigue — need remain. 
In this respect it is equivalent to the absence of a process. 
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through a frictionless turbine may be reversible, because the exhau&l 
steam may be restored to its initial state in a compressor which will 
absorb precisely the amount of work delivered by the turbine and thus 
leave the environment unchanged. 



Fig. 33 


In both the nozzle and th(‘ turbine the succession of states will he that 
of a revca’sible adiabatic proc(\ss for wliich du/dv ~ ~p as explained on 
page 26 . 

PROBLEMS 

1 . Indicuto wlirtlier the following; })ro(*('S.s(\s nro r(‘Vcrsihlo or irroversible. In 
oarh reversible oiio justify your conclusion by sliowing thnt all effects of the process 
can be completely undor}0. (Ne^ijlecf he.'it imiishr unh'ss the contrary is indicat(‘d.) 
In each irreverRil)le one devise a perpetual-inoti(Hi lujudiine of tlie second kind \vi)ich 
would be a consecpauice if the process wi're reversible. 

(0) Gas is compressed slowly behind a le.ak-proof piston in a cylinder with 
non-conducting walls. 

(h) The temperature of a mass of gas confined in a rigid container is raised by 
rotating a fan impeller inside the mass of gas. 

(c) Some water confined under a i)iston of constant w'cight i.s stirred until lialf 
of it evaporates. 

(d) Some water confined as in (c) is evaporated by a slow’ addition of heat. 

(c) Gas is e.xpandcd slowly behind a leak-proof pi.ston in a cylinder with con- 
ducting w’alls which are surrounded by a coii.st an (temperature bath. 

(/) Gas expands slowly through a small orifice from one chamber into an 
adjacent chamber wlu're the pre.ssurc i.s markedly lowir. 

(g) A heavy piston confining a gas in a vertical cylinder is held in position by 
stops. When the stops are removed the jiiston falls bccau.se it has mm li more 
weight than the initial pressure of the g.as can sufiport. 

(/?) A w’cight slides frictionlessly dowm an in(!linod plane. 

(1) A w’eight slides down a rough .surface, being retarded by friction. 

(j) A stream of fluid passes through ideally shaped fan blades without frictional 
resistance and VN’ithout pri^ssurc drop. An observer standing on the fan blade sei's 
no change in the stream sp(‘cd betw’cen entrance and exit. A stationary observer 
sees a marked increase in stream sjieod betwa^en entrance and exit. 

(k) The fluid stream leaving tin* fan in (j) is introduced into a large room wdiere 
it eddies around until it loaves the room slowly through a large opening, 

(/) Steam on its way to a steam turbine expands adiabatically through a 
reducing valv(‘. 
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(m) Steam expands adiabatically in steady flow through a frictionless nozzle. 

(n) An iron ball is cooled from a temperature of 100 F to 70 F by submersion 
in a large body of water. 

{()) A cylinder contains a leak-proof piston and two masses of air separated 
by the piston. Tlie j)iston is moved suddenly through an appreciable distance to 
the right, causirjg the pressure and temperature of the air on the right to rise and 
causing a reverse effect on the air on the left. By virtue of the temperature differ- 
ence a flow of h(;at occurs which restores temperature equilibrium between the 
two air masses. 

(p) A stream of water is raised in temperature from 60 F to 200 F by mixing it 
with a stream of steam at 212 F. 


SYMBOLS 

p f)ressure 

u internal energy of a unit system in the absence of motion, gravity, etc. 
V specific volume 
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CHAPTER VIII 

COROLLARIES OF THE SECOND LAW 


Corollary 1 

It is impossible to construct an engme to work between two heat reservoirs ^ 
each having a fixed and uniform temperature, which will exceed in efficiency 
a reversible engine working between the same resei'voirs. 

Proof: Assume that an engine I (tan b(' constriieted which will 
exceed in efficiency a reversible engine li working betwecai tlie same two 
reservoirs (Fig. 84). 

Let Wj denote the woik done by 
(‘iigine I when it receivevs heat qi, 
and let W n dcuiotc^ the work done 
by (‘iigine R wlnai it rec(‘iv(‘s the 
same amount of heat. Then, by 
assumption, we g(d 



Wj > 


Fin. 84 


Now let engine R be reversed so that it will supply to the high- 
temperature reservoir the heat qi while engine I t.aki^s from it the sami^ 
amount of heat . Since a conductor lietwiaai R and I (*ould be substi- 
tuted for the reservoir, and sinc(‘ thi* work d(‘liven*d by / would exiu'ed 
the work received by R, the combination constiiut,(\s a piapidual-motion 
machine of the second kind. In vi(‘w of tlie Second Law, therefore. 
Corollary 1 must be true. 

Corollary 2 

All reversihle engines have the same efficiency when working between the 
same tivo reservoirs. 

The proof of Corollary 2 is like the proof of Corollary 1; it is assumed 
that the opposite is true in a single instance' and it is shown that the 
Second Law would be violated as a consequence. 

Corollary 3 

A temperature scale may he defined which is independent of the nature of 
the iherrnomeiric subskmce. 

It was jiointed out on p. 4 that if two isolated systems are at differ- 
ent levels of temperature the diff(‘renc(‘ is made ('vident whim a body 
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from one system is brought in contact with a body from the other 
system by a change in th(‘ properl i(‘S of both tlie bodi(\s. I'he magnitude 
of any property whi(di changes with temperature can be used as a meas- 
ure of t^emperature, and a temi)erature scale can be defiru'd in terms of 
itu The body is then called a thermometer. 

If a th(‘rmom('ter is to be used under a variety of circumstances it is 
nec(\ssary that the body which constitutc's it should be restraiiu^d in 
some prescrib(‘d way under all circumstances, or the same value of th(‘ 
thermoiTU‘tric propeily might not always indicate the same level of 
tcanperature. For instaiu^e, a given mass of m(a*cury at the temperature' 
of iTKilting ice will not fill the same volume under a pressure of 1 atmos- 
phere as under a pressun' of 1000 atmospheres. But if the UK'rcury in 
the thermometer is kept always under a pressure of 1 atmosphere, c'ven 
wh(‘n it is us(‘d to measun' the temperature' of a fluid which is under a 
pn'ssuH' of 1000 atmospheres, then the volume of the mc'rcury is a satis- 
factory indicator of te'inpc'ratiire. 

Temperature scal(\s have been defined in terms of many different 
liroperties of many difft'n'iit substance's; the following are a few 
example's: 

The volume of a liepiid at atme)Sph('ric pressure. 

The volume of a liepiid e*onfine'd in a closed tube by a gas. 

The volume of a fixt'ei mass of gas at. constant, pre'ssure. 

The pressure of a. fixenl mass e)f gas at. constant volume (or in a 
giveai container). 

The length of a metal re>d at atmospheric pressure. 

The electrical resistane*e e)f a na'tal wiiv at atmospheric pre'ssure.* 

The' color of a piee*e of me'tal. 

The e'lrif e)f a pair e)f me'tals wit h one nu't.allic junction at a referviu'e' 
te'mperature and a si'e'ond at the* temperature to be' measured. 

Though tlie number of pe)ssil)le‘ te'iupe'ralure scale's included in the eight 
classilications liste'el is inele'finite'ly large, e'ach scale' elifTers from all the 
othe'rs. The* values of the* ie'e point and tlie lioiling point of wat.c'j’ may 
!)(' fixe'd by de'finition so that the'y are the same on every scale*, but at all 
other le'vels of 1(‘m[)e'rature the various se'ak's will de'part from e'ach othe'r 
in varying eie'grees. The Secemd Law, on the other hand, pe'rrnits the 
de'finitiem of a te'inpe'rature scale wh^ch is independent of the^ nature of 
the the'rme)me'trie* substance. 

PKOe)F: Lonside'r re'v<'rsi))le engines 12, 23, and 13 working respec- 

* BridKinan bus shown that edoctrical resistance varies with pn^ssure on the wire 
as well as with ternj)eratiire. The Physics of High Pressure, Hridginan, Macmillan 
('()., j)|). 257-2<)4. 
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tively between reservoirs at temperature hwh b and ( 2 , h af^d 

ti and t's (Fig. 35). Let engine 12 receive heat qi at temperature and 
reject heat ^2 at temperature to] let engine 23 receive^ heat- q 2 at temper- 
ature t 2 and reject heat qs at temperatun' ltd taigine 13 receive heat 
qi at temperature b and reject heat q'^ at temperature 



Fie. ar) 


The efficirmey of engint' 12 is fix(‘d, according to Corollary 2, by the 
temperatures of reservoirs 1 and 2. Tlit'rt'fore, if we choose any one 
scale of tempc'ratures and dtaiote tht' tempt ‘rat ur(\s of the three rt!ser- 
voirs on this scale by ii, ( 2 , and t:], we may write 

’712 = /(b,L) 

where 7712 denotes the efficiency of (‘iigint^ 12 and / denott's a funtdhinal 
relationship whose form is dt‘termin(‘d by th(‘ nat-urt' of the scnle ol 
temperature. Since the efficit'iicy may alst) be exjiressed in the form 

7^12 = 1 - — » 

it is permissible to write 

92 

where 4> denotes another functional relationship. We may also write 

93 

and 

93 

Since engines 12 and 23 in coml)ina1ion constitute a reversible engint' 
working between reservoirs 1 and 3, \hv (dficitaicy of the combination 






76 


COROLLARIES OF THE SECOND LAW 


must, by C'orollary 2, be identical with the efficiency of engine 13. 
Therefore, and ^3 are equal and the last equation becomes 


- = <t>{tih)- 
9:i 

The three heat ratios stated above are related by the equation 

q2 q2/qs 


which hecoriK's upon substitution of the function <f) 




<t>U2yh ) 


Therefore, ^ 3 , whicli is arbitrary, must cancel from the right-hand 
iiuanlxu*, leaving an equation of the form 


or 


<t>(hyk) = 


^(^ 2 ) 


(h ^ f^t\) ^ 
q2 ^(< 2 ) 


110 ] 


where ^ denot(\s another unknown function. The form of this function 
is d(‘t(‘rmin('d by the nature of the chosen scale of temperature and may 
thentoH' b(^ one of an infinite variety of possible forms. If a single 
form is sctect ed, a scjik* of temperat ure* is thereby defined whi(!h is inde- 
pc'ndent in its definition of any thermoiiKter other than the reversible 
engine impli('d by [lO], Such a scale would b(^ called a iherinodyumtnc 
icmpvraUirv scale. It would b(* entin'ly ind(*pendent of t he tlu'rmometric 
substunce that is, the material used in the nwersible engine — be- 
cjius(* th(‘ (‘tficiency of a reversible (‘ugine, and, therefore, the ratio of 
its (]uantities of heat, is indei>endent of the nature of the engine. 


The Kelvin Temperature Scale 

Tempei-atui't* on +he Kekrin scalCy which we shall denote by T, is given 
by the relation 


m = T, 

or, alternatively, by ^ 

q2 T 2 


[ 11 ] 


The size' of tlu' degree* or unit of te'inpe'rature is establishe'd by fixing at 
100 d(‘gr(‘('s the* inte'rval of le'mpe'rature' be'twt'cn nutting ice and con- 
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densing water vapor, hotli under a piessurc' of I standard atinosi^here.* 
The Kelvin s(^ale is also called the nhsolufv ('cnlignulc scale. Anotlu'r 
scale which is defined by \\\] subdivides tlu- interval bet w(‘en melting 
ice and boiling water into 180 d(‘grees. It is known as the absolute 
Fahrenheit scale. In subsecpient pagi's ihv symbol T will be used to 
denote a temperatnn^ on (‘ither of lh(*s(‘ scab's. 

Two other thermodynamic scales of tcanpeniliiri' an* dc'fiiu'd in terms 
of these absolute scab's st) as to I'C'seinbb' thc' obi nn'i'ciny-in-glass s(‘ales. 
They are the thermo(hjnamic Ceniigrailc scale on which tlu' b'mjH'ratun^ 
is less than the Kelvin scab' U'lnpt'rature by th(' tc-inpi-raiure of the ice 
point on the Kelvin scale, and the tlu rmodynarnie Jbihr('nh('it scale on 
which the bmperatun^ is b'ss than the absolute' Uahn'iilu'it tc'inperature 
by the tempen-ature^ of tlu' ice point, on that scale lenhu'C'd by 32. In 
subsequent pages the symbol i will Ix' iisc'd to de-note a t('m])i'rature on 
either the (b'litigrade or tlu' Fahn'iilu'ii tlK'niiudynamie* scale'. 

It is difficult, though entire'ly possible', to de'te'rmine te'nqx'raturc's on 
tlu' absolute s(*al('. For inost pra.cli(*al puipeise's we' must be content 
with ai)proximations. Jlowe'ver, ii'. the' r.seial range' e)f e'ngiiu'erlng 
('xpe'rience' the' absolute' te'inpe'rat.uje's ce)rre'spe)]uling to certain re'])ro- 
ducible^ leve'ls of te'inperature' are- kne)wn with gexxl ]ire‘cisie)n. Fe)r 
e'xam])b*, the' teinpe'i’al ure' e)f the* ie*(* point is kne>\\'n within a fe'W' hun- 
eb’C'dths of a eb'giee' Ke'lviu, anel the' te'inpe'rature' e)f the- be)iling j)oiTtt of 
sul])hur within abend oju'-te'idb of a, eb'gre-e'. 

The fedlowing table' e*oinpare'S value's on the' four se-ab's eb’line'el abo\’e‘: 


Te.M PEKATITUIO LeVEL 

AnSOEVTE 

CENTIUliAUE 

(hwVJ'KJHADIJ 

An so LUTE 
l-'AnuENiimT 

l-bnJlENUKlT 

Absolute zero 

0 

-273 It; 

0 

-4.59.69 

lee point 

273.1(i 

0 

491.69 

.32 

Uoiidcnsation or 

boiling point of water 

.37.3.16 

100 

671.69 

212 

Boiling point of ,suli)hur 

717.8 

414.6 

1292.0 

832..3 

Absolute Zero of Temperature 

Corollary 3 has two subcorollarit's as follows: 




за. It is impossible to attain lU'gativej ternpe'ratures on thc abso- 
lute se'ale, 

зб. It is impossible (in the absence (T a pe'rfe'ct he'at insulator) for 
a finite system to at, tain zero te'mperat.ure' on the ai)soIut,e scale. 

* A standard tdinosphore is the piessiire due to a column of mercury, at the 
temperature of melting ice, 700 inm in height u!Ki(3r an ticceleration of gravity of 
980.60.5 cm sec ( '(jrre.sponding conversie)n formulas ar(3 

1 standard atmosphere ~ 14.690 Ib/Bej in. 

1.03323 kg/sq cm. 
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To prove Corollary it in only n<‘(*(‘ssary to notc^ that the usual heat 
rejection from a reversible (aigine would l)ecomo a heat supply at nega- 
tive temperatures. Both the high -temperature heat supply and the 
low-temperature ora^ could bo provided from a single reservoir whose 
temperature was sufficiently high. The engine would, therefore, con- 
stitute a perp(‘tual-motion machine of the second kind. This, by th(* 
Second Law, is im]:)ossil)le. 

To prove (Lrollary it should be noted that any flow of heat from 
the environnKmt to a syst,em at absoluR' z(‘ro of temperature could be 
pumped out of the syst-can only at the (^xpenso of an amount of work 
which is infinit,('ly gi'(^at compared with tlie h(‘at. In the abscmce of a 
perfects insulator, the heat would be finite — th(^ work required would, 
therefore, be infinite.* 

Efficiency of a Reversible Engine 

The definition of the (efficiency of a heat engine is given by the equation 

W 

rj = - - ) 

where W denot(\s the net work d(div(‘ivd by the engine^ during an integral 
number of cych's and 71 the corresponding quantity of heat received 

* Before the introduction of the present thenuodynainic scale of tenipcrature 
Kelvin suggested a s(‘ale which had numbers ranging from ~x to -f x, all within 
the possible range of tem])eratures which is covered by numbers ranging from 0 to 
-f X in the present scale. It was defined by the relation 

(/I _ In” Lb 
f/2 ” In ‘ 02 ’ 

where 71 and 72 denote the heat received and rejected, respectively, by a reversible 
(‘iigine, and 61 and 62 the temperatures of heat reception and rejection, respectively, 
on Kelvin’s first scale. R. is easy to show that the first scale is related to the present 
scale as follows: 

01 -- 02 “ In 7 b — hi T2, 

and, therefore, 

0 = In T -f- 

where C is an arbitrary constant the magnitude of which determines what level of 
temperature will correspond to zero on tlie scale of 0. 

The efficiency of a reversible engine between temperatures t and t — dt, when d( is 
infinitesimal, may be used to define a quantity' ^ through the equation 

The quantity Hj which is known as CamoVs junclioiiy can be shown to be l/T for the 
present Kelvin scale. Kelvin mrived at his first scale by making /i ('qnal to unity. 
It was found, then, that the coefficient of thermal expansion of a }>erfect gas at con- 
st^iiit pressure — fl/f')(dr /d0)p - is also unity in U^rms of the first scale 
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from the source. From this definition and the First Law [lo] we get 


7 ? = 






which in combination with the definition of the absolute scale of temper- 
ature [11] gives 


1 ] 



[12] 


where subscripts 1 and 2 refer respectively to heat source and heat sink. 
The last equation [12] holds for any reversible engine which receives 
heat at temperature Ti, rejects h(‘al at ttanpcTature 72, and experiences 
no other exchange' of heat with its environment. 

Corollary 4 — The Inequality of Clausius 

Whenever a sydem executes a complete cyclic procc-s's, the integral of 
ciQ/T around the cycle is less than zero^ or in the limit is equal to zero. 

Proof:* (k)nsider a sysU'in which exe'cutf's n (*vclic ))roc('ss while woi k 
and heat, ci'oss its l)ou]idari(‘s. For purpose's of analysis, let each element 
of heat dQ that is ix'ce'ived by a part of tlu' systc'in at t.e'mperaturc T be 
supi)li('d reversil.)ly from a eonstaiit-ti'inpc'ratun' res('rvoir through a 
jx'versible engine (/f, Fig. 8{)). We may, of (a)urH(', consider the re- 
V('rsil)le engine to be minute, so 
that for (xich transfer of h(*at to tlu*. 

systi'in of magnitude dQ tlu* engine 

1 dW' 

execiit(‘s one or more compleb* cycles. 

Let dW denote tlu' work deliven*d 
by the reversik)le ('iigirie while the 
system recei\a'S heat dQy and kt. din 
denote the work d('livered during the 
same interval by t he system to it s en- 
vironment. Any of the three quan- 
tities dQ, dW, and dw may assume 
negative values as well as positive 
values, the difference bet.wec'ii the two corr('S])onding, as usual, to a 
difference in the direction in which heat- or work crosses the boundary. 

Applying the First Law [1 a] to the cycle executed by the system, we 
get 

dw = (^dQ. 

* The proots of Oorollarie.s 1, 5, () ar(‘ p.MniptiniHe.F of some unpublished notes 

on the Second L;l\^ of T!jerrn<Hjvn;ni)irs II PhiJlips. 
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The heat, transferred to th(‘ system at various tompcrat-iires T may come 
from the reservoir, whose' te'mperature is To, through a multiplicity of 
reversible engines like /f, each of whie'h e'xecutcs an inte'gral number of 
complete cycles while the system executes one cycle. From the defi- 
nition of t he temperature scale [1 1] we get tlu' following relation between 
dW and dQ: 

dW + dQ To 
dQ T' 
or 

= (y - l) <^’Q- 

Th(' tot.al work of th('. combined system and revt'rsibk' engine is givcm by 

work = ^d'lr -h ^dW, 

which by substitution from abov(‘ becomes 

Z work = jdQ + rfQ = 7'o • 

Th(‘ combined systc'in and nwersibh' engines (amstitutc' a perpcdual- 
motion machine of t.he second kind if the total work work) is 
great.('r than Z('ro. Therc'fore, upon noting that To is greater than 
zero, we may writ(‘ 



This result is known as the Inequality of Clausius. 

Corollary 6 

The cyclic integral of dQ/T is equal to zero for any reversible cyclic 
process; and, consequenthp the integral of dQ/T for any reversible process 
hettreen a reference state 0 and any other state 1 is a property of the system 
In state 1. 

Let us consider’ a system (Fig. 37) which executes a reversible cyclic 
process. A certain group of things external to the systemi S' am 
affected during this })ro(‘(‘ss l)y work and h(*at that pass to and from Nb 
L(‘t us consider this external group of things to be a second system S" , 
Since nothing is afYc'cted exct'pl N' and S" all heat must flow from one 
of tlu'se systems to the other; therefore, we may write 

dQ' - -dQ", [al 
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whore dQ' denotes heat, (lowing ^o if h is positive and heat (lowing 
from td' if it is negiitive; and donotcs the same as regards N . 

If heat flows from S" to then (lie temperature from which it tlows, 
T" , must be greater than that to which it flows, T^ Yloi cover, dQ' 
denot es a positive number and, by [aj, - dQ" ^ 

denotes the same number. Therefore, we y 

[i,i / A 

rjif — 2'" ^ ^ f f \ I 

It can as readily be shown that, this in- 1 ( / 

e(piality holds as well for heat flow in the V \.dQ\T' ) J 
other direction. \ / 

Mow let s' (‘X('cul(‘ a reversi])l(' cyclic \ (-dQ^j'' J 

process. By the definition of a rev^'rsil^h* 
process, (iverything (‘xternal to S' , that is, 

(‘V(M'ything aftecb'd by th<‘ ])roc(‘ss, may be ^ 

ivturnt'd to its initial state after the pixness lias occurred. Thus, 
may also execute a cycle. I'lX'i' iutcsratliig I',] over the two cyclic 
process('S, we get 


The Iiu'quality of (hiusius holds fo’- any cycl(‘, reversible or irre- 
versibh', and we may tli(‘n‘lori‘ writ(‘ 


The only way in which both [c] and |,/] can l,e satisfied i.s to have the cyclic! 
integrals for both systems ('(jual 1o z(‘ro. 


It follows that for any reversililc .•yclic proccs.s th(> integral of dQjT is 
z(*ro; that is 

!131 



82 


COROLLAIUES OF THE SECOND LAW 


The following is a less general and less rigorous })roof that is commonly employed 
because it is graphic. : 

Ijet a cyclic process which can be executed reversibly be represented by the closed 
curve C in Fig. 38 . Let the area within C be cut into a large number of strips by 



Fig. 38 


reversible adiabatic lines 11 , 22 , etc. Where 
each reversible adiabatic line intersects the 
(mrve C, let an isothermal line be drawn to 
the right until it meets the adjacent rever- 
sible adiabatic lint^. Now each pair of re- 
versible adiabatics together whth the iso- 
thermals joining them constitute a Carnot 
cycle. 

According to the definition of temperature 
we may WTite for any Carnot cycle 

</i ^ q2 

t] ¥2 ' 


where qi and 52 denote respectively heat reecaved and rejected by the system and 
Ti and T2 denote the temperatures of the source and sink. Using the symbol Q in 
the general sense of heat flowing to the system (so that 72 - —(^2), we liave 


Qi Qi 

~Ti T2 


= 0 . 


If the closed path C is approximatc^d by the stepped path la 26 , etc., made up of 
the ends of the Carnot cycles, then we may w rite for the (ircuit 




9 .. 

T 


0. 


For, each step involves a value of QlT along the isothermal which is cxa(‘tly (‘anceled 
by the opposite isothermal in th(' .same Ckriiot cycle, and no lieat is transferred in the 
adiabatic steps. Now, if the numb(*r of Carnot cycles within C is increased indefi- 
nitely the skipped path can he niad(‘ to af)proach path C as nearly as we please, and 


'^Q/T becomes 


(IQ/T, 


'I'herefore, we get 

= 0. 


To make this proof rigorous it would be necessary, first, to 
show that any reversible cycle can be subdivided into elemen- 
tary Carnot cycles, and, second, that the limit of the integral of 
dQ/T for the stepy)ed path is identical with the integral for tlie 
actual path. 

Let path A in Fig. 39 ropreyent a nn^rsibk' procc\ss 
proce(xling from state 1 to state 0; let paths B and C represent 
any two different reversible proc(^ssc\s proceeding from state 0 to state 1. 
Then according to [ 13] we may write 



fUQ ndQ 

JiA Jot^T 


= 0 , 
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and 



Subtracting and transposing, we get 



Therefore, ttie integral of dQ/T eompuied for any nwersible process 
between the reference state 0 and any other state I is independent of 
the process and is, consequently, a ])roperty of the system in state 1 . 

This property is called the entropy of a system. It is rc'presented by 
the symbol S for a system as a whole or by s for unit mass of a system. 
Thus, 


dS - 



and 


S2 — — 



[ 14 ] 


Entropy and the Second Law 

As a consc'quence of the First Law a prop(Mly called internal energy is 
discoven^l; as a consequence of th(‘ 8(‘(a)nd Law a property called 
entropy is discovered. There is, how(wer, a dilhu’ence in nature between 
these two quantities that may well be borne in mind: the change in 
internal energy may be evaluatcHl from work and heat in any process 
joining two states, provided only that work and heat can b(^ identified 
in th(^ ] 3 rocess; but the (diang(^ in enti‘opy can be evaluated from heat 
and temi)eraturc only in a rvversihle process joining two states. Since 
entropy is a i)ro])(a’ty, th(i change in its value between two states is 
independent of the process joining them, but only in a reversible process 
will it be identical with the integral of dQ/T. It is proved below that for 
all other processes the change in entropy is greater than the integral 
of dQ/T. 

Use of Entropy 

Thf' property entropy will be used frequently in subsequent pages, 
but to justify its introduction a few (*xampl(>s of its usefulness will 
be given here. 

For any process joining t wo states on any reversible adiabatic path 
which a system may follow we may write 



We shall employ this telationship to trace on a diagram of properties 
a nwersible adiabatic path for a pure substance* uninfluenced by gravity, 
el(*c1rici1y, magnetism, or ca])illari1y : 
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Starting from ihv. initial state A < 
unit mass of the substance change 
state From A to the change 



is done on the piston. Tli(‘ work 
volume (Iv is p dv, so t hat i h(‘ cIim 


m the u-v diagram (Fig. 40) let a 
‘ at constant volume to another 
in entropy is 



according to [2]. Next let it 
cliang(' n'versibly at> constant in- 
ternal (‘iKTgy from B' toward B, 
This change may be accomplished 
a(H*ording to [2] by (amfining the 
substanc(‘ in a cylinder behind a 
piston and allowing the piston to 
move out slow’ly while he^at is added 
at. pr(‘(*isely the rate at which work 
I t.h(‘ piston for each increment of 
e in entropy becomes 


A,= [ fiRl. 

Aev. T J T 

A few trials will find a point B cornNsponding to which 






dv --■= 0. 


The point, B is, thendore, a s(‘Cond point on the r('versiV)le adiabatic 
path which passes through A, Similar calculation along th(‘ lin(\s AC' 
and C'(^ will locate a third point. C, and so forth, until enough points 
ar(‘ found to determiiK' the r(‘versi))l(‘ adiabatic j)ath completely. 

This iiK'thod is nnivh (‘asier than tin* oia; described on page 20, 
b(H*ause tlu' path to Ix^ integrat(‘d can b(‘ chosen beforehand and the 
integration can b(‘ carried out in a familiar fashion. The properly 
entropy mjik(‘s the simpler mt'thod possible. 

The heat transferr('d, Qt, to a syst.eiu during a reversible isothermal 
process at temjx'ratun' T bet w(‘en stat(;s 1 and 2 may be expressed in 
the form 

Q'P — T {S2 ~ 

according to tlu' definition of entropy. Without, the entropy, on the 
other hand, it can be calculated from [2] which for a reversible process 
executed by unit mass of a pure substance is 

dQ - du -f p dv 
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or 


Qt — 112 — Ui -f- 


2 

p dv. 


To evaluate the first. exp?*ession for only the end states need he 
known, but to evaluate the seiaind a knowl{'dp;e of all intermediate stat(‘s 
is necessary. 


Calculation of Entropy Changes for a Pure Fluid Substance 

Any valid method of calculating th(' (tiangc' in entrojiy of a system 
can be justified from the definition 


AN 



dil 

T ' 


According to [2| the definition of (ait ropy may be written in tlie form 


dS 



rev. 


Tlie work in each step of th(' r(‘V(‘eibl<' cliangt' must not involve* friciimi 
forces; tliat is, tlu* paddhvwlKat type of work must lx* (‘xchuh'd. The 
only kind of work permit U'd in the absi^ma* of motion, gra,vity, (‘l(‘c- 
tricity, magiu'tisin, and capillarity is work doiK* by normal force's fnot 
slu'aring force's) at. slowly moving boumlaric's of th(' syste'in. '^riiere- 
fore, we may write* for a lmmog(*n(‘ous syst.e'm of unit mass 

e/lTrev. = 


IVIoreove'r, within ttu'se same re'strietion.- the* inte'rm'il energy is a func- 
tion of two ind(*pe*n(lent. prope'it ie's, so that it may lx* ehaioted by u 
for a homogene'ous syst(*m of unit, m.ass. TIk* c'xpre'ssion for cliaaige* 
in entrojiy becomes, in conse'eiueaiee*, 


If the relationship beTwen'ii p, T, and u is known for a given pure 
substance the change* in entropy be'tween any two states may be com- 
putexl from [15] without meaisuring he'at and work.* The cornputexl 
value's must be the same for all paths lied ween ttie same two state's. 
The agr(*(‘ment between the value's for difTere'iit paths may be use*d as 
a test of the validity, in y'lvw of the' hirst and S(*cond Laws, ol the* rela- 
tionship be'twe'cn p, r, T, and u. 

*Of oourse, the p-v-f-n rolxtion c‘nri lie known only if inoasureirients of heat and 
work have been made* pn'viously. 
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The Temperature-Entropy Diagram and Other Diagrams of Properties 

Entropy like' any other property may be used as a coordinate in a 
diagram of properties. From its definition [14], which may be written 
T ds - , w(‘ find that the area under a path on the temperature- 



S 


Vui. 11 

(‘iitropy diagram represent.s the heat received by t h(‘ system when that 
])ath is followed n'vei’sibly (Fig. 41). Similarly th(‘ area within any 
clos(‘d path r(‘pr('S('iits the lul. heat received by the systtan when the 
sysh'in passc's rev(‘rsibly through the corresi)onding cyclc'. According 
to th(' Fiist Law [la], the sami* tmclosed area is equal to the lu't work 
(i('liver(‘d by the system when the system passes reversibly through the 
cycle. Thus 


(hTd,s=(b dQ = (f dW. 

J J Tcv. J rev. 

Th(‘ tenqH'rature-entropy diagram for liquid and vapor water is 
shown in Fig. 42. If some liquid initially in state 1/ is heated reversibly 
at constant pressun^ until it n'aches the saturated liquid state L, the 
heat ad(l('d is shown by the area under the line of constant pressure 
L'L. Th{' heat added during nwersible vaporization is shown by the 
r('ct, angular area urid(‘r the isotherm LE. Similarly, the heat added 
during rev('rsible superheating of thd'^ vapor is shown by the area under 
the line VV\ The line of constant entropy V'V^' has no area beneath 
it and therefore repn'semts a reversibki adiabatic change. 

Any of th('S(' liiu's may represent the jmths of irr('V(‘rsiblc processes, 
but tlu'ii the areas under the curves would not r(‘])i escnt the heat ol the 
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prowssovs. 1^’or (‘xaiiiplo, an irrevovsihlc prorc'ss along the peJl' V'U' 


is not adiabatic. Again, a fluid in steady 
changes along a line of constant enthalpy 
pfpff under the 

curve is finite but the process 
is adiabatic. Note, however, 
that the entropy increases dur- 
ing the process. 

Besides the temperature- 
entropy diagram t,h(' pressure- 
volume and enthalpy-iaitropy 
diagrams are commonly used 
to show the properties of a 
substance. 'Jlie first two are 
used primarily for jnirposes of 
illustration and demonstration, 
because the area under a curve 
on the pressun^-volume cliart 
ix'presents the work done by 
a pure substance in a simple 
reversibk^ process, and lh(' 
ai’(‘a under a curve on 1h(' 
temperature-('ritroi)y chaiT r('p- 
r(‘S(‘nts the heat i-eceiv('d under 
f h(‘ same (conditions. An (‘x- 
ampl(‘ of a tcanperature-eaitropy 
K('(‘nan and Kev(‘s. 


flow through a porous plug 
from high pressure to low, 



I<’i(L 42. 


Toni])(‘r.‘itiir(*-Entr()py Chart for 
VV at(‘r 


diagram is lug. \) in the Tables of 



I’k;. 43. Mullicr (3iart for Wator 
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Tho freqiu^Tit (X'currc'ruu' of tho r{‘vorsil)l(‘ adiabatic process in engi- 
iKXTing analysis prompts th(^ adoption of entropy for one of the co- 
ordinaT(‘S of a working chart, whenais the importance of the steady-flow 
process sugg(‘sts enthalpy for the oth(‘r. llu* enthalpy-entropy chart 
is })roha]:)ly t he ciuirt most commonly (anploycal as an aid in (engineering 
(•ahmlations. It is calk'd the Mollic'r (iiart in honor of Richard MoIIut, 
who fii'st propos('d its adoption. A small-scale Mollier chart is shown 
in Fig. LL One of suflici(‘ntiy larg(‘ scab' for ('ngineering use accom- 
panies t h(' Tablcx of ]\(H'nan and Keyes. 

Corollary 6 — Principle of the Increase of Entropy 

The entropy of an isolated system increases or in the limit remains 
constant. 

Phoof: Let a systc'iu (Lange from state 1 to state 0 (Fig. 44) by a 
n'V(‘rsibl(' ])roc(‘ss and rc'turn fi’om state' 0 to state 1 by ('itla'i’ of 1-wo 
possible proc('SS('s, oiu' rc'versible and one' irrevi'rsible. Using subsciipt 
y/ to Indicate a r('V(‘rsible proc('ss and I to indicate an iro'vc'i'sible 
pro(!('Ss we may writ*' by ( /orollary I 



Subti’acting tlu' s(‘(*()nd from tlu' first, we g(4, 

r<iQ 


1 )iff('rentiating, substituting dS for {dQ/T)ii, transposing, we get 

dQ 


For an iseflated sy stem dQ must 1)(* zcuo, and therefore 

^ 0. [17] 


This is th(' cek'bratt'd principle of the increase of entropy. Though it 
rcf('rs to an isolatx'd system, it is neverth(4('ss of ('xtionufly general 
application, for all material that is in any way afl(;cted by a process may 
be includc'd within a single isolated systiaii. 
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PRINCIPLE 01' THE INCREASE OF ENTROPY 

Let us consider a f(‘w simple exaiiip)(*^ of the ni>plieation of the prin- 
ciple of the inci'ease of entropy. If a. marble is I’ollin^’ about insid(' a 
non-conducting splnaxy we know from ("X}i(n’ienc(‘ that, barring dis- 
turbances, the inarbk' will ultimately come to rest at, tlu' bottom of th(‘ 
sphere. Jhe final state oi the system comprising marble and spbeu' 
must be one of higlua' entro})y. Again, if a cube of coppin- ivcc^h es luait 
from a surrounding water bath and nothing (^Ise is riHecAnd, the final 
stato of the copper- wat^c'r systcan must Ik' onc‘ of higher entropy. The 
increase in tlu^ entropy of the coj)per must, ha\'(' (‘XCCMah'd th(‘ (le(*r(‘ase 
in the entropy of the water --a conclusion easy to vmafy from t,h(' 
definition of entropy. Even more complicaitod (‘xami)les may be giAcai. 
Suy)pose, for instaina', iliat a minut(‘ spark ignites a combustible mix- 
ture of gasoline and air in the cylimha* of an automobik' (aigiiua A 
clumiical reaction may result scj suddenly that trarsfia* of lu'at to thi' 
surrounding walls during the nviction is vamishingly small. Th(*n tlu^ 
state of the syshan as products of combustion is oiu' of higher (uitropy 
than th(‘ initial statin 

The principle' of the incri'ase of ('ntro])y is in itsih’ a crilerion of 
irreversibility. It states that, the entropy of an isolated systc'in must 
(‘itlu'r increase or rc'main unchangi'd. Sin(*(' (ait ropy is defined by the 
ndation 



for any n'versible procc'ss th(‘ entropy of an isolated system remains 
unchang(^d. TlK'iX'fon', wo may say that if (he oitropy if an isolated 
syslejN increases during a process then the process is irreversible. This 
criterion is, in fact, idiaitical with the oik' st.ated on page (19, b(‘caus(‘, 
if we could undo a jirocess in an isolatial systian which had caiused an 
increase in (‘ntro])y, then it, would be possible' to d('vis(‘ a, jK'rpetual- 
motion machine of t he sc'cond kind. 

Corollary 2 of the First, Law st.ati'^’. that, if an isolat,('d syst-ian has 
at any instant a given int('rnal (‘lu'rgy, it can assuiiK' latc'r only those' 
states which have tlu' same' inti'rnal (ai(*rgy, regardlc'ss of the' |)roc{'sses 
that ensue. Corollary fi of the Sc'cond Law restric'ts still further th(‘ 
possible subs('(iuent, state's. Of th<* state's of c'fjual int.c'riial enc'rgxy only 
those of higher eaitropy than the* initial state can be assumed by thc' 
sysbim.* Fuilhermore', if the initial state is highc'i* in eaitropy than all 

* Clausius stated these two (‘orollaries in co.sniic fonii: namely, “ The energy of 
the universe is constant; the entroj)y of tlie universe inen^ases toward a maximum.” 
Even for a science as general as thennodynaniics those phrascis are a hit pre- 
sumptuous. Moreover, they cannot .serve irs a basis for conclusions concerning 
finite systems. 



90 


COROLLARIES OF THE SECOND LAW 


other states having 1iie same internal eruTgy, then no change can ensue. 
The system is then said to b(^ in stable equilibrium. This is the basis of 
Chapter XXVI, which deals with equilibrium. 


PROBLEMS 

1. The second hiw of thennodynaiiiicH is stated in one textbook as follows: It is 
impossible for a self-acting machine unaided by any external agency to convey heat 
from one body to another at higher temperature/' 

(a) Devise a machine whi(“h iiududes an ordinary refrigerator whi(;h would 
violate the law thus stated. 

(b) How wajuld 3^)11 modify this statement to make it true? 

(r) Prove that your modified statement is true starting from the statement of 
the Second Law given on page tH. 

2. Starting from the S('cond Law as stated on i)age (>4 prove ( 'orollary 2 of page 73. 

3. A reversible engine receiv(‘s 100 Btu of heat from a large high-ternperaturo 
source, delivers 20 kw-s(‘c of work, .and rejects heat to a large low-temperature sink. 
Find: 

{a) The ratio of the Kelvin scale OanpcT.ature.s of the source and sink. 

(b) 'hhe ratio of the a.bsolut(‘ Fahrenheit temperatures of source and sink. 

(c) The temp^aature of the source on the Centigrade scale if the temperature 
of the sink is 400 V abs. 

{(f) The tem]>erature of the sour<;e on the ldihrenh(4t scale if the temperature' 
of the sink is 200 K. 


4. A reversible' erngiru' re'e'oive's its heat freim a mixture' of water vape)r and licjuid 
water uneh'r a pre'ssure* of 1 atmosphere and re'jea'ts :it)00 Btu lir of heat to a mixture' 
e)f ice' anel liejuiel water under a pre'ssure of 1 atmosphere'. It delivers 0.380 kw peewer. 
Fiom these data finel the number e>f de^grees sei)ar;iting absolute zero and the ice point 
on the Kedvin scale. 


6. In the e-ycles described on pages 8 and 9, find the values 
relative to zero : 

{(i) for the r*ycle in which ^dJV ~ 0. 

(b) fe)r the cycle in which (fdW 5 ^ 0. 


IS of ^ds and 


dQ/T 


6. In a certain reversible cycle 100 Btu of heat is received at a temperature of 500 K ; 
then an adiabatic expansion occurs to 400 K, at which temperature 50 Btu of heat is 
received; then a further adiabatic expaiisihn to 300 K, after which 100 Btu of heat is 
rejected at constant t(‘inj)erature. 

{a) Find the change in entropy which occurs as the system is restored to its 
initial stah' in the remainder of the cycle. 

[b] If during the remainder of the ('ycle heat is transferred only at 400 K, how 
much heat is transferred, and in wliich direction? 
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7. (a) In a certain reversible process the rule of heat transfer to the system pea- 
unit temperature rise is (ionstunf and is given l)y 

dQ 

<^-5 Bill, 

Find the increase in entropy of the system if its temperature rises from 500 F iibs to 
600 F abs. 

{h) In a second process })etween the same end states the temperature rise is a(‘c()m- 
plished by stirring accompanied by a heat, addition lialf as great as in (a). 

What is the increase in entropy in this cas(^? 

8 . Find first from the First Law and second using the entropy, tfie fieat transfened 
to a pound of steam in the following reversible processes: 

(a) Evaporation of saturated licpiid to saturated vapor at 212 F. 

(b) Constant-temperature expansion of superheated steam from 500 F, 
250 Ib/sq in. abs to 100 Ib/sq in. abs. 

(c) Constant- volume heating from saturated vapor at 50 Ib/scj in. abs to 
100 Ib/sq in. ab.s. 

9. Pdnd the work done on a piston per pound of water in the following reversible 
adiabatic processes : 

(a) Expansion from 500 250 lb/s(} in. abs to 150 lb/s(| in. abs. 

(h) Compression from saturated vai)or at 15 lb, .s(| in. abs to 100 Ib/sq in. abs. 

(c) Elxpansion from saturated vapor at 15 lb s(] in. abs to 1 in. Hg abs. 

(d) Comj)re.ssion from 875 Ib/sq in. ab.s, 400 h, to o.otlO lb scj in. abs. 

10. (a) P’ind the kinetic energy leaving a frictionle.ss no;:zle with non-conducting 
walls if the condition of the steam before the nozzle is 500 P', 250 Ib s() in. abs, its 
velocity is 200 ft/ sec, and its final pressure is 150 lb/ s(j in. al)s. 

{h) P5nd the kinetic energy leaving a frictionless non-conducting dilTuscr pass- 
age at 350 Ib/scj in. abs if th(^ (‘ondition of tlie steam before tlK‘ dilTuser is 500 P\ 
250 Ib/sq in. abs, and 2000 ft sec velocity. 

11. A Carnot reciprocating steam engine receives heat as water is evaporated 
from saturated liquid at 300 P" to saturated va})L)r at the same temperature, and 
rejects heat at 100 P\ 

(o) Plot this cycle on a p-v diagram and on a T-s diiigram. 

(5) P"rom the First Law equation compute the heat transferred in each part of 
the cycle. 

(c) Compute the wmrk done in each part of the cycle. 

(d) How does the net work compare w ith the net heat transfer for the entire 
cycle? 

(e) What is the thermal efficiency of the cycle? Does it agree with the defini- 
tion of the thermodynamic temperature scale? 

12. (a) Plot on a p-v diagram and on a T-s diagram a C/arnot cycle for steam which 
extends between 500 P" and 320 F and between extreme volumes of 2.722 cu ft/Ib 
and 20 cu ft/lb. 

(5) Find by the easiest method you know the net work done by each pound of 
steam in one cycle of operat ion.s. 
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13. Find in terms nf j)rnj)ertieH the simplest expressions for infinitesimal and finite 
('h;m)j;es in entroi)y in (lie aFseiiee of motion, gravity, electricity, etc. during processes 
in wliieh />, r, 7’, u, h, and {p and T) an; n'spectively held constant. 

14. In a. certain imaginajy /nW/oM/ci-.s* turbine heat is added to the steam flowing 
througli it so that the t(!mf)eraiuro (jf the steam is 500 F between the point where it 
enbas at a pif'ssure of 200 fl)/s(] in. abs and the j)oint where it leaves at a pressure of 
15 lb s(| in abs. Negkad kinetic energies at entrance and exit. Notice that the 
expansion is r(!V(*r8il)]e. 

How much work is dcilivered to the turfane shaft [)er i)oimd of steam entering the 
turbiiH^? 

16. Show tliat the increase in kinetic energy of each pound of fluid passing through 
a frictionlc'ss non-conducting nozzle passage is equal to — 

16. (n) Find the inlet, and outlet area.s of the nozzh' described in problem 10(a) if 
the flow through the nozzle for the conditions givcm is 10,000 Ib/hr. 

(//) For the sarni; inlet cotalitions and the same flow as in (a) find the cross- 
sf'iU.ional area of the stream when' the pn'.ssun' is 200, 1-10, 135, 130, 120, 100, 50, 
10, and 1 ll)/sq in. abs. 

(r) Plot the area against the ratio of the pressure to the initial jiressure. What 
is tlie minimum ar(;a (the throat area}? 

17. F'ind tlu' throat area, the exit area, and the area ratio for a frictionless nozzle 
which is to receive 5000 lb of steam jicr hour at 100 Ib/sq in. abs, 500 F', and discharge 
it at 20 lb/s(i in. abs. 'Plu' inlet velocity is negligible. 

18. Steam superheated 50 F at an initial pressure of 100 lli/sq in. abs exfiands 
througli a non-conducting nozzh' without friction and leaves with an exit velocity of 
223S ft , sec. 

(а) W hat, is the exit fin'ssurc' if tlu' inlet velocity is negligible? 

{}>) Assuming a throat an'a of 1 si] in., determine the wc'ight of steam flowing 
])(.*r secaind and the exit area. 

19. 8team at 15t) lb si] in, abs and 450 F’’ expands through a non-conducting 
frict ionless nozzle to a pri'ssun* of 10 Ib/sq in. abs. The exit area is 1 sq in. 

in) If th(! initial vi'locity is zero, hovv much steam will jiass through the nozzh' 
])er second? 

(б) If the initial velocity is 500 ft, sec,, what is the exit velocity? 

20. A system consists of a marbh' in .a bowl. The temi)erature of the system may 
be increased uniformly and rever.sibly liy a slow addition of heat. Fbr each Ibdiren- 
hi'it (h'gree J Htu of heat must be added. 

in) t'ind the increase in entrojw corresponding to a heat flow to the system of 
1 ft.-ll) if the iiiitial temiierature of the system is 500 F" abs. 

If the mar])lc is releiused at a vertical height of 1 ft above the bottom of the bowl 
and allowed to roll down the si«le it wilj o.scillate for a while and then come ro rest 
at the bottom of the liowl. The temjierature of the system will ultimately be uni- 
form. 

ib) Find Hie increase in ent.ropy of the system for an adiabatic process of this 
Litter type if the initial temiierature is 500 F" abs and the weight of the marble is 
0.25 lb. 
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21 . A certain p;as has a specific heat at constant volume of 0.3 Btu/lb 1 '. When 
it is expanded reversibly and adialiatically from a siicc ific volume of 1 ft \ ib and a 
temperature of 1000 F abs to a specific volume of 3 B/’/lb i(s temjKuntun' falls 300 F. 
When it is expanded adialiatically from the same initial state into an evacuated space 
to the same final specific volume its temperature falls only 50 M 

Find the magnitude of the change in entropy of one pound of gas in each of thcsr 
adiabatic processes. 


SYMBOLS 


E internal energy of a sysfcan in general 

p pressure 

q a positive ninnber n'prcseni ing a (piantity of heat 

() heat to system 

.y en1ro])y ])er unit mass 

*S entropy for syst<‘m as a whnh* 

i temperature on any scale, lemperaturc on (’entigrade or Fahrenheit 

scales 

T temperature on Kelvin or absolute Fahrenheit scales 

u internal energy of unit system in the absence (h’ motion, gravity, etc. 

V specific volume 

IF net work from system 

summation made around a closed cycle 


Greek Letters 

7 ] thermal dficiency of heat engine 

u C'arnot’s function 


Subscripts 

/ irreversible process 

isol. isolated 

p constant pressure 

U reversible process 
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THE PERFECT GAS 


Gases at Low Pressure and at High Temperature 

At, i)rcs8urcs that are low relative to the eriti(‘al pressure, and .at 
temp(Tatures that are higli relative to th(' eritical t.em])erature, the 
jMht relation for a vapor approximates the eqiu.tion 

pr =- HT, [18] 

where R is a, eonst;ant, for any givcai vapor or mixture of vapors. In 
fact all (‘xperienee with vapors indicates that, tliis n'lation is a limit 
wliic^h t,he properties of a vapor approach as the pr(*ssur‘e approach(‘s 
zero or as tlu' temperature approa(*hes infinity. Tlu‘r(‘fore, it may 
often lie us(‘d to repres('nt. tlu‘ properti(‘s of a vapor with adequate' 
pr(‘cision. 

It is shown in the following jiages that the n'lation pv — UT so 
restricts the specific h(‘at at const tint ])ressure and tlie specific heat at, 
const, fint volume tliat. the diffc'n'iice hetwcM'u them is constant and 
('(jual to R, It is also shown that this relation demands that lines of 
constant temperature should lx* idcuitical with lin(\s of const, ant internal 
(‘iiergy and lines of constant (aithalpy. All these conditions are ap- 
jiroached by actual gases as thew approach zero pn^ssure. 

The Universal Gas Constant 

If w(’ choose ciuantity of gas or vapor which will fill volume Fq 
at temperature To and pressure po, the volume V occupied hy that, 
same quantity of gas at any otluT pressure p and any other temiier- 
ature T is given by the eciuation 

pV PoUo 



provided that the pressure is v<‘ry low or the temperature 
each instance. We may also write 



very high in 


where R denotes the quantity p^Vq/Tq and is the same for all gases as 
long as po, To, and To an* fixi'd. 

9t 
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Let us seU'Cti a \ I i, which is of sucfi size' that it will (‘oiitain 

exactly 32 gianis of oxyRoii at i)ressure po and tempc'rature To. Then 
the amount of any gas that this voiinne will contain at the same pres- 
sure and temperature is called a ?))olc of that gas. and its weight (under 
standard gravity) is called the mukcular weight of the gas.* 

Therefore, we may write 




PqMvq 

To 


MR, 


[18a] 


where M denotes the mole(;ular weight, and R the constant for the gas 
of molecular weight M. 

Although the quantity R is clilTereiit tor dilh'rent gases, the quantity 
R is t h(' same for all gas(‘s and is known as t he univvrml cja.s constant. 
It.s value as (Iet(‘nnin(Hl ('X|)(M'imentally foi* tlu' gram-molecular weight 
is as follows: 

R 82.()()18 cm ^ atm/'K g-mole 
— O.cS'lTcSST kg-m/K g-mol(^ 

= 1.11857 cal Iv g-moh', Btu/Flb mole 

— 1545.18 fl-lh I^Mh-molc. 


Th(' first of these' indicates that, at 0 ( - (278. !(> K) the prossurc-volume^ 
product j)V for one inok' of a gas is given by 

pV - 82.()bl8 X 278.1(> = 22,410 atm cm^ 

If for any gas 1 atmosph('re is a veiy low ju’cssurt' as compared with the 
critical pressure', or OF is a very high temperatures as ceunpared with 
tlie critical tempe'rature', then 1 gram-mole' of that gas will occupy 
22.410 liters at 0 C - and at .a, ])r('ssur(‘ e)f 1 atmosphere. This volume is 
known as the^ grain-niolccular volntnc. 

The last value of the* unive'r.sal gas ea)nstant given abejve? is in terms 
of a mixture' of kinglish and metric units. Whe n it is divided by the 
moh'cular we'ight of a gas in grams pe'r gram-mole', the) value' commonly 
tabulated, the' epiotie'iit is the corre'sponding gas cemstant in Engli.sh 

* If the fitoniic weight of oxygen is made eeiiial to one-half a molecular weight 
(iliat i.s, n; grams) tlien the atomic weigfits of all other i4ements may be deduced from 
the combining weights measured in chemical reaction.s It is known from exi)erience 
that a mole of an element alw.ays contains a small whole number of atomic weights. 

The mole proves to bo a unit of significan(*e in tla; interaction of different 
substances. For example, the same number of moles of difToront .solutes when form- 
ing dilute solutions have in general ifl(>nti(‘al (db'cts on the vu])or pressure, boiling 
point, and freezing point of a fixed anaiunt of a given solution. The significance of 
the mole is due to the fact that a mole of :i gas always contains the same number of 
molecules, reganiless of the nature (4 the gas. This is a form of Avogadro’s Law. 
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units. Thus, the gas constant for hydrogen is 1545.43/2.016 or 766.6 
ft-lh/lb F. The value of /f, as (l('t(?rmin('d from the universal gas con- 
stant and the molecular wc'ight, is given witli other data in Table I for 
M nnm!)(‘r of gases (*rK*()unt(T(‘d in (‘iigiiK'ering. 


TABLE I 
Data foh Oases 


Gas 

Air 

N2 

O 2 

Ho 

CX) 

Hg 

He 

H 2 O 

Units 

Mol. Wt. 

2S 9()7 

2S OK) 

52.00 

2 016 

28 00 

200.61 

4 002 

18.016 

Ib/lb mole 

R 

r>3 

57). K) 

48. 5 

766 6 

55 18 

7 70 

386.2 

85 8 

ft-lb/lb F 

rp* 

0.240 

0 248 

0 217 

3 445 

0 249 

0 025 

1 25 

0.47 

Btii/lb 1<^ 

c/ 

0 171 

0 177 

0 1.55 

2 460 

0 178 

0 015 

0 753 

0.36 

Btu/lb F 

k* 

1 4 

1 4 

1 4 

1 4 

1 4 

1 67 ! 

1 

1.66 

1.31 



Apprtjximate vulueB for moderate temperatures. 


Definition of a Perfect Gas -- Part 1 

A ixa-fect (or idtailj gas is one having the equation of state 

Vv = HT, [18] 

wIk'H' R is a constant for that gas. It was pointed out above that this 
('(plat ion of stat(‘ is a limit which 1h(» (‘qiiations of state of real gases 
ai)profu*h as the pressure is reduced indefinitely. It fails to hold for 
any rtail gas ni finit(‘ pressun\ Therefore, no perh^ct gas actually 
('xists, though the conclusions we draw concerning Ihf' characteristics of 
a perfect gas as ddined ahovc will af^ply with pnaasion to real gases at 
low ])n'ssur(' or at. liigh temp(‘ratun‘. 

siufplify furttu'r ttu' algebra of the ffcrfect gas it. is usual t.o restrict 
its spi'cific heats to constant values. This restriction is appli(‘d below 
as Pali 2 of th(' dedinition. At. that point the gas defined df^parts in 
characterist,i(*s from actual gas(‘s at. low pressure and at high tempera- 
ture, which iinariably liavf* specific heats which (‘hang(' with ban- 
pf'raturc. Ncvcaihclcss th(* chang(‘ is usually gradual enough to 
])(‘rmil the us(‘ of the (‘(piatioiis of the perfect gas within limited ranges 
of t('mp(‘rature. 

Internal Energy and Enthalpy of a Perfect Gas 

The cciuation of stab* 

pv - RT [18] 

is part of the definition of a perfect gas. Let us find some of the char- 
actc'ristics of a gas which conforms to it. 

It has b(‘en shown previously that, for any system which in reversible 
{)ioct\sses can experience no other kind of work than that done by 
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proRSuro forces on moving boundaries, we may write for any infinitesimal 
change of state 


ds — 


du 4* p dv 


[15] 


or 


T ds — du + p dv. 


Applying this to an isotliormal change of stat(‘ and dh iding t hrough by 
the increase in vohuru?, w(‘ g(d 



We may eliminat(‘ entropy from this (expression in the following 
mann(‘r: 

Consider a r(‘V(‘rsibl(‘ cyvh' niad(‘ \ip of tno isoi l)(‘nnnls and two 
m(‘tTics (cnnstant-volurme chang(‘s), and let th(‘ (hanges in lemperatun* 
betw(e(ai th(‘ isothernials and in volimi(‘ bt'lwcHij tin* isom(*trics lx* 



infinitesimal. The net work of the (*ycl(* is the ar(‘a enclosf'd by it on 
a pressure-volume diagram (P’ig. 45), which, to small quantifiers of tlur 
second order is given by 

where dT denotes the changtr in t(‘mperalure and dv the cliangi* in 
volume in the cycle. The net flow of h(‘at is tin* an'a enclos(rd by t he 
cycle on a temperature-entropy diagram, which is ade(|uat(‘ly stated by 
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or simply 


In accordance with tiu' First Law lla], we may now write 

Substituting [20] in [19], we g('t 

(syKi).- 

Moreover, from the definition of the ix'rfect gas [18], we get 


[ 20 ] 


[ 21 ] 


\^t)^ V 


so that [21] becomes 


P 

t ' 



- o.t 


Therefore, tlie lines of constant, internal (aua’gy and the lines of constant 
t('inperature must coincide', and th(‘ internal (*nergy must be inde- 
pendcait of all i)ropei’ties excx'pt t('inp(‘rature: thus 


fuin 

wh('re/„ is a ymre temp('ratiire function. 
The definition of enthalpy is given by 


/i = K- T pvy 

which tog('ther with [18] gives 

h = 11 -f RT. 


* This is one of the Maxwell relations and is prowd more ripjoroiisly in (.’Impter 
XIX. 

t It is easy to show that. 



which for finite temperature is necessarily zero only if v is finik'. Then'fore, as 
regards a real gas for which the etpiation of state pc == PT holds only foi* very low 
pr(‘ssiir<'> (very large vohnuesj, fliert* is no assurance tliat at zero pu'ssure (da/dpjy' 
will vanish. Indeed, it does so milv occasionally 
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Since u is a furujtion of temperature only, vv(‘ may write 

h - hin 

where //, is a pure temperatun' function. It follows that an isothermal 
is a line of constant enthalpy as well as a line of constant internal energy 
for a perfect gas. 


Specific Heats of a Perfect Gas 

The specific lieats at constant, pressure and at constant volume have 
been defined previously t hrough the equal ions 





and 





Sinc?e h and u ai‘e ind(q^(‘nd(‘nt of i)ressure th(‘ partial notation may be 
dropped for a perfec?! gas. Thus, 


dh 

dT 


and 


du 


[21a] 


Referring to the definition of entbalpy, wo get 

du d{pv) 

" <ir iiT ’ 

which, with tin' aid of the dc'finition of lh(‘ sixa'ific heat at constant 
volume and the equation of state 1 18], may b(; stated in the form 

Cp = 

or 

It ~ Cp — Cv. [22] 

ThenTon', the difference between the specific heat at constant pressure and 
the specific heat at constant volume for any gas having the eguation of state 
pv = RT is ecjiial to the gas constant R. 'bhis statement is true for real 
gases at veay low pressun's. 

If in the dcTinitions of 1h(‘ spiH'ific luaits givcai above the symbols h 
and u dt'iiote respectively enthalpy and inbaaial energy p(‘r mole 
instead of per unit mass th(‘ sp(‘cific heats are calh'd niolal specific heats. 
It may b(‘ readily shown that th(‘ diff(a*ence bet,w(a'n the molal sp(‘cific 
heats, at, constant [iressun^ and at (H)nstant volume, is the same for all 
perfect gases and is (H]ual to the universal gas constant. 

The Ratio of the Specific Heats 

A sim])le form of the kinetic theory of gases shows that the ratio, k, 
of the specific heat at constant ])r(‘ssiir(‘ to that at constant volume is 
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given by the; equation 

, Cp n + 2 

/c = ~ = y 

Cv n 

wliere n denotes tlu' iiiimbor of degrees of freedom of the molecule. 

If the. mol(‘eule weri^ merely a small rigid body the number of degrees 
of fre(‘dom would bc‘ llie thnn; eorn'spoiiding to the directions of trans- 
lation. The value of k would Wwn be % or 1.07. This value holds 
with good pn'cision for monatomic gases (argon, helium, and mercury, 
for example) over a widc‘ range of tianperatures. 

A molecule consisting of two atoms joined by some sort of bond 
would have two more; degr(‘(‘s of frec'dom corn'sponding to rotation of 
the molecule about two ax(‘S which are p('rp(aidicular to (^ach other and 
to the line joining tlie atoms. The corresponding valiu' of k, % or 
1.4, holds with good [)recisi()n over a wide rangc‘ of temperatures for 
most diatomic gascjs ('iicountered in engine(M’ing. 

A molecule consisting of threc^ or mor(‘ atoms would have at least six 
dc^grees of freedom, and the valium of k would th(U’(‘fore be % or less. 
Thus, for the triatomic molecules II 2 O and (T) 2 , k is 1.31 and 1.30 
respectively, wliereas for ethane with eight atoms to the molecule 
k is 1.22. 

Definition of a Perfect Gas — Part 2 

It was shown al)Ove that for any gas having the equation of stat(‘ 
[181 the internal ('iiergy is a pun' tcaiqx'rature function. The d(uivativ(' 
of th(‘ internal energy with i’(‘si)ect to tiaiqx'rature is, therefore, a pure 
tcmiperature function also. That is, 

Cv - i'in 

wh('re \l/ is a function of tf^mperature only. 

It is customary to assume the function ^ to be a constant for a 
p(‘rfect gas, so that the second part of the definition of a perfect gas 
becomes 

Cv = constant 
or 


Since the specific heat at constant pressure exceeds the specific heat at 
constant volume by the amount R, it follows that for a perfect gas the 
specific heats at constant pressure and at consta7it volume are both constant 
for all values of any pair of independent properties. PTom this and [21a] 
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we get for any change from slate 1 to slaU* 2 

U2 ~ - cAT2 - T^)\ 

and [22«1 

h - hi - Cp{To - TO J 

The Reversible Adiabatic Process in a Perfect Gas 

Starting once more from the familiar n^lat ion 
T (Ls ~ dll + p di\ 

we find for the reversible adiabatic proctvss (the isentropic process) 

da + p dv = 0. [a\ 

It was shown above that for a pca-fect gas 

du = CjfdT 1^1 

for any change of state. Moreov('r, fi’om IIk* equation of state [ISj 
we get 

^ {p dv + V dp). [c] 

Substitution of [h] and \c] succ(‘ssiv(‘ly into [a\ gives 


~ {p dv -f V dp) -f p dv = 0. 
/€ 

Simplifying, and einydoyiiig th(‘ rc'lation 

/f ^ Cjj — Cv, 


we get 


Cv V p 


which integrates to 


pir = constant, 


[231 


where 


k 


The corresponding relations betw(‘(‘n p and T and between v and T 
may be found by combining [IS] and [28]. 

In Fig. 4G the isotherm {pv == constant) is 
compared with the isentropic (pv^ = constant) 
on a p-v diagram. 

The work done by a perfect gas on a piston 
during reversible adiabatic expansion or com- 
pression may be found as follows: For each 
step in the process 

dW = p dv, 


NX isotherm 

\ \ Isentropic 


Fig. 46 
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or, by [a], 


dW = ~du. 


This relation may be expressed, in view of [b\ and [c], in the alternative 
forms 

dW = -c,dT 


and 



- d(pv) 
k - I ' 


which integrate to 
and 


W - - T 2 ) 


W 


k 


V2H 


[ 24 ] 


vvliero subscripts 1 and 2 denote* r(‘sp('Cliv(*ly the* initial and final states. 
Since 

vA = /'2'i 

oiu* V may be eliminatc‘d, the* result being 



Note* that each of tlu* above* e‘xpr(‘Ssions for \V is also an (‘Xiu'ession for 
llie* inlc'gral of p dv. 

In st('ady-fiow pr(.)])l('ms the cliange in enthalpy is important. It 
was shown abewe that 

dh = Cp dT, 


or, by the* definition of A‘, 

dh = At,, dr 

= k du. 


Following through an analysis similar to the preceding one, we get 


hi 



(PiG 


P2l'2) 


[ 2()1 



The* increase in ('nthali)y in an isentro})ic process is identical with the 
inte'gral of v dp, as is made* evident by the following relat ions, 

0 == T dfi = da -F p dv — dh — v dp; 
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therefore, right-hand members of [20] and [27] are also expressions 
for tlie integral of v dp. 

With the aid of [27] it is possible to eompute the change in kindic 
energy across a rf'versibh' adiabatic nozzle or the work done by a 
reversible adia))atic turbine ])rovided that the initial state and the 
final pressure are known. 



The Polytropic Process in a Perfect Gas 

A polytropie process is on(‘ foi' which tin* ])ressur('-volumo n^ation is 
given by 

pv'^ — constant, 


wlicH' n is a constant (Fig. 47). Either by thi' nii'thods of the (‘alculus 
or by comparison with [24], [25], [20], and [27] wc* get 


and 


r 


p dv = 


pp’l — poVo 
11 — 1 

IHT, - TjI 
11 ~ \ 


= ( )r 1 - 


Vi - 1/L 

\pl) \ 


P j n(p2’'2 - 

I V dp = — 

Ji n - 


PP'j) 

1 

nR{T2 - 1\) 

n — 1 




[28] 


[ 29 ] 
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Tlie first, of tiu'se is tiu' work doiui by the system in a reversible poly- 
tropic jirocc'ss, Imt it is not in general equal to the decrease in internal 
(^nergy. The second is tin* increase' in kinetic energy across a reversible 
nozzle or IIk' work d(‘livered by a reversible turbine in steady flow, but 
it is not in gc'iieral ('qiial to the increase in enthalpy. 

A r*onvc‘ni(‘nt expression for the transh'r of heat in a reversible poly- 
troj)ic ])ro(‘t‘ss may be' deTived as follows: 


Q = U2 - Ui + 



p dvy 


which, by [28] and the e^xprevssion for r*,, becomes 

« - (.4, - 

or 

n ~ 1 


Expre'ssienis for Q in terms of the i)revssure‘-volume' pre^duct or of the' 
initial ])re‘ssure' and temperature and the' piessure' ratio may be de'rivexi 
fre>m this last e'quation. 


Entropy of a Perfect Gas 

(Ihanges in the' entropy of a perfe'ct gas may be found through the- 
relation 


ds 


d,n p dv 

T ^ ^ ’ 


which is readily transformed for the present case into the following 
forms: 


ds — 


Cv 



dv 

V 


d^pv) dv 

Cv h R — 

pv V 


dv ‘ dp 

Cp “b Cy 
V p 


rji h • 

T p 


[ 30 ] 
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The corresponding integral relations are 


S 2 — Si = In “ -f- In — 

J 1 vi 


1 ^’2 , , p2 

= Cp In — h Cv In — 

v\ P\ 

. 2 p , P2 

= Ci, 111 /f 111 — 


If we choose to make the laitropy zero ai sonu‘ ref(‘r(‘nce state 0, then 
the entropy s at any other stat(‘ ih givi'ii, for ('xaniple, by 


6- = Cp In 




where p and T are the pn'ssurc' and Uanperalurc' of tlu' state in question, 
and Pi) and 1\) are the (•orr(‘sponding (piantilies for ihe nTerenec* state 0. 
An ('quivalent expr(\ssion is 

s = Cp In T - R In p -f- s', [32] 

w here s' is a constant. 

'Fhe increase of entropy during a pol> tropic* is ix^adily shown 

lo l)(‘ give ‘11 by 

Cp “ ncr T 1 
52 - Si - - In 

// — 1 i o 


PROBLEMS 

1 . Determine the gas 'Constant in ff-lb 11) 1 abs for aci'tylene gas, C 2 H 2 - 

2. Find the number of pounds of N 2 , ID, CD, Ilg, He, ami II^D lliat would be 
lu'ld l)y a container of 10 cu ft volume at a temp('iatun‘ of 300 h' and at a pn'ssuK* of 
1 a1mosi)here (assuming that (‘ach oi thcM* g.iM s is a iM-rfei t gasj. Fuul 1h(‘ corre- 
sponding number of moles of each. 

( 'omr)are the number of pounds of II vD found in this calculation with the number 
that would be found using values from the S(<ani Tahlci>. 

3 . (a) Find the work done by 1 Ib of hydiogen on a jiiston wh(*n the hydrogen 
expands isothermally at 1000 F abs from 100 lb sq in abs to 10 Ib^ s(| in. a})S. 

(h) Find the w^ork done by a volume of hydrogen which is initially the sairie as 
in (a), wlien it expands isothermally at 500 F abs througli tli(‘ same range of 
pressure. Ckirnpare the wairk done per pound of liydrogen in the tw'o cases. 

(c) Find the heat transferred in fa) and (h). 
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4 . A coiistant-voIun)(‘ contaiuer liolds 32 Ib of oxygen and 12 lb of solid carbon. 
It is surrounded by a lifiuid bath which is maintained at a constant temperature of 
200 F. I'he carf>on is ignit('d and burns completely. 

Find the final pn^ssure of the gas in the container if the initial pressure is 1 standard 
atmosphere. Assume that the initial volume of the solid (uirbon is luigligible and 
that in the final state the gas is in temperature equilibrium with the liquid bath. 

6, If, iiist(‘ad of oxygen and carbon, a container similar to that of problem 4 had 
held 32 lb <jf oxygen and 4.03 lb of hydrogen, what would be the final pressure after 
complete combustion? (Assume the same temperature and initial pressure as given 
above.) 

6. Measurements on a certain perfect gas at 600 F abs show that the specific heat 
at constant pressure is 0.327 and that at constant volume 0.256 Btu/Ib F. It is also 
found that at 3S.32 Ib/sq in. abs tlie specihe volume of the gas increases by 0.01 ft'^/lb 
for ea(di degree F in(;rease in temperature. 

From tliese dats, compute tlu; number of foot-pounds in 1 Btu. 

7 . F'iiid the work done by, the heat received by, the increases in internal energy, 
enthalpy, and entropy of a closed system consisting of 1 lb of air which is initially at 
20 Ib/sq in. abs and 600 F abs as its volume doubles in the following processes: 

(d) Reversible (constant provssure. 

(b) Reversibk; (;onstant temperature. 

(r) Reversible constant internal energy. 

(f/) R(‘versibl(‘ constant enthalpy. 

(c) Reversilile constniit entropy. 

(/) Adiabatic expansion into an exhausted chamber. 

(jy) Reversible - constant. 

(//) Reversible /> r — constant. 


8. An unknown mixture' of diatomic gases (A* = 1.4) initially viccupies a volume of 
100 cu ft at 10 lb sq in. abs and 100 F. If in a reversible process the temperature is 
increased to 200 F while the |)ressure remains constaiit, find the work done and the 
heat received by tlic gas and the increases in its volume, internal energy, enthalpy, 
and eiitroj>y. 


9. What IS the possible range of values of e for adinb.-itic and jjolytropic expansion 
of a perfect gas j)rovi(led that no work is supplit'd from the surroundingH? 


10 . Derive by tlie methods of the calculus expressions for 


and v 


dp 


l)etween a state corresponding to /uP’i and a .state corresponding to p,r for a path 
for which pr^‘ constant . 


11 . Compute th<' change in internal energy, enthalpy, and entropy for a mass of a 
monatomic gas (h =- ns hen it changes in pressure from 5 to 10 Ib/sq in. abs and in 
temperature from 1000 to SOO F abs. 'Fhe original volume of the gas is 1 eu ft. 

12 . Air is eompres.si'd ix'va'rsibly in the e}dinder of a eoinpressor according to the 

relation < 

pid-^ = constant. 

Find the net heat transfer (o each pound of air (to is -f , from is — ) if: 

(a) d’h(' temperature of the air increases by 100 F. 

(h) The initial pressure is 10 Ib/sq in. abs, the initial temperature 500 F abs, 
ami the linal pressure 20 lb sq in. abs. 



PROBLEMS 


107 


13. Find expressions for tiie entropy of a perfect gas similar to 
= Cp In 7’ — R In p -f 
in terms of p and v, T and and jw and p 


14. Sketch a T-s diagram for a perfect gas slanving lines of constant p, and h. 
Is a constant-/) line convex up or down? AVhy? 

Is a constant-?) line convex up or down? Why? 


Show that X 2 — si = 


Cp — rfc,, 

n - 1 


In — for a polytropic process. 
7 2 


16. A mass of air which occupies 1 cu ft under a pressure of 100 Ih/sq in. abs is 
expanded at constant pressure until its volume is 3 cu ft. Next it undergoes a poly- 
tropic ex])ansion until its pressur(‘ is 15 lb sq in. abs and its ^^olume is 6 cu ft. It is 
restored to its initial state by means of an isothermal com})reK.sion and an adiabatic 
compression. All these* proce.sses are executed reversibly. 

{(t) Determine the laxit n‘c(*ived from the soune and the heat rej(‘ct(‘d to the 
sink if only one .sourci* and one sink are availalile. Find the efficiency of the cycle. 

(h) Assume the initial temp(‘rature to be 500 F abs and solve the prolih'in using 
relationships involving specific h(*ats 

(r) Can we assunu* any values of the initial t(‘mp(‘rature or ol the mass of .‘dr 
;ind get the same results? 

{(I) IIow would tin* results difbu-, if at all, if tin; gas w(‘re nitrogen insO'ad of air? 


16. A horizontal insulated cylinder contains a frictionless non-conducting piston, 
d'he area of the iii.ston is 1 h<| ft. < )n (‘ach side* of the [list on is 1 cu ft of air at 20 It) s(j 
in. abs and 40 F. Ih*at is slowly su])j)lied to the air on tin* left side until tlu* piston 
ha.s coin[)re.ssed the air on tin* right sitle to 100 lb, s(i in. abs. 

(a) How' much work is done by the air on tin* right .side? 

(h) IIow mnch heat is add(‘d to the air on tlu* left side? 

(r) Can we treat tin* I'Xfjan.sion of tlu* air on the left side .as a [lolytropic expan- 
sion and obtain the r-orrect results? 

(d) What is the p-r relation for the air on the left side*? lOnd the w’ork done by 
that air with the aid of tliis relation 


17. A semi-perfect gas is one tliat satisfies part 1 of the definition of a perfect gas 
but not part 2. For orn* such gas wc* have tin* relation 


9.47 - 


3.47 X HF l.U> X 10'^ 


T 




7’‘‘ 


Btu/F mol. 


The molecular weight of the gas is 2H. 

{a) How much heat is required to raise the temperature of 1 lb of the gas from 
500 to .'iOOO F abs reversibly if the pressure is constant? if the volume is constant? 
(h) What is the av(!rage value of k in this range? 

18. A steady stream of air enters a compres.sor at low velocity at a pressure of 
15 If) 's(| in. ahs and at a temperature of 70 F, and leaves at low velocity at a pressure 
of l.')0 11) .s(j in. abs and a temperature of 000 F. If no ru*t heat tran.sfer oc(‘iirs to or 
from the ail as it [)a,sses through the com[)ressor, wh.at is tlu* magnitudi* of the work 
(loM(‘ on e;ich jxiiind of ;iir by the compr(*ssor? 
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19 . A steady stream of air enters a reversible adiabatic compressor at low velocity 
at a pressure of 1,5 Ib/sq in. abs and at a temperature of 70 F, and leaves at low 
velocity at a pressure of 1.50 Ib/sq in. abs. Find the amount of work done on each 
pound of air by tlie compressor and the temperature of the air leaving the compressor. 

20 . Starting from the steady-flow energy equation show that the velocity, V, of a 
f)erfect gas leaving a frictionlcss adiabatic nozzle is given by the expression 

where subscript I refers to the state at the cross section corresponding to zero velocity 
M,nd p denotes the pressure at the exit section of the nozzle. 

21. f ind an expression for th(* flow of a fjerfta*t gas through unit cross-sectional 
anat of a frictionless adiabatic nozzle in terms of the pressure at the section in question 
and the t emperature and presisure at the se(‘tion where the velocity is zero. 

22. Finfl for a pca fca-t gas an expre.ssion for tin; ratio of the j)resaure at the throat 
(cross section of minimum area) of a frictionless adiabatic nozzle to the pressure at the 
section where the velocity is zero. I’abulate values of this pressure ratio for values 
of /; b(^tween 1.2 and 1.7. 

23 . A pcM’fect gas flows (Kiiahalicall!/ througli a long pipe of constmit 

(irvd. At one cioss section the properties and tlu' velocity an' known and may be 
(h'lioted by symbols with subscript!) po, Tq, • • • , I'o- Ilownstream from this section 
th(‘ [uaissuH's are lower and upstream they are higher than po by virtue of frictional 
n'sistama^ to the flow of the gas. 

(u) lund a ri'lationship bt'twecui the enthalpy, h, and the specifi(^ volume, v, at 

any cross .seadion of the pipe in t('rms of properties and velocity at section 0. 

(h) Find a similar relation betwt'en pres.sure, p, and specific volume, v. 

(c) Find a similar relation between enthaljiy, h, and entropy, s. 

,\ssume the gas to be air, the pressure po It) Ib sq in. abs, the temperature 7*0 
lOOO F abs, and tlu* velocity Fo !()()() ft vS<*e. Plot the path of states from zero pres- 
sure to the highest possible pressure on A-c, />-r, h-s, and 7 -s diagrams. 


SA^MBOLS 

Cp specific heat tit constant pressure 

Cl, specific heat at constant voIuTnc 

Ju, fh pure temperature functions 
h enthalpy per unit mass 

M molec'ular weight ^ 

n number of degrees of freedom 

p pressure 

Q heat to system 

A gas constant 

R universal gas constant 

i entrotiy per unit mass 
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THE RECIPROCATING STEAM ENGINE 

The devices that are commonly called steam engines, namely, the 
recil)ro(;ating engine and the turbine, are not, in the thermodynamic 
s(‘ris(‘, lu'M.t engine's, but parts of heat engines. A heat engine was defined 
on ))ng(' 58 as a continuously operating system across whose^ boundaries 
How only h('at. and work. A reciprocating engine or a turbine, on the 
oth(‘r hand, has a flow of stc'ain across its boundarif's. It should be 
notc'd also that a flow of lu'at is not. (‘ssential to tlu' operation of a 
n'cipfocating ('iigiiK' or a turbine) — -in fact, the idealized engine or 
lurbine' is an aeliabatic device. 

A brie'f dese-ription of a he^at (‘ngine of which a turbine forms a part, 
was give'll on page' i)2 and in Fig. 80. Let us feillow the ceau’se eT a 
unit, mass eif wate'r as it passes around the circuit. The fluid is in the 
liejuid phase at 1, which is the' eait, ranee to the' boik'r, at, a prc'ssure' 
slight ly above' that, at, 2, which is the e'xit from the' sui)e'r}ie'ate'r. Through 
the' turbine a large fall in {ire'ssure' and te'inperaturc' occurs to the state 
at 8. Ik't we'C'ii the' e'xit from the turbine, 3, and the' conde'nsate line, 4, 
the' e*e)e)l ste'am is conelensc'd te) cool liepiiel at, einly slightly lowe'r jire'ssure'. 
'The' liejuid is then raise'd in pressure with only slight change' in temjx'ra- 
liire' by the' pump whie*h re'store's the initial stale' 1. 

The' e'hanges in jiressure that occur in the) beiiler and supe'rhe'ater anel 
in the* e'onde'iiser are imt e'ssential to the* ejpe'ratiein e)f the* lu'at, engine* 
anel are* in fae't- unde'sirable. Thi'iefeire*, in the iele alize'ei e*ye'le' we may 
assume them to vanish. Similarly, all friction anel transfe'r ejf heat in 
the turbine and the pump may be* avssunu'd to vanish se) that the* e'hange 
of state* of a given mass of fluid as it. passe's through the'se device's is 
rc've'i’sible anel adiabatic. Thus, the ide'alized cycle* consists eif two 
constant-pre'ssure processe*s and two isentropic proe?e'sse\s. It is calk'd 
the* l\(fNk'ine cycle. In Fig. 48 it is shown by solid lines on the pre'ssure*- 
\ ()lume' plane and on the te'inperatnrc'-c'nt ropy plane. In the latter the 
are'a under curve 1-2 is the he'at aekle'd in the) boik'r and supf'rhe'.ate'r to 
unit mass of fluid, and tlie are'a unde'r curve 3 4 is the heat rejected to 
the* e'onek'iise'r by unit mass e>f fluid, in ace'ordance with the de'finition of 
('iitrojiy. In both diagrams the e'ncleisc'd are'a i 2 3 I I is the net work 
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{We Wp) delivered by each unit mass of fluid passing through the 
cycle. 

The dash lines in the diagrams show an actual cycle having the same 
states at turbine inlet and at pump inlet as in the id('ali 7 ed cycle. In 
place of the isopiestics of the id(‘aliz(Hl cych' we have liiK's of falling 
pressure, and in place of the isentropics, lines of increasing entropy. 



Fio. 4S 


The Reciprocating Engine 

The H'ciprocating engine, like th(* turbine of Fig. 30, is a device 
which d(;livers work when provided with a supj)ly of fluid at. high pr(‘s- 
sure and a region of low ];)r(‘ssur(‘ into which the fluid may be (‘x}ianst (‘d. 
It normally comprises, as in Fig. 40, a cyhiKha- c, closed by a piston p, 
which is connected by means of a })ist.ori rod r and connecting rod k t,o a, 



flywheel /, and a valve mechanism v for admitting and discharging 
fluid at appropriate times in th(‘ (course of its cycle of opc'rations. 

For thermodynamic analysis of th(‘ processes executed })y th(‘ working 
fluid two kinds of measureriKaits ar(‘ (‘inployed: first, a measurerneni 
of th(‘ rat(> of flow of fluid to or from th(‘ engine; seconrl. a n‘(a)rd of tli(' 
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relationship between pressure of the working fluid and position of the 
piston. This n^eord is known as an indicator diagram and is obtained 
[rom a device called an indicator. The two coordinates of an indicator 
diagram are pressure and position of the piston. The pencil m^ Fig. 49, 
which draws the diagram on a card, is caused to move vertically a dis- 
tance propoJiional to tin* pr(\ssui*(i on tlie cylinder wall by means of a 
small piston //, which is ('Xf)os(‘d to th(‘ pressure within its owm cylin- 
der and w'hos(' iiiotion is resisted b> a calibrated spring s. The card is 
moiniUd on a drum d, wdjich is (‘aused to rot ate (by m(\ans of a cord and 
a reduction geanng which connects with the crosshead /?), so that its 
angular displacement is j)roportional to the motion of the piston. 



A typical diagram is shown in Fig. 50. The positions obthe piston 
corresponding to th(‘ ends of the card, / and are knowm as the dcad- 
revUr positions. It is (‘asily seen that th(‘ voiiinH' sw(‘pt througli by 
the face of the piston betwa*en d('ad center, c', and any position, g, is 
proportional t-o the distance, e'g. The volume of fluid confined within 
the engine between valve and piston is the volume measured by c'g, 
where g denotes the pK)sition of the piston, plus the voliinu* so confined 
when the piston is at dead center V’b The volume confined when the 
piston is at c' is called the clearance volume and compiisi's the portion 
of the cylind(‘r volume not swa'])t through by the piston in its stroke and 
the volume of ports or passag(‘s between valve and cylinder. To the 
scale to which tlu^ abscissa of tlie diagram indicates displaced volume 
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we may lay ofT the elea, ranee volume, oe ^ to tlu' left of e'. Then to the 
same scale the distance og measures the volume of fluid confined between 
valve and piston. If th{‘ mass of fluid that is confined is known, then 
it is possible by means of tlu‘ distances og and the scai(‘ fact or to determim^ 
the specific volume of th(' fluid. 

The work done lyy the fluid on the pist,on as it mo^'es from g to g' is 
represcaited by th(^ area under tiie curve^ joining the corresponding 
points on the indicatoj* diagram. Monaixa'r, the an'a enclosed by the 
diagram reprc'seiits the' net work deliv(T(‘d to the piston in the course of 
one cycle of operations. 

Four events are commonly marked on an indicator card: admission, 
Ay at the point where the inhd valv(' ojiens; cutoff, ('0, at the point 
where the inhd- valve clos(‘s; n'lease, 7i', wluni' the exlcuist- valve opens; 
and compression, iv, where the exhaust, valv(‘ close's. Barring leakage 
past valves and piston, the mass (T fluid (‘onfiiu'd betwc'cn cutoff and 
rc'lease is constant, and the saint' is true ht'twet'ii compression and 
admission. The tiuaiitity of steam confined within fht* engine bt'fwt't'ii 
compression and admission is known as the cushion steam . 1lie quant ity 
of steam that t'litt'rs the cylindt'r Ix'twet'n admission and cut-off (iind 
that leavers betwt'tai release and comprt'ssion for slt'ady conditions) is 
calk'd tilt' flow steam. Tha (|uantity of stt'am confint'd within tht' ('ugint' 
bt'lwet'U cutoff and release is the sum of the cushion steam and the flow’ 
stt'am. 



Indicator Diagram of a Reversible Adiabatic Engine 

A reciprocating engine in which all processes art^ reversible must be 
free from any fall in prt'ssurt' ata-oss the valves during admission and 
during t'xhaust, and it must be frt*e from transfer of heat to and from the 
fluid. The indicator diagram for such an ('Ugine without clearanct' is 
show n l)y the line aheda in Fig. 51 . Tht' prt'ssun* along be is the pressure 
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in 1li(‘ supply main, and that alonj^ ad is the pressure in the exhaust 
ehamher. Th(‘ exjxmsion line cd follows the pressure-volume relation 
of an isentropi(‘ expansion. 

Th(‘ indicator diagram for a nwersible adiabatic engine with clearance 
is giv(‘n by a'b'cd<t'. The [)rocess r(‘presenied by ah' is istmtropic and 
follows, in fact, th(* same seiies of slates, but in invta-se order, as process 
C(l\ that is, proc.c^ss ab' is precisely the reverse of process cd, except that 
a sinallcT amount of fluid is involv(;d. 

Effects of Irreversibility 

In an actual ('iiginc' some jn'essure drop must occur between the supply 
main and the C 3 dinder and between the cylinder and the exhaust 
chanibcT, so that the indicator diagram of the actual engine (the 
dash liiK' of Fig. 52) is of lesser height than that of the reversible 
(‘iigiiu'. 

In the actual engine the exhaust valve is opcaied whik; the fluid is at 
a pr('ssur(' (coiTes[)onding to R) which is distimhiy higher than the 
])ivssur(‘ in th(‘ (‘xhaust chamber. The ('iigiiu' is tlaai said to have 
invomplvUt expansion. Friction between piston and cylinder and 
b(‘tween moving parts and bearing surfaces will absorb wsonu' work for 

each inenanent of the pis- 
ton stroke; and, if the n(‘t- 
work done by the fluid on 
the piston o\'er that iiK're- 
ment is k‘ss than the work 
absorbed, it. is bcd.ter to 
eliminate' that part of th(‘ 
stroke. Thus, the stroke 
usufilly ('lids at some point 
c which is short of the point 
of complet(‘ ('xpansion d. 
Similar consid('rations dictate inconiphie eonipress'n)n to a pressure 
(corresiKinding to A) which is distinctly k‘ss than the prtvssure in the 
supi)ly chamber (corn'Sponding to b'c). 

Th(' course' of tin' expansion line CO R departs from the isentropic 
])rinci[)ally Ix'C'ausc* of lu'at transfer between tlu' fluid and th(' cylinder 
walls. Engine cylinders are adequately insulated, as a rule, from their 
environment, so that no significant, amount, of hc'at k'avc's the engine. 
Rut transh'r of heat may occur from steam to walls in the high-pressure 
parts of th(' v)])eration when the steam is hot, and from walls to steam in 
ilu‘ low-j)ressure parts when the steam is (‘old, lliis exchange of heat 
is an irreversibk' procc'ss which will be analyzt'd in dt'tail lat('r. 
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Steady-Flow Analysis 

Because the reciprocating engine passes through a cycle of operatiojis 
it can be studied through the energy equation of steady flow. For 
steady conditions at- thi‘ inhq. and outlet 
there must be enough volume of fluid be- 
tween the engine and fh(^ points of meas- 
urement to absorb fluctuations that are 
caused by the intermittent nature of the 
operations of the engine. 

Consider a reciprocating engine having 
receivers in t.h(^ inl(H- and discharge Im(\s 
(Fig. 53) that are large enough to insui'e 
steady conditions at a section I i)receding 
the inlet receiver and at a section 2 follow- 
ing the discharge receiver. For steady flow into and out of this a])[)a- 
ratus we may write [()] in the form 

h] + ~ = /?2 "b 77~ 11 X Qi 

where h denot(‘s the enthalpy per unit mass of fluid, V the mean velocity, 
Wx th(‘ work delivered by the engira' i)er unit mass of fluid enb'.ring at 
I, and Q the heal- entering tlu‘ fluid from ou(sid(^ p(T unit mass of fluid 
entering at 1. In g('neral, r“/2f/ is small at 1 and 2; tuoh'ovc'i, C 
seldom of significant magnitiule. Theodore, [32»| becomt's 

hi = ho+Wx. [34] 

If two of the three quantitii‘s li\, // 2 , and llT lire known tlu'. third 
follows from [34], If the steam at- 1 is suj)erheat(‘d, mensun'nunits 

of po'ssure. and temiK'ratuo' will 
suffice' to d(*t(‘rmine //j. C-ommon- 
ly, a two-i)hase mixture of liejuid 
and vapor is found at- 2 so that- tlu' 
valu(‘ of //2 do(*s not follow from 
ni(‘asurements of pr(\ssure and tern- 
jMTature only. But it nuiy be deter- 
min(‘d from eitlu'r of these im^asure- 
ments if the changes of state from 1 to 
2 is rciversible (as well as adiabatic), 
s ^ For tluai the entropy of state 2 is 
Fig. 54 id(‘ntical with tlu* known entropy of 

state 1, and the combination of entro})y and pn^ssun' or of entropy and 
ternperatun' id(‘ntifies stn1(‘ 2, dlnis, on th(‘ enthab)y-(‘nt ropy dia- 
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gram of Fig. 54, Ahg denotes the work delivered by each pound of steam 
to the piston of a reversible adiabatic engine, which receivers steam at 
state 1 and exhausts it at pr<‘ssui‘e p 2 * dlie state, 2', in Fig. 54 is the 
condition of steam leaving the r(‘versibl(' engine. 

The state of the st('am leaving an ac^tual engine, 2, will be different 
from the state of the steam leaving a revta-sibki engine, 2\ By the 
principle' of th(‘ increase of entropy, the entropy of state 2 must be 
greater than that of stat,(' 1, so tliat the work per pound of steam, 
which })y [34] is th(‘ Ah of Fig. 54, is less than the work per pound of 
steam of the rc'versibk' ('iiginc.* 

Efficiency of an Engine 

Th(‘ efficiency of an engine' of either the reciprocating type or th(^ 
turbine type is defined by the equation 

B'x 

” = ¥'7 

where i? denotes th(' efficiency, Wx the work d('liv('ri'd p('r pound of steam 
flowing to the engine, and Wr the work d('liv('red by a revc'rsible adia- 
batic engine working bctwe(‘n the same ink't stat,(‘ and the same final 
pressuH' (but- not the same final state) as th(‘ actual ('ngine. For an 
a(]ial)atic engine with negligible velocities in the supply and discharges 
mains [35] becomes 

Ah 


It- should be noted tliat the ('fficii'ncy of a recif)rocating engine or 
turbiiK' is difft'rent from the efficiency of a heat faigine, which is tlu' 
ratio i)f work di'livered to heat n‘C(‘iv('d. Nc'ither the reciprocating 
(‘iigiiu' nor the turbine depends for its o])eration on a t ransfer of heat — 
otherwise the discussion above' would not bc' limitt'd to adiabatic 
(‘Ugines. For this reason, the' efficiency of a heat eiiginc' and tlu' effi- 
cie'ncy of a reciprocating engine need n('V(*r be' confused, because the' 
de'finition of the feirmer canne)t be a})plie‘ei eithe'r to a reciprocating 
e'ngiiK' or to a turbine. Furthe'rmore', the' efficie'JU'V of a heat engine' 
is usuall}’ of a smaller luagnituek' than the* (‘ffieae'iicy of a re'ciprocating 
e'ligine - the forme'r be'ing e*ommonly less than 50 [)er cent and the 
latter commonly greater. 

Tliis is evident from Fig. 54 in whiehSlio lines of constant pressure have positive 
slof)e. An expression for the slope is fejund as follows; 

du + p dr dh ~ v dp 


so that (ds/6/i)p = 1 T, wliifh is always positive*. 
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Cylinder Condensation 

When steam passes through the jx)ii,s of a reciprocating engine on its 
way to the cylinder, it flows by walls which have Ix'en cooled but a 
moment before by steam passing to the exhaust, port. The conditions 
being favorable, a largo transfer of heat occurs from steam to walls. 
The steam is thereby cooled and sonu'times a large' portion of it. is (con- 
densed, while the walls are heated. The (conse'cpu'ncf's of this transfer 
of heat are therefore' said to be the results of cylinder condensation. 

Wh('n, with the exhaust, stroke, cold steam flows past thes(* walls onc(c 
more, the steam is heated and the walls are (coohai. Barring transfer 
of heat to the atmosplu're, the ruT flow of hc'at through a cycle of opt'r- 
ations is zero, and all conclusions that, apply to a finite adiabatic process 
will apply to the process exp('rienc(al by the' steam while passing 
through the engine. 

The transfer of heat from the steam in its hot sta1(' to th(c wall and 
from the wall to the sbaiin in its cold state is inla'rt'ntly irreversible. 
ThenTore, in accordance with Corollary i\ of the Sc'cond Law, the 
entropy of the steam is gi'cat.c'r when it l('av(‘S tlu' (*ngine than when it 
enters. It follows that the (‘uthalpy of the 
st(‘am leaving the engine is great.(*r than it. 
would have been had 1h(‘ procc'ss been ^ 

\au’sible, and the work deliveri'd by t.lic (aigiiH* 
is less by the amount tliat the (aithalpy is 
gn'ater. This loss of work is n'adily ac- 
counted for by a rc'duction in pnessure and 
volume after admission and an incr('ase in 
these' quantities after release. Th(' dash and 
solid lines of t he indicator diagram ot Fig. 55 
indicate respectively operation with and without, transfer of h(‘at . lh(‘ 
(effects are important ('iiough to justify a further analysis w'iiich is 
nam('d aft er Him who pn'sented it. in 1870. 

Him’s Analysis 

The state of the steam in the cylinder at, any instant, may be deter- 
mined from th(' coordiruites of the corn'sponding [)oint on the indicator 
diagram if the mass of the .ste.am in the cylinth'r is known. For, the 
ratio of volume (the abscissa) to mass is the s[K‘cifi(; volume, winch 
with the pressure (the ordinate) determines the state. 

It is not easy to measure t he mass of the cushion steam ” that 
occupms the cylind(‘r b(^tween comprc'ssion K and admission A, but an 
approximation w^hich is g(‘nerally satisfactory (‘an b(‘ obtained by 
assuming a saturat('d vapor stat(‘ at A. 1 he mass of sLaim in the 
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cylinder at, any point between cutoff, CO, and release, Ry is then the 
sum of the cushion steam and the flow steam per stroke, the latter 
being found by measuring the mass of condensate leaving the con- 
denser in the time required for one stroke. (It is assumed, of course, 



that leakage past the piston is negligible. ) 

With this value of the mass it is possible 
to find the state of the steam corresponding 
to any position of the piston between CO 
and R. All propcudies for such a state may 
b(i found from tlie Steam Tables. 

For the change in state between two posi- 
tions of the piston such as 1 and 2, Fig. 56, 
we may writ(' [2fll in the form 


Fig. 56 


Q = m(?i2 ~ ui) -f- W, 


where m denot(‘s the mass of st,(^am in tiie cylinder. The work, W, is 
found r(‘adily from th(‘ an'a und(T the cune 1-2 on the indicator 
diagram. The heat, Q, is the transfer from walls to steam and will be 
n(‘gaii^■(‘ at tlu' CO end of the curve. A similar analysis may be made 
of transf(‘r of lu'at for the opiTation biiweiai K and A. 

B(‘tw(‘(‘n A and CO the mass within the cylindcT is not- constant. We 
may, how(‘V('r, dc'scrilx^ a clovsed system eomprivsing all t.lie fluid con- 
fuK'd b(‘( w('('n valv(^ and piston at CO. In state A corresponding to 
admission tin* system is dividi'd into two parts, eacli of which may be 
assum(‘(l uniform in state: the part- consisting of th(‘ cushion steam wv 
which is (‘onfiiu'd betwecm valve and j^iston (Fig. 57), and the part 
consisting of tlu' flow steam ivj which is in the steam main at state m. 
For th(‘ chang(‘ from A to CO we may write [2a] in the form 


Q = {ll\. + Wf)uco - (iVcU^ + WfUyn) + W. 


Th(‘ work IT includes th(' positive work done by the system on the 
piston and th(' lU'gat ive work done on the fluid in tlie steam main. To 
make this latter work more evi- 
dent we may imagiiu' th(' fluid 
following mass fC/ t o be replaced 
by a piston (P', Fig. 57). In 
ord(T to maintain stcxim-main 
pressure it is nec essary to apply ' 57 

a forc(‘ to P' equal to the 

])roduct- of its arc'a and the' steam-main pressure Now as the 
stc'am flows into the cylindcT the work donc^ on the system is given 
by If led A^^co denote work done on the' piston of the 
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engine between admission and cutoff, the last equation hc'coiiK's 

Q == ('W^C + Wf)Uco - {li'ctlA + WfUrn) - cOt [36] 

or 

Q = (w?c + Wf)uco - -t a^co- [37] 

Similarly, it may be shown that the heat IraiislVa-red to the stc^am l)e- 
tween release and compression is given by 

Q = WcUk + - {wc -f Wf)ui^ 4- rWk, [38] 

where /lo denotes the enthalpy per unit mass in tbe exhaust main and 
rW K fbe work done by th(' steam on th(‘ piston of tlu* (‘iigine b(‘t.\veen 
release and compression. 

The analyses of these last two cases can be stat('d bri(‘fly if tlu' 
equation for an o[)en system [5] is first simplified by omitting th(‘ tc^rms 
represciiiting kinetic energ^^ and li(‘ight. Thus 

hQ - E" - E' - hhm 4- [39] 

where 8Q denotes the heat t.ransh'rred to tiu' opcai systcan whik' mass 
8m enters, 8Wx the corresponding work doni' on tlu' piston of tlu* 
engine, and E' and E" respectively the internal (uiergies of th(‘ rnasst^s 
initially and finally within the cylinder. It is (aisy to s('(‘ that [39] 
becomes [37| and [38] for the two process(‘s analyz('d abov(\ 

The summation of the quantities of heat (‘orr(‘S])()nding to the four 
process(iS joining th(‘ four events should vanish, within tb(‘ limits of 
(‘rror of the method, for all (‘iigiiu's of ordinaiy size, h'or way small 
engines the summation should b(^ negative* and (*{]ual to the* heat loss 
from the engine to the atmosphere ])er cyerk* of o[)(‘rations. 

Methods of Reducing Cylinder Condensation 

The lossc's caused by transfer of h(‘at or cylinder cond(‘nsation in the 
ordinary reciprocating steam engine are large* (‘iiough in many instance*s 
to justify the following modificatiems of the usual pre)C(*dure and 
design : 

Superheating. The higher the 1 e*mpe‘rat\ire of the* st-e*am c'litering 
the cylinder, the le\ss will be the moisture pre'sent during the exhaust 
stroke. The resistance* to transfe'r of he‘at at^ this e'uel e)f the eyede of 
operations is therefore* much greateT anel the^ fall in the* te*mperature* of 
the walls much less. The incenning ste'am, be'irig e‘xy)ose*d to hotter 
walls, gives up less heat to the*rn. 

Corliss Valves. Ste*am e*ntering and Ie*aving the* cylinele'r movers at 
high velocity past port walls, and it is to the'se walls, there‘fore, that 
much e)f the heat transfers. The simple slide-valves meadianism in 
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Displacement of h-p cylinder 


which all artioi] of Ihc valve is conc(‘ntrated on one side of the cylinder 
involves long ports with large surfaces which facilitate transh'i* of heat. 
S(‘paratc exhaust valves and inlet valves have betai devised, of which 
the ( nrliss valvc'S are (‘xanii)les, which can be placed close against the 
end of 1b(‘ cylinder so as to r(‘duce the area of port w'alls to a minimum. 

Com pounding. If the expansion is subdivided into two parts (Fig. 
5H) which th(‘ st(^am (‘xc'cutes succc^ssively in separate cylinders (a high- 
pn'ssun* cylinder and a low-pressure cylinder), the change in tem- 
perature experienced by the 
steam in one cylinder may 
be cut in half. The differ- 
(‘uces in temp(Tature between 
steam and walls are in turn 
{‘lit. in half. On the other 
hand, the wall surface to 
wiiich th(^ steam is exposed 
is not doubl(‘d, since the low^- 
I)r(‘ssuH^ (‘ylinder is of the 
saiiK' diimaisions as the sim- 
ple <'ngin(‘ (Fig. 5S j w^h('n‘as the high-pr(‘ssure cylind(‘r is much smaller. 
Th(‘refor(‘ th(‘ transha* of head' ))etw(‘en steam and wadis is reduced. 

This modification of th(‘ <‘ngiue is called compounding. It has been 
extend(‘d to [is many as five (‘X{)ansions in s(‘n(\s, though more than 
three is unconimon. 

Vnijlow. Th(^ unifiow^ engiiH' reduces 
(‘liminating th(‘ usual reviT- 



Displacement of l-p cylinder 
and of simple engine 


Fig. r)K 


cylind(‘r condensation by 



sal in the diri'ction of the 
flow^ of stiaim b(‘twe(‘n iid- 
mission and (‘xhaiisi. In- 
coming st(‘am pass(‘s ov(‘r th(* 
end of the* {*y Under (Fig. 5U) 
and enters through an ad- 
mission valv(‘. When the face 
of the piston has inovini al- 
most to the middle of lh(‘ 
cylinder it unco\'ers (whaust 
ports through which the 
steam leaves the cylinder. The piston is long enough to (‘lose the 
exhaust ports ov(‘r most of its stroke. 

By virtue of the unitlow’ design hot steam never comes in contact 
with th(‘ middle parts of the cylinder and cold steam never flows past 
the hot (aids of the cylinder. Ev(ai for large ranges of temperature the 
transfer of heat to and from the walls is small. 


Fig. .^t). 'Hm* I’niflow Engine 
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PROBLEMS 

In the following problems the events {CO, R, K, and .1) are expressed in terms of 
percentage of the stroke which separates the pi.sU)n frt)iii its extreme position (dead- 
center position) at the compression end. Thus, if CO were 2(1 per cent and K were also 
20 per cent, these two events would occur with the piston in the same position, 
though for the first it would be moving outward and for t he second it would be moving 
inw’^ard. Note that tlie volume confined f)y the piston a( (h( h(T of these events would 
be the sum of the clearance volume and 20 i>er cent of tlu' piston displacement. 

The clearance is often expressed as a [xTcentage of the piste m displae^ement. 

A double-a(‘ting engine is one in which steam is admitted alternately to the two 
sides of the piston. Other things being the same, a double-acting engine produces 
approximately twit^e as much work as a single-acting engine. 

1. Find the (juality of stesirn at cutoff in a cylinder in w liich the piston displac(‘- 
rnent is 0.1278 cu ft, ch'arance 10 per cemt, <*utoff 25 p(‘r c(mf., steam pressure at cutoff 
115 lb/s(i in. abs, and weight of steam in cylinder at cutoff 0.012 lb. 

2 . Find the weight of cushion steam in a (>-in. -diameter, S-in. -stroke engine in 
which (‘learance is 15 per cent, and compression l)egins tit 20 per cent. The back 
pressure (('xhaiist-chamber pressure) is M.7 Ib, s(j in. abs. Assume, as usual, dry 
saturated sUjam at th(‘ beginning of compression. 

Find also the pressure and (piality or superheat at the end of the compression, 
assuming reversible adiabatic {‘oiikpression. 

3 . Suppose' that tla^ compression in tht' jm'vious j)rob]em is not adiabatic, but 
such as to produce a final ])r('Ksure of 55 lb/.s<j in. abs. Find th(‘ (piality or superheat 
of the (mshion steam at the (Uid of compn'ssioii. 

4. An S-in.-diamet(u-, 10-in. -stroke, double-acting engine running 500 rpiii, with 
cutoff at 15 per cent and at 120 Ib s(| in. abs, requires 55 lb of steam per ihp-hr. 
(k)mpressioTi starts at 40 per cent and at 5 \h sq in a.l)s ( ‘learanco is 10 per eent. 
The indicated power is 50 li]j, 

(a) Find weight of cushion steam iind of flow' sb^am p('r stroke. 

(h) Find (juality at cutoff. 

(c) Assuming reh^ase to <K‘cur at 90 p(^r cent and at 50 Ib/ sq in. abs, find (juality 
at releast*. 

6. An engine is supjijied w ith dry satura.t('d stt'ain at 150 lli/sq in. abs and exhausts 
to a surface coiid(m.ser at 5 lb/s(| in. abs. 

When running without a steam jacket, the (‘lufinc rcijuires 20 lb of sU'arn ^ler 
ihp-hr. 

When running with a jaciu't., it re(HJires IS lb per ihf)-hr for the cylinder, and 
2 lb per ihp-hr for the jacket. 

Assuming jacket pressure as 150 lb. s(j in. abs and no loss of heat from pijnrig, find: 

(a) Heat added in the [toiler in Btu jter ihp-hr for each case. 

(b) Efficiency of the complete heat engine in each case. 

(c) Per cent saving due to jacket. 

6. (a) Find the indicated work per jiound of steam for a reversible adiabatic 
engine which receives steam at 100 Ib./sq in. abs and 400 F and rejects it to a con- 
denser at 5 lb ^s(j in. abs. 

(h) Find the indicated work if the steam were throttled to 75 Ib/sq in. abs before 
being introduced into tlie engine. 

(c) Sketch indicator card.s for (a) and (5). 
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7 . Show i(‘(iu(!tioii-t()-;il)Siir(Jit.y methods that the work per pound of steam in a 
reversible adiabiitie r(‘eipro(;ating (uigine is greater than that of an actual adiabatic 
engine whif^li rcreives steam in the same state and rejects it at the same pressure. 

8. EiKjlnc: 

Doublo-Mctiiig, 200 rpm, 8-in. -diameter, 10-in. -stroke (p.d. = 0.291 cu ft). 
Supply steam: TJo lb, sq in. nbs, dry saturated. 

(mndeiiser: 14.7 Ib, sq in. abs. (k)oling water, 80 Ib/lb steam; inlet 

t(miperatur(‘: (35.00 F; outlet temperature: 95.97 F; steam flow: 0.02293 Ib/stroke; 
foiidensate temperature; 200 F. 

EvaUfi: 

GutofT (GO) 

Ibdease (/<*) 

('ompression (/\) 

Admission {A) 

(dearance - 10 per c(*nt. 

Assume as usual dry .saturated st(*ani at K. 

Work (|)ositiv(' wtu'u done l>y th(‘ steam): 

.1 to GO 1.289 Btu, stroke 

t'O to E 2.222 “ 

E to A' -0711 

K to .4 -0.5(17 “ 

N('t work 2.158 

(a) Wliat is the wi'ight of cushion steam? 

{h) What is the (piality at cutoff? 

How much heat is transferred, and in which direction, ])etween: 

(r) .Admission and cntolT? 

(d) (EitotT and ix'huise? 

(c) R(deas(' and compression? 

(/) Gonipression and admission? 

ig) What, is tlie net heat transfer from the cylinder to the surroundings? 

(//) \\ hat is tlif' efliciency of the engine? 

(i) Is the work per pound of flow st(*am e<jual to the change in enthalpy between 

the steam main aiul tlie condens('r inlet? 

9. ddie ///('(//! effect ur pressure (mep) on a piston is that pressure which when 
multiplied liy the area of the piston and the stroke gives the net work done on the 
piston in one cycle of events. Find the met) corresponding to the data of problem 8. 

10. A eonveutunml ntdie.ator card (Fig. (30) consists of a line of constant pressure 
corresponding to the ])ressure in the steam main and extending between zero volume 
and the volume at cutolT, a line for which pV is constant extending from the volume 
at cutoff to the volunu' confined by th8 piston at the end of its travel, a line of con- 
stant volume at this latter volume e.xtending downward to the eonden.ser pressure, 
and a liiu' of constant pressure extending to zero volume. Find an expression for 
the mep t)f the conventional indicator card in terms of the .steain-main pressure, 
P„t, th(‘ (‘ondenser pre.ssure, pc, and the ratio of the ma.xinium volume to the volume 
at cutoff (the e\})ansiun ratio 1 , E, 


20 per cent, 110 Ib/sq in. nbs. 
= 05 “ “ 82 “ 

= 80 “ 20 “ 

= 0 80 “ ‘‘ “ ‘‘ 
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11 , The diagram factor is the ratio of the mop of an actiiiil indicator ('ard U* that 
of the corresponding conventional indicator card. 3’al)Ies of values of di.‘<gr.ini fa<‘t< trs 
that correspond to the performance of engines of diflerent types under various con- 
ditions may be found in engineers' handbooks. An exatnple of the application of 
the diagram factor is given in the following problem : 



Phci. (>(). Conventional Indicator Card 


Given an 18 in, by 24 in. simple double-acting (ngiiK* running 120 rpin under the 
following conditions: 

Cutoff 40 per cent 

Cleararnn B) 

yteain-inain i)res.sure IdO lb s(| in. abs 

Exhaust pressure 2 “ " “ “ 

Diagram factor 0.85 

l-'ind ihp. 


12. Find the steam consum})tion in ])Ounds p(>r hour and the steam rate (the 
number of pounds of steam p(!r horsi'power hour of work) of engine of ju’obh'in 1 1, 
on the following assumptions: 


l*ressure at cutolT 

(Quality of cutolT 

(Quality at end of (‘ornpre.ssioii 

Pressure at “ 


120 11) S(j in. ab.^’ 
SO j)('r (•(>») t 
Dry s^lturati^)n 
20 11) S(j in. abs 


SYMBOI.S 

E internal energy of a system in general 

g acceleration given 1 Ib of mass by 1 lb ol force (.32,174 ft/sec^) 

h enthalpy per unit mass 

ni mass 

p pressure 

Q heat to system 

■S’ entropy per unit mass 

u internal energy of unit system in the absence of motion, gravity, etc. 
V mean velocity 

Wr shaft work delivered by a reversible adiabatic engine 

\Vx shaft work delivered by an actual engine 
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Greek Letter 
7) efficiency of an engine 

Subscripts 
A adiuission 

c cushion steam 

CO cutoff 

/ flow stcain 

K corni)reshi()n 

7n stcain main 

p constant pressure 

R release 

constant entropy 
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CHAPTER XI 


THE STEAM TURBINE 

Th(‘ turl)ine is an c'ngiiie vvliirh dorivcvs work from a steady stream of 
fiviid. Its working forces come from ciumg(‘s in tlu' moment inn of tlii' 
fluid stream rather tlian, as in the ri'ciprocating (aigini', from the pnvs- 
sure of a static mass. T]ii‘ force ('X('rti‘d hy the stream has a com- 
jionent which points in the sanc' din^clion as th(‘ v(‘l()city of the part to 
which it: is applied. If it wiav in th(' o])])osit(‘ direction work would 
h(' ahsorlx'd by thi' machine' which might then be a ccnirijugal cowjire^sor 
or a blower. 

This chapt(‘r will ser^•e to illustrate th(‘ application of the First and 
S(‘(*{)nd Laws to probk'ins in the' sfc'ady flow of a fluid. A few of tlu' 
commonest tyjies of tui’biiK's will ])e discusse'd, but no ai lem])t will be 
made to dc'seribe all th(' nunu'rous turbiiH'like' (U'vices that havi' been 
inveaited or us(*d. 

In gx'neral a turbine consists of a seaL'S of passage's which are' formi'd 
by pie'ce's of me'tal calk'd guides or blades. ITe' stre'am of fluid ])ass(‘s 
alternately betwi'en guiek'S that, are* stationary anel guiek'S that are mov- 
ing, or, as in the' Ijjuugsiraui turbine, alternately be'lwe'en guieies that 
are' me)ving in e)ppe)sit(' dire'e'tiems. 

Jn the' stationary passage's the' stream is given tlu' dire'C'tion of motion 
of the next re)w of moving guide's. In the moving passage's t.he ve'k>e'ity 
of the* stre'ain n'lati\a' to the* guiek's is re'Ve'rse'd in diree'tion and some- 
times ine're'aseel in niagnituek*. ^J'he' change' in eliieciie)!! and ve'locity 
results in a fore'e' on t he' moving guides which e'an be' made* to do work 
against, external resistance's. 

Types of Turbines 

In eacli of the three types of turbines described he're* there is a drop in 
pre'ssure across the stationar}" passage's or nozzles whie*h ?-e'Sults in a 
markeeel increase in the^ ve'kie'ity e)f the*, stre'am. The* nozzk'S diree't the 
st.re*am at. the moving vane's whie^h are e'alk'el bvekets. 

In an impulse turbine no e'Eange* in fire'ssnre' oe’e'urs across the buckets. 
A stage of an impulse? turbine usually consists of a row of nozzk'S fol- 
lowed by a single row of buekets (Fig. 01). Seane'time's the single row 
of nozzk'S is follenved by twe) moving rows e>f blaek's and one inter- 
mediate statieaiary renv (Fig. <i2). Xo <‘hange' in pressure e)e*curs across 

12.5 
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any of the three rows following the nozzle. The stationary inter- 
mediate passages are not called nozzles because the stream does not 


Nozzles 

. Mov- 


Buckets 


mg 



{a) Pressure Distribution 



(h) Arran^rernent of Nozzles and Buckets 
From Nowiiian, Ptxrer Plant Enu’o, Vol. 41 (H>.‘?7F p. 
by piTJtiissnai of ihr Oenoral (’onir'.-tn.v 



FicJ. t)l. 'Flic Impulse Turbiru' 


Pressure — ► 



increase in velocity as it passc's through them. Tliis stage is called a 
tiro-roir irtipiilsf stage, Ocensionally a tJirei-nnr stage, with two rows 
of in1('rm(‘{ii;it(' passages, is (‘ncount<‘r('d, Iml stages with mon' than 




THE ZERO ANOI.E TTHIBINE 


127 


Nozzles 


Buckets 


three moving rows arf‘ not mndv todny. Tlu‘ two-row and three-row 
types of stage are eall(‘d vducitif-vtmrpound 

In a reaction turbine the pr(\ssur(* falls across tin' moving blades as 
well as across the stationaiw oik's (Fig. (>3). Usually the drop in pres- 
sure across the moving blades is approximately equal to that across 
the stationary blad('s. Without this last (jujililication the term reac- 
tion turbine would cover practically all existing typ(‘s, Ix'cause there is 
no way tu insure eciuality of pressui'c across th(‘ moving blades. More- 
over, the impulse stage if n^al- 
ized would be merely the 
limiting case of the reaction 
stage. Modern multist ag('. tur- 
l)ines are cornposc'd of stage's 
in which the drop in ])r('ssure 
across the moving blade's 
ranges from ze'ro to a value* 
slightly in exe'ess of that a(*ross 
t he nozzle. There'fore, all mul- 
tistage turbine's are e'sse'utially 
ivaction turbine's, though the 
various manufae'ture'rs distrib- 
ute* the fall in pre'ssui’o differ- 
ently bf't, wee'll stationary and 
mewing parts. Tuibine^s of low capacity arc* like'ly to approximate* 
e;losely to the impulse* tyjie be'cause* small impulse turbine's are more 
efficient than small reaction turbine;s and clieaper to build. 




Fjg. 03. 'the* Reaction Turbines 


The Zero-Angle Turbine 

The nozzle of a turbine stage dire*cts the' stre'am eif fluid as nearly as 
is practicable in the same dire'e'tion as tlie* motion eif t he' bucke*ts. Thus 
the angle a in Fig. ()4 is small. If it were* maele* vanishingly small the 

are'a threnigh whic'h the* fluiei flows 
woulel also be vanishingly small unlevss 
the* dimensie>n pe'rpeaidicular io the 
se'ctiein eif Fig. 04 we're indedinitely 
large*, llowe've*!’, we- imiy ieh'alize the 
nozzle for purpose's eif analysis and 
assume* its angle io be ze'ro. We may 
make a similar assuiiifitiori e*oneHa-ning the* liucke't angle* /i. The results 
of eair analysis will ne>t be* strictly applie-able te) a real stage* with finite 
angle's, but t he*y will indicate* ce-rtain e‘hara.e*tf']i.slics of a re'al stage. 

We shall assume* furthe*r that the* j)r()C(*sses ('\p(‘ri('ne*(*d by the fluid 
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passing through th(‘ stage an* both reversible and adiabatic: no change 
in entropy occurs. Then for a given initial st,atc of the fluid the final 
state is det(*rniined by the* final pr(‘ssur(% because a second independent 
f)rof)erty, the entropy, is identical witli that of the initial state. Now 
we may apply the energy equation of steady flow [6] to the stage: 

ha + ~ ” hi + ■— -f IVT, 

wh('i-(‘ Wx denotes the work (l(*liv(*i’(‘d to tla^ moving blades per unit 
mass of fluid (ait(‘ring tin* st.age, subscript, a i‘(*f(*rs to a section pre- 
c('ding lh(* nozzk*, and subscript b to a section following the last row of 
]»lad‘/s. If the inlet velocity is vanishingly small, the last equation 
simpliti(*s to 

r2 

ha = h, + — ^ + 

^(J 

or 

[401 

If the initial state and final })r(‘ssur(‘ an* fix(‘d, the isentropic decreas(* 
in enthali)y {ha — ///,) is also fix(‘d. Th('r('fore, tlu* work d(‘livered to 
the l)uck(‘ts is a maximum wh(‘n V?, vanishes. 

b('t us find tlu* V(‘locity V(‘(*tors for a })ur(* im])ulst* stage?. The* state 
of the fluid leaving tin* nozzle is tlu* sann* as its stall* when it l('av(‘s the 
stag(‘, b(‘caus(‘ iK'itht'r tin* po'ssun* nor th(* (‘ntroj)y changes across the 
])U('k(*t. Thc'refon*, th(' \clocity l(*aving the nozzle, which we shall 
d(‘not(* by Ih, is given by tlu* (‘quation of steady flow 

ha — hi, T 7~ , 

or 

I'l = V'-2g{lu - h,,), 

becaus(* no w^ork is d(‘liv('nHl outside the fluid stn'am as it passes 
through the nozzk*. We may choose (ha ~ hi,) to be of such magnitude 
that I 1 is unity. Tlu* speed of the buck(*t, which we shall call the 
wh{‘(‘l sp(*ed and shall di'uote by IE, is entin'ly arbitrary. We may 
s('l(*ct tor it a valiu* half as large* as Ei. To an observer moving with the 
bucket — that is, an ol)s(*rv('r dayidnig on the bucket — the velocity of 
the stn'am k'aving the nozzle will appe'ar to be k'ss than to a stationary 
()bserv(*r by an amount ('qual to the wheel spe(*d. Ve'locities S(‘en by an 
observer standing on the bucket wc* shall call relative velocities, and 
those sec'ii by an ob.servc'r standing on the* nozzk* we shall call absolute 
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vr]ociti(\s. The relative \'(‘locity (entering Hie bucket, which we shall 
denote by Y 2 , will be J for the conditions assumed. To the saini‘ 
observer the velocity leaving the bucket, the relative leaving velocity, 
is of the same magnitude but reversed in direction. Denoting it by 
we have 

V 3 = 


We find, tluai, that the stream leaving the bucket is moving backward 
relative* to the bucket as fast, as the* bucket is moving forward; so that 
to a stationary observi'r, the vi'locity of 
the stream k'aving the stage, TT, is zc'ro. 

The vector diagram for this stage is shown 
in Fig. 6.5. 

The velocity \ 4 is id(‘ntical with tlu* ve- 
locity T^ of 140]. The vahu* of Ff! will lx* 
hnite and greater than z('ro for any N aha* of 
W other than ^ 2 - Therefon*, by 14()|, the work 
is a maximum when 


^ 

^ W-^V 2 

V V2-I/2 

^ V,--l/2 

W/V^^^t /2 

I' Hi. 65. Impulse Stage 
d(*liver(‘d to the buckets 


L _ 1 

Vi ' 2 


[411 


In a reaction stagt^ tlie relative* velocity F 3 l(‘aving Hie bucket is 
greater than the relative* ve'locity Vo e'ute'ring the* bucket by virtue of 
the pressure* elreip across the* iaie'ket. The* state* ol the* fluid le*aving 
the bucket at se*e‘tie)n h is no le)nge‘r the* same as that, ol the fluid h'aving 
the nozzle (section c, Fig. 61). The ve*le)city leaving the nozzle is 

given by 

\ ) ~ \/2g(ha — ih)- 


The relative* velocity heaving the bucket, F 3 , may be found from the 
ene*rgy e(iuatie)n e)f st.eaely fle>w as it. wemld be* stated by an observeT 
standing on the* bue*ke*t,. Tie* would eibsrrve nei work be*tw'e‘en entrance 
and exit, of the* })ucket,, because the bucke‘t is not mening retative to 
him. Therefore, the energy e*e|uatie)n be'corne's 


he -f 


i1 

2(7 


hh -f 


If 

2 ^ ' 


or 

Fa = Vvl + 2(,(hc - h}. [12] 


Let us define a pure reaction slagr as one* in which the* ise*ntropic droj) 
in enthalpy acre)ss the ne)zzle is the* same* as that acre)ss the bucket. If 
the velocity leaving the neizzle is unity and the* vvhe*e‘l spec*d is also 
unity, then the relative ve‘locity of the fluid approaching the] bucket is 
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zero. 

ing tlie bucket is unity and the absolute* velocity there is zero, as shown 
in Fig, 6(). The work de^livered to the buckets is still given by the 
(*quation 

= ha - ho , [ 40 ] 


W, 




so that the work is a maxiinuni wlaai V 4 is zero. 


oilier than unity, I 1 is gr(*at(‘r than zero. 
^ ^ niaxinumi when 

IV-/ 

. ^ 2^0 

* l^s-0 


For any wheel speed 
Therefore, the work is a 


IF 

IT 


1. 


[ 43 ] 


-0.707 

I'm. (id. Reaction Stage 


On comparing [ll] and [43] we find that for 
th(* sanu* vc'loeily of tli(‘ nozzle jet tin* pun* 
reaction stage' r(*(juir(\s twice as much whec*! 
spc'cd as the pure' impulse s1,ag(*. IIow(‘V(‘r, the reaction stage employs 
a larg(‘r drop in ('uthalfiy than doi's the impulse stnge. In order to put 
th(' two on a common basis, let us <l(‘fine a velocity Fq which is a char- 
acteristic of the drop in (*nthalpy across tin* entire stage: thus 


Fo - V2(j{ha - ho) = V2<jM}ss, 

when* AfUf, (h'lioti's tlu* is(*nt,ropic drop in (*nthalpy across the entire 
stngi*. Then any two stagi's, n*gardl('ss of typ(‘, will have identical 
\alu(‘s of the isimiropic droji in (*nth.alpy for identical vahies of Fq. 
l'\)r tin* pun' impulse stage dis(*ussed above, we get 

Fo - Fi, 

whereas, for the pure n'action stag(‘ in wdiicli the drop in enthalpy is 
the same across nozzle and bucket, w(‘ hava* 


F, 


\'2g 2 {ha - he) 


V2Vi. 


It. follows that for maximum work the ratios of wheel speed to Vq are 
as follows: 


W 1 


for pure impulse; 


TF ^ 1 
Fo \ 2 


- for jmre reaction. 
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For the same drop in (aithalpy across the stag(' (the same T^o) ratio 
of t,he whe(‘] speed for pure im]Hdse to that, for pure reaorion, each 
corresponding to the wIkh^I speed of maximum work, is i/V2. 

It is easy to make similar analyses of st.ages with various other 
values of the ratio of 1h(‘ drop in enthalpy across the buckets to that 
aci’oss the stage (tlu* (‘iithalpy-drop ratio). Th(^ curve of Fig. 07 
shows TF/Fo for maximum work for values of the enthalpy-drop ratio 
less t han 1 . Tli(‘ abscissa is A/csf,/ 
where Ahsh denotes the is(‘ntropic 
drop ill enthalpy across tlu^ bu(*kets. 

Ne^gative values of this ratio denot(‘ 
a rise in enthalpy (and in jiressunO 
across the buck(‘t.s. Wlnai the ratio 
b('Com(hs unity tlje ('ntin^ drop in 
pressure occurs across tlie buckc't and 
the V(‘locity of the nozzh' jet Vx'conu'S 
Z(‘ro. For this case no finite wh(M‘l 
speed will rx'sult in a \’elocity of Z(‘ro 
at the buck(‘t exit. Valmvs of t[i(‘ 
abscissa of Fig. 07 gi’catei- (luui unity 
will yi(‘ld imaginary valu(‘s of HVVo, 
because thc'n^ is no way f>y whi('h th(‘ drop in (aitlialpy across the 
buckets can excc'ctl the drop across tin* stage if 1l>(' velocity of the Iluid 
approaching the nozzl(‘ is negligible. 

Possi})le \'alu(‘S of the ratio range all tin^ way from -f 1 to 

— 00 , but in practice all values He between 0 and 2 - Som(‘ reasons are 
given below for the selection of this small range f)f valiuvs. 

The valiKi of W/Vq for maximum work is a measure of the wheel 
speed n‘(iuired for a given range of expansion. A higli value of W /Vq 
signifies a large diametei* for a given angular velocity or a high angular 
v(docity for a givem diameter. In eitluu' eve,nt the str(\ss(?s in the 
rotating parts will l>e higher for higher W/Vq and the parts will be 
correspondingly more expensive. In a multistage turbine a high 
TF/Fo may signify a low Fo, w^hich means in turn a small drop in 
enthalpy per stage and a large number of stag(‘s to accommodate the 
complete drop m pressure. In consequcaice, tJu; valu(i of W/Vo may 
be used as a rough measure of the cost of a turbine, high values of 
HVFo eorresponding to high cost and low valiK's to low cost. 

From this rule and Fig. 67 one might conclude that a value of 
Ahsb/Ahss approaching — oo would be df‘sirable. But two other con- 
siderations enter, namely, friction and l(‘akage. 

Friction forces in turbulent flow vaiy approximabdy as the square of 
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tho velocity; lliercfore a stage with high strenni vdocities will suffer 
serious losses of work from friction. It. ctiii n'luliiy h(' shown that 
for a given ]\) the iiiaxiinum vc^locity in a pure reaction stage (which is 
l/V'^2 times Uo) is lower t.han th(* maximum velo(*ity in any other 
stag(‘ if all ar(! operating at th(^ wheel speed of maximum work. There- 
fore, th(^ puix' r(‘act.ion stage vshould suffer least from friction. 

Eluid that k'aks around th(‘ huck(‘ts through the cl(‘a ranee betwe^ai 
moving and statioiiary parts performs no useful work on the buckets 
and may gravely alh'ct t,h(' efficicaicy of tin' stage. Tli(‘ effect becomes 
gixaiter the largf'r t he drop in pn'ssuo' a<*ross the buck<'t . For a rise in 
pn'ssure across th(‘ bu('k(‘t (negative valiu's of A/r./yA//.,., ) the direction 
of leakage is r(‘V('rsed, but tlum the (effect is even more serious b(‘cause 
work must, be done* on th<‘ leakage (luid in bringing it up to the speed 
of the buck('ts.* Only in the pun* iminilse stage is tlu‘ l('akag(' loss zero. 

Because friction fa^'ors th(‘ reaction stag(‘ and l(‘akag(‘ th(‘ impulse 
stage, the b(‘st turbiiu^s will have im))ulse stag(\s whiav buckets are 
short and l(‘akage ann. is kargi* compared with bucket aix'a, and reac- 
tion stages wh(*re buck(‘t.s are long and kaikagc^ ai'(‘a is small com})ared 
witli bucket ai‘(‘a. When this ruk‘ is followed minor \'ariations in the 
distribution of impuls(' and reaction through a jnultistagc* tuihine seem 
to hav(‘ littk' inlliuaice on th(' ('fhcitaicy of the turbine. 

Efficiency and W jV^ 

By s(‘k*cting various values of \V and computing in turn the corre- 
sponding V(‘ctors Fi, V 2 , 1 ;o and Y 4 on(‘ may bind througli 1 10] the work 
IFj d(‘liv('red by (^ach pound of Iluid |)assing through the stage. Th(‘ 
efficiency of a turbini' stage' is de'fined as 


In terms of the abse)lute ^'(‘k)city k'aving the' stage, Ft, we get for the' 
reve'rsibk' adiabatic stage', by virtue' of [ 10], 


7 } = 


yi/ 2g 


or, by the definition of Vo, 



[45] 


Willies of this efficiency arc givi'n for zero-angle, re'versible adiabatic 
stages of the pure impulse and pure' re'aetion type's as functions of 

* There is also an interferenee with the diffusion process in the bucket caused by 
the slowly movnni? leakage fluid. 
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W /Vq in Fig. 68. The values of the abscissa for maximum efficiency 
are in accord with Fig. 67. 

Both types of stage have an efficiency of zero at a wheel velocity of 
zero. For a value of TF/Fq of unity the efficiency of the reaction stage 
is only slightly less than the maximum and that of the inipulet‘ stage 



has dropped to zcm'o, having passed through its nmxirnuin at a value 
of ]4VF() of 2 - As H /Fo increases beyond unity th(‘ (‘fiiei(aiey of th(‘ 
reaction stage falls toward \ as a limit; the (‘fh(’i(^iiev of tlie impuls(‘ 
stage, for which in this range there is no ehang(‘ in th(‘ magnitude or 
direction of th(' velocity of tlie stream after it leavers th(‘ nozzle, nanains 
at zero. 


The Zero-Angle Two-Row Wheel 

The velocity diagram for a two-row stage* at. the wluad specal of 
maximum work is shown in Fig. 69. The (efficiency of su(‘h a stage, 
which is given by 


77 = 1 - 




is shown by the dash line of Fig. 68 as a function of 11 /I o- 

The value of TF/Fq for maximum work is \ for a two-row stage as 
compared with \ for a pure impulse stage and I/V 2 for a pure reac- 
tion stage. For the same drop in enthalpy the two-row stage re<piires 
one -half as much wheel speed as a pure impulse stage* and only slightly 
more than one-third as much as a pure reaction stage. Therefore, a 
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turbine* consisting; of two-row stages costs lf‘ss to make than a turbine 
consisting of single-row stages of eitluT the* inip\ils(* or the reaction type. 

I'he ('fficiency of an actual two-row stage is lower, however, than 
that, of either of tlie otlua- types. For the surfaces on which the steam 
rubs after it l(‘aves the nozzle are much greater in area than in cither of 
the other typ(‘s. Moreovcir, the velocity of the stream relative to the 
tirst row of buckets is higher than tla* va*locity r(‘lat ive to tlu* buckets 
of eilh(‘r of th<‘ others, and the* friction forces are th(‘r(‘fore greater. 


Stationary \ 


^ 1 / — 1 ^ 1 / 


*- rj-i = rg 

Moving 

- ))) 

r2-3/4 

^ ^3— 3/4 

Stationary 

C(( 

^4—1/2 

^ If5-V2 

Moving 

))) 

^ V6-1/4 

Vj^-l/4 



.Ifs-Q 


Fie], (il). 

Twi)-Rmv Stage 


The two-row stage combin(*s low cost, with low efficiency; therefore 
it is used (‘ommonly in turbines of low capacity* or in any turbines for 
which tlu* cost of th(‘ turbiiu* is of more* consecjuence than the cost of 
the fuel n('c('ssary to op{*ration. A relativ(*ly efficient type* of two-row 
stage is oft(‘n u.se'd as tlui first stage in multi-stage turbine's of high e*a- 
paetty anel high effieteney. Ile*re* its fune*tieai is to pro\dde a large 
drop in preassure* across the* nozzle's e)f the* tirst stage, whie'li its low 
value* of W /Vq permits, so as t.o re*elue*e* the pre*ssure on the? leakage* 
s[)ace‘ betwe^en the re)tor and its casing. This arrange*memt rc'sult.s in 
a .saving in cost by siib.'^tit ut ing a two-re)W stage* fe)r several single-row 
stage's, without a ce)rre'spe)neling ffiss in tiie e-fficiency e)f the turbine, 
)>e‘e*ause* the* le)W e'fficiency of the two-row stage is compeaisated by a 
re'duction in le'akage* le)ss. 

The Reversible Stage with Finite Angles 

The* vele)city diagram for a stage with finite angle's is shown in Fig. 
70. Tlu* absolute velocity le*aving the nozzle, Fi, is denoted by a 
vee*tor which i.s inclined at an angle a, the nozzle angle, , to tlu* plane of 
relation of the buckets. The* rc'lat ive* velocity approaching the buckets, 
V 2 . is found by subtracting vectorially the wheel spee^d, TF, from the 
j(*t spe'e'd, Vi. 

The relative* veleicity h'aving the bucket, V3, may be found from [42] 
as in the* ze*ro-angle* e'ase*: 

1 3 = V V 2 + 2^ 

* The capacity of a turbine is the amount of power that it can produce. 


[ 46 ] 
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where Ah^h is tlu' is(^ntropic dern'n.se ii.' enthalpy across the buckets 
The absolute ^a'locity leaving th(‘ ])uckel, ]' 4 , is found by adding vec- 
torially the wheel si)eed, W, to the relative vc'locity, F 3 . 



W 

I'la. 70 


The work delivered to the bu(^k(‘t.s p('r fK)und of fluid in this rcversi])I{‘ 
case is given by [40] as in the zero-angh' case.: 

W, - A/;.. - . 

Ml 

But, in general, Ahf,^ is inad(‘ up of t wo parts, one the drop in enthalpy 
across th(' nozzle, A//.,ru which is ('(pial to tin' iiicr('as(' in kinetic eiK'rgy 
across the nozzle as seen by a stat/ionary oLsca'vc'r, arid the oGnn tin* 
drop in enthalpy across the bucket, A/Cs/,, which is fHpial to tlie incn^asc' 
in kinetic energy across th(‘ buchc't as s(‘('n by an ol)serv(?r on th(^ 
bucket. Thus 




It will be shown subsequently tliat tliis last (Hjiuition holds for irrever- 
sible stages as well as for reversible ones. 

If tlie efficiency of a tinit.(wingi(' s 1 ag( is defined by [44] like that of a 
zero-angle stage, it becomes for the revcirsible stage 



as indicated by [45]. Siiice (1’.]/! must bf' always greater than 
zero, even at the wheel sj)e(‘d of maximum work, the efficiency must 
be always less than unity. For a givc-n d(*gre(i of reaction — a giv('n 
value of Ah^h/Alu, — th(^ wIkhI s[)eed for maximum work will be 
slightly less than in the corn'sponding zc'fo-angk* stage. Thus, for 
maximum work th(' valiu' of IF/Vb) will be slightly less than I for a pun' 
impulse stage and slightly h*ss than 0.7 for a pun* rc'action stag(*. 
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The Turbine Nozzle 

A nozzle is a passage which is designed to increase the velocity of a 
flowing stream. Most turbine nozzles are convergent in the direction 
of flow, tiiough in a few the convergence is followed by a divergence 
for rc'asons that will ])e given l)elow. All nozzles cause a drop in pres- 
sure along tli(' stn'am, th(* diftc^n'iice in pressure between the upstream 
side of a pi(*ce of fluid and the downstream side providing the force 
which ac(a‘leiat(\s th(' fluid to higher velocities. 

Nozzles of ordinary size hav(‘ so little wall surface and so much fluid 
passing through them that transha* of h(‘a1 between stream and wall 
IK‘r unit mass of fluid is negligible' (wem for appreciable differences in 
t-emperature b('tw('eii the* two. tor this n^ason the energy equation of 
st(‘ady flow, [(I], n'duces to 


+ ? ■■ + p 

2g 2g 


for any two sections 1 and 2 through tlu* nozzle ])assage normal to the 
din'ction of flow. If tlu're' is an ink't s(‘ction of ve'ry large cross-s(’ctional 
ai'(‘a as compared witl) any other sc'ction through the nozzle, tluai the 
inlet V('lo(‘ity is negligible aiid we may write 

/<o - h + > 1481 

wlu're subsci-ipt 0 reh'i’s to th(‘ inlet- see'tion and symbols without sub- 
script di'noti' nu’an valiK's of the indicated (quantities at any oth('r 
section through the nozzle. Solving for the nu^in velocity at the 
section in ({lU'stion, we g(‘t 

^ =■ V2(;(/in - li). 

d'h(' flow through unit area of th(‘ cross section is, by [9] (page 38), 
ir V V 2^(7/,, - 77 


wlu'H' V dt'not(\s the nu'an specific volume of the fluid over the cross 
section. 


The Reversible Adiabatic Nozzle 

If friction is m'gligible, then thb flow through the nozzle is reversible 
ns w(‘ll as iuliabatic and the entropy of the fluid is the same at all points 
in the expansion. Thus, lh(‘ expansion may b(‘ shown on an enthalpy- 
('ut ropy diagram as a vi'rtical line as in Fig. 71. The point 0 in Fig. 71 
n'pn'sents tlu' stat(' of th(‘ fluid in a very larg(‘ cross S(H‘tion just before 
tlu' nozzle passage'. TIh' point M n'jm'sents the state of the fluid at, 
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that section in the nozzle where I, he pressure is p. In acc'ordance with 
[{]] the height OM is proportional to (,he kinetic energy at. ()ressure p. 
The corresponding values of the velocity of the stream for vai*ioiis pres- 
sures along the path of the expansion are shown in Fig. 72. In the same 
figure is shown a curxa* which gives llu* value of the spe(‘itic volume oi 
th(‘ vapor at any pressure in llu' cours<‘ 
of the expansion. 

The ratio of the velocity of the stream 
to its specifics volunu' is, by [49], the h 
mass rate of flow pei’ unit area of cross 
s(‘ction, which is called more briefly the 
flow per unit area or the tfuuss velocihp 
The flow per unit aix^a is zero at. the 
nozzle inlet where the cross-se(*tional 
area is infinite and tlu* velocity is ziu'o. 

Eurth(M- along th(‘ j)assag(‘ where th(‘ 
pressure is lowca' the flow per unit ar(‘a 
]*is(\^ to a, finit(‘ \alue; but when lh(‘ 
pl•('^sur(‘ falls to zei*o the flow jkm- unit anai also falls to Z(‘ro, for at 
this point th(‘ velocity in th<‘ stream is finite (though large) and the 
specific volunu' is inliniU'. For a valu(' of />,) ;i litth' gr(‘a.t('r than 



Fic. 72. Cliaractorist.ios of a Reversible Adiabatic Expansion 


2 the flow per unit area is at its maximum. Thf‘ pnissure ratio at the 
section of maximum flow per unit area is called the critical-pressure ratio. 
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For steady flow the mass rate of (low is the same past all sections 
through the nozzle. Tlu'rehm', the cross-sectional area of the stream is 
iTiv(;rs(^ly f)roporti(jnal to t.h(‘ (low p('r unit an'a as indicated by the 
curv(‘ of area per unit flow in Fig. 72. Inspection of this curve reveals 
that for expansion from />o down to any pnjssui'c short of Pc, the pressure 
of maximum (low })er unit area, the nozzk* must he (amvcTging; but 
for expansion to any prc^ssur(‘ h'ss than pc the nozzle must consist of a 
conv(‘rg(‘nc(^ followed by a diveu’geaice. The cross section of minimum 
area is called the* throat of (he nozzl(\ It is shown in Chapter XVIII 
that the ve^locity of th(‘ fluid in the throat of a nozzle is the velocity of 
sound in that (luid. It follows that velocities in a converging nozzle do 
not (‘xc('ed tlie ve'locity of sound, whil(‘ v(‘locities in the diverging part 
of a nozzk' may b(^ consid(‘rably in exc(‘ss of th(‘ velocity of sound. 

For v(‘locitics in ('xci‘ss of the^ velocity of sound the ratio of the area 
of a (‘I’oss section of a stream to its minimum cross-st‘ctional area in 
rev(‘rsil)k‘ adiabatic; flow is called the^ expansion raiio of the stream corre^- 
sponding to the sectieni in qiu'stion. It may be expressed in either of 
the* following forms: 

__ ( 

at wja 

or 

at V/v 

wh(‘re subscript t r(‘f('rs to the* throat sc-ction and symbols without sub- 
script denot(‘ (quantities corn'sponding to a S(‘Ction where the velocity 
ex(‘(H‘ds the vdocity of sound. 

Th(‘ expansion ratio of a nozzle is the ratio (d its cross-s(^ctional area 
at tlie (‘xhaust end to its cross-sectional arcni at the throat. If a stnaim 
(‘xpands through a nozzle reveusibly and adiabatically, filling compk'tely 
all cross scH'tions (jf the nozzk', the ('xpanskm ratio of the stream in the 
t'xhaust s(M*tion oi the nozzk‘ will be identical with tht' expansion ratio 
of the nozzle. 

The Real Nozzle 

Tliough th(' (low of a fluid thrc'Ugh a real nozzk^ may be virtually 
adiabatic it, is not ivvca’sibk' b<'(m.us(‘ of frictional forC(‘S between the 
fluid and th(‘ walls. TIk^ degive of departun' of th(‘ (‘xpansion process 
from re\'t'rsi})ility is indictited by the efficicncij of the nozzle, which is 
defiiud as the ratio of the kin(‘ti(‘ ('inagy^ of th(‘ stream leaving the nozzle 
to the kiiu'tic* eiu'rgy of a hypotlu't ical stn^am kaiving a reversible 
adiabatic nozzle which is supqilicd with the sanu' kind of fluid in the 
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same state and at the same velocity and which exhausts to the same 
pressure as the real nozzle. Mon' briefl}^ we may write 


{Vlr2g) + 

= ^'1 


[50] 


where rjn denotes the efficic'n cy of th(' nozzle, Vi 1he velocity leavin/r 
the nozzle, Va the velocity api^roaching the nozzle, and A/?.,,, th(' isen- 
tropic drop in enthalpy from the inlet state to the ('xhaust pressure. 

The coefficient of velodiy of a nozzle is di'fiiK'd as the ratio of the 
velocity of the stream leaving thc' nozzh' to \hv v('loci1y of a hypothetical 
stream leaving a reversible adiabatic nozzh' which is su])plied with tlu' 
same kind of fluid in the same state and at th(' sane,' vciocity and wiiich 
exhausts to the same pressure as t lu' real nozzle. The coefiicic'iit of 
v(‘locity is the square' root of th(' eflicic'ucy; tlms 


Cm 




'yV'i'V2gJK 




151 1 


where Cvn denotes the co{‘ffici('n( of v('locity of the nozzl(^ 

The coefficient of (Hscharge of a. nozzh' foi’ which tlu' ratio of exhaust- 
chamber pressuH' to initial pressun' is givati'r tlnin th(‘ critical pn'ssnn' 
ratio is defiiu'd as tlu' ratio of th(' flow \)or unit of minimum cross- 
sectional an'a to tlu' isen tropic flow per unit an'ii corres])onding to th(' 
actual initial state and initial velocity and tlu' final f)n‘ssur(‘. Thus, 


Cir 


nr,, 

fl\/]yT2(7 ’ 


[52J 


where denotes the coefficient of discharge', w tbe mass rate of flow, 
the specific volume at thf' final pressure and th(' initial ent ropy, and 
a thc minimum cross-sectional area. 

If the ratio of exhaust -chamlx'r pressure to initial pn'ssun' is less 
than th(‘ critical pressure ratio the coeffi('i('nt, of discliarge is defined as 
the ratio of the flow per unit, of minimum cro.ss-s('ctional area to the 
maximum isentropic flow per unit an'a corresponding to the actual 
initial state and initial velocity. Thus 


Ctr 
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whf*re 7’c denotrs the specific volume at the state fixed by the initial 
('iitropy and the critical pressure ratio, and A//c the isentropic drop in. 
enthalpy to that state*. 




Tljc iibHcisHU in tlu- velocity curroflponduiK to meiitropu- evputision. I'hp volrx'ity f>f Brmnd in iiidi- 
cjitcd by l\ From Witrren und Koeiiaii, Trans. A.>:i.Af.E., \'ol. 48 tn)2()), pp. 

The Converging Nozzle 

'riu' c()('fhci(‘iit of velocity and Iht* cot'lhcitnit of discliarge for a 
siinph' convt'iging iiozzh* are shown witli a longitudinal cross section of 
llie nozzlt' in Ing. Hi. Th(* a})scissa is the isentropic velocity corre- 
sponding to the conditions of the test. Values of the pr(‘ssur(‘ ratio 
l)('tw(‘('n unity and the critical pressure ratio correspond to velocities 
l)(‘t\v(*('n z(To and tlie v(*locity pf sound J lower pressure ratios corre- 
spond to higlu'r velo(‘iti('S. In Fig. 74 the vt'locity and the discharge 
an* compart'd with tlu' istaitrointr velocity and the isentropic discharge, 
with pi’t'ssnrt' ratio (the ratio of the pressure in the exhaust chamber to 
that in the ink't eliainlx'r) as abscissa. 

It may lx* sc'en Irom Fig. 74 tiiat tlu* discharge from tiu' real nozzle 
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follows closely the iseiit.ropic discharge fur pi(‘ssuie ratios gi“eat‘‘r than 
the critical pressui-e ratio. A slight exci'ss of the i\vi\u\\ discharge over 
the iscntropic value may he observed, as in this instance, if the pressure 
in the exhaust section of the nozzle 
is slightly lower than the prt'ssure 
in the exhaust chamber. When th<' 
pressure ratio is the same iis the 
critical pressure ratio the (low i.s 
slightly less than the maximum isen- 
tropic flow, the difference' Ix'twc'i'n 
the two hxang accounted for by fric- 
tion and by contraction of the' strc'ain 
at the (aid of thc' (‘.onvergc'ucc'. 

Further reduction in prc'ssurc' ratio 
causes no incrciase in flow through 
the; nozzle, bc'causc' the actual flow ^ 

cannot ('xceed the maximum iscui- Fk?. rt. Ciirv('s of I’low and Velocity 
tropic flow; nor dex's it- {‘.aus(^ adc^- ('^orn'spondin^r P) 73 

crc'iise in flow vas might be ('xiX'C'Ic'd 

from the nature', of the' curve' of isc'iitropic tlow p(‘i’ unit area. The 
characteristics of thc' curve of actual flow may Ix' ('xplained as follows: 
The stream of fluid flowing into a. gradually (‘onverging passage' is con- 
sirainc'd to convc'rgencc' within the' passage' ■ diverg(>nc(‘ Ix'ing accom- 
plislu'd most re'adily in the e'xhaust, spaex' heyorul ilu* (‘iid of the' nozzle'. 
Fo]‘ ])it'ssure ratios higher than the' critie'al jire'ssiire' ratio the' ('xpaiision 
may prexa'C'd in a cexiverging stre'ain all the* way to t in* e'xhaust prc'ssure'; 
but for jire'ssure' ratios lowea* than the' critie’al })r('ssur(' ratio, e'xpa-nsion 
t-o the exhaust jire'ssure involves convergene*e of the stream folleiwed by 
diverge'iice. The' conve'rge'iice^ will ex'cur within th«' nozzle', but- th(' 
dive'rge'nc'o will ex’cur outside' the' nozzle* in the* e'xhaust s])ae*('. Thc're'- 
fore, the minimum cross-se'ct.ional are'a of the* stre'am will Ix* the* mini- 
mum cross-sectional area of the ne)zzle' and will always lx* the; same. 
For pressure ratios lielow the critical jire'ssure' ratio the; flow pe'r unit 
area at the minimum cross se'Ction is fixe'd hy the initial stale of the; 
expansion; and it follows that the; flow is fixc'd. 

The vekx'ity of the stream Ic'aving a rc'al nozzle* is sliown by Fig. 74 
to follow e'lose'ly the iscntropic vc'kx'ity for prc'ssure* ratios greater than 
the critical pressure ratio. The* actual \'('lex*ity is always le'ss than the 
isf'nt ropic ve'loe'ity bc'cause of friction, so that- the* coeffici(;nt of V(;locity, 
unlike the* cex'fhcic'nt of discharge, is always Ic'ss than unity. It is (;asy 
to show that a value greait-er than unity would rc'sult in a d(‘crease in 
cut ropy and a \’iolalion of thc Second J^aw. 





Distance Fig. 75. The Oscillations in Pressure in a Stream from a Converging Nozzle 

Fig. 75(1 From Yellott, Trans, A.S.M.E., Vol. 56 (1934), pp. 411-430. 
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As the pressure ratio is d(‘crejised below the critical pressure ratio 
the actual velocity increases; but it incn'ases h^ss rapidly than tne isen- 
tropic velocity, and there is a corresponding fail in the velocity coefficient 
as shown by Fig. 78. The reason for this fall is found in the nature of 
the “ free expansion outside the nozzle. The lowf'st pressure within 
the nozzle passage, as explained above, is the pressui’e of maximum flow 
per unit area. Further (^xpaiLsion to the tinal pressure occurs outside 
the nozzle. Being entirely unrestrained th(‘ expansion is very rapid 
and the angle of diverg(^nce of the boundari(‘s of the stream is large, as 
shown in Pig. 75. Tlie large t.ransv(‘rse compoiHaits of velocity that 
are developed cause the stream to diverge to an area great.er than that 
corresponding to the pressur(‘ of tlu‘ (^xhaust space, and the pressure in 
the stream thendore falls bc‘low th(‘ exhaust, pressure. The revt'rsal in 
the pressure difhaxaice b(‘tween the strc'am and its environment eventu- 
ally results in a (‘ontraction of t h(‘ .stream which is accompanied by an 
increase in pressure. Th(' result, is a seri(*s of standing waves of rare- 
faction and coinpn'ssion which d(‘crease in amplitud(‘ with distance 
l)eyond the nozzhe The oscill.ntions in pr(‘ssur(‘ (‘X])('rienced by any 
element of fluid ])a.ssing ihrougli lh(‘S(‘ wav(\s art' damped by the action 
of frictional fore(‘s, and th(‘ j)r()(‘(‘ss is tiuTcfore irre^^crsible. CJonse- 
(juently, the entropy in(a*(\ases, and th(' (dh(‘i(‘n(*y and coefficient of 
velocity of the nozzk^ d(‘crea,se corr(\s])ondingly. 



Fig. 76. CharacUjristic C'urves of a Con vcrging-Di verging Nozzle 


The Converging-Diverging Nozzle 

At veloeiti(‘s well in exe(‘ss of tlie v(‘loeity of sound a nozzle efficiency 
greater than that of the convc'rging nozzle can be rcailizcH by means of 
a converging-diverging nozzh'. To gc-t. the best, results the angle 
between the di\’orging walls nui.'^t bo .‘^rnall - generally less than 
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12 (lf‘gr(H*s. Cluinu*l(‘ristj(‘ curves of flow and velocity for such a nozzle 
an’ shown in the charts of Fi<;-. 7(). 

ina.%s latc of flow throuj'h a (a>n\ (‘r^in^-di\erging nozzle for a 
giv(‘n initial state' is constant ov(‘r a. largew range' e)f pressure ratie,)s than 
is that e)f a e*e)nve‘rging tozzle. WIk'Ii the pressure ratio is greater than 



I’K.. 77. ri(’ssar<' Oisl rilml ion in a ( \)nv(‘i^iiif>;-] )i\ ('r^in^ Nozzle' 

I lie flisc<iiitinui(\ m l he (■ur\ c /> at 7 iru li<‘s i.'- a rc'.ult (»l (‘ondi'iiMiliDii. ) I' roin niiiin“,\ and \\ ond'', 
\!,,h /On/ . Vui. las viadH), p. L'fio. 

tlie' ed’itie*al [)reissui'e' I'atio and the' xe'loi'ity neiwhere* (*xe*e‘e'ds the* \'('locit\' 
e)l sound, the' eli\'e'rging part ol the* nozzle* s('r\'(’s as a diffuse'r and the* 
nozzle' a,s a whole' is in e'xe'i v le'spe'e*! like an eirelinaiy ve'iituri tiihe*. 
1 he' \s'i!’ialion in tlu’ pie-ssuie* ol the* Ihiid alenig the* le'iigth of the' stn'ani 
is shown je)i’ this e-ase* hy e'uiwe' A e>l f'ig. 77, ^\hie‘h shows the* ininiinuni 
pre'ssure' eiccuiiing in the thre>at e)f the' neizzle*. If the* exhaust pie'ssuie' 
is lowei’e'el the' ])re'ssui'e' in the' throat, tails and the* flow through the 
nozzle' ine'id'ase's until the* ratio e)f the* throat pre'ssure' te) the initial 
pre'ssiU'e' re'ae'he's the* crilie'al pre'^siiie* i*ati<), asshe)\vn 1)\' cur\e Fig. 77. 
No lurtlu'!’ ineae'ase' in tleew e-an re'sult tre)ni a furtlu'r de'e're'ase* in the* 
t'xhausl pre'ssure* he'caeise* the'fleiw pe'r unit are'a, in the Ihreiat of theneizzle* 
has re*ache'd it s inaxiniuiii peissihle* value', l^ eir all leiw e'l' exhaust pressure's 
tile e'e>nehtion in tlie* threial of the* nozzle* re'inains unchangeel anel the* 
tkwv re'inains e'einstant. 

The' ceee'flie'ie'iit eif elischaige* for pre'ssure* ratieis gi'eater tlian tlie* 
critie'al ])i’e*ssure' ratio may gre*atly ('xe‘('<*ei unity he*e‘ause the' isentreipie* 
fle)W-, whie'h is iise*d ill e*aleailat iiig it, is hase'd on the* assum]>tion that the* 
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pressure in the throat of the nozzlf' is identical vvitli tin' (’xhaust ])iessur(‘. 
Actually the pressure in the throat., as in the* tluoat. of a venturi tube, 
may be very much lower than the (‘xhaust pressur(\ 

If the exhaust pressure is intermediate betwtaai that ('orrespondinjz; 
to curve B of Fig. 77 and that for which the expansion ratios of st ream 
and nozzle are identical, curve 7), tluai at some si'ction in tlie div(‘rging 
passage there will be a standing pnvssure wav<‘, shown by It' on (airve (\ 
which is called a prc.s.sv/rc ,slwd\ The fluid ejitm-s this wav(‘ at low 
pressure and at a velocity exce(‘ding t.h(‘ velocity of sound and leav(‘s it, 
at high pressure at, a vi'locity h'ss than Ili(‘ vdocitA' of M)uiid. At the 
lower velocity the diverging passage' seive's as a difTust'r and t he? pre*ssure 
rises along the rest of lh(‘ path until it. ivaehe'S the' exhaust pre'ssure at 
the nozzle exit. 

Further discussiem of the' ])ivssure' she)e*k will be' re'se-rve'd for (ha{)ter 
XYIll. Suffice it to say he're' (hat fle)w through the shoe*k is e'sse'utially 
irreversible and the conse'ejue'ut h)ss of e'flicie'ucy reaehe'S a inaximuin at 
an exhaust pre'Ssure inte'rme'diate be'twe'e'it the' e'xhausi. pre'ssures of 



Fig. 78. Rcsult.s of Tests on a Converging Tiir})ino Nozzle 

Tlie ahfloisfta irf eho volucity corrcMp'iiKliiiy to iwcutropit- oxpHtihion vr'lot ity of sound is indicated 

by Vj. From Warreti uud Keenan. Trunti. a. .S’ M F., Vol. 4>s 1>P ed. 
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ciirv(‘S H and I) of Fig. 77. Tho oo(‘fficient of velocity reaches a corre- 
sponding minimum as shown by Fig. 76. For exhaust p)ressures less 
than that corrc^sponding to curve D some free expansion occurs outside 
the nozzle and (‘auses a d(*cline in the co(‘ffi(;if?nt of velocity at low 
pressure ratios which is illust rated by Fig. 76. 

Characteristics of the Turbine Nozzle 

A turbiiK' nozzh' miisl be designed to change the direction as well as 
the magnitud(‘ of th(‘ v(‘locity of the fluid stream. In less expensive 
turbines th(‘ nozzle may consist of a hol(‘ drilled through a partition 
with some (‘nhirg(anc‘nt of the hol(‘ at, its upstn'am (‘ud. The angle at 
which the hol(‘ is di'ilhd determines the direction in which the stream 
will leav(' the nozzl(‘. A better though mor(‘ expcaisivc' type is shown 
with its co('flici(‘nts of v(T)city and discharge in Fig. 78. The passage^ 
is r(‘Ctangiilar in cross sc'ctlon, the nu‘tal edg(^ whi(*h s(‘pai’ates adjacent, 
nozzle stn‘ams wh(‘re they issu(‘ from th(‘ nozzh', is thin, and th(' radius 
of curvatun‘ of the convex wall is large compared with the width of the 
str(‘ain. 



The radial height of a nozzl(‘, /, is its laaght in th(‘ din'ction of a radius 
from the (‘enter of the shaft-; th(‘ pitch, 7 , is th(‘ spa(*ing l.)(*twe(‘n par- 
titions m(‘asur('d along a. circle (th(‘ pitch circhO passing through the 
middle of the nozzle laaght. In turbin(‘s of the iminilse ty})(‘ the 
partition usually has a flat surface, AB, Fig. 79, which is incliiud at 
some angle a to the plane of rotation of the wlu‘(‘l. This angl(‘ is called 
tfie nozzle angle, though the angU* of tlu' V(‘locity of the stream to the 
plane of rotation may Ix' slightly diff(‘r(‘nt . 

The area of th(‘ })a.ssag(^ normal to the dire(‘tion of flow at the down- 
stream edge of a partition is called tli(‘ exit ar(‘a of the nozzle. In 
terms of tht‘ symbols shown in Fig. 79 it may b(‘ written as 

a = bl, 

where a denotes tlu' area of a single nozzl(\ The width h is oftf*ri 
expressed in terms of the nozzle angle and tlu' pit(‘h by the equation 

6 = (1 — c )7 sin a. 
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which is in reality a defiiiiUon of the small quantity e known as the 
edge factor. The area of a single nozzle is then 

o = (I - t’)ly sin a, [53] 

and the area of a comph^te ring of such nozzles is 

= (1 - r)l7rDsina, [54] 

where D is the diameter of the pitch circh' and is calk'd Tie pitch diameter. 

In turbines of th(‘ r(‘action type tlien^ is coniinonly no flat surface on 
the nozzle paHition which may be used to d(‘fuu' an angle; instead, the 
blades or part it ions have 
only curv(‘d suifacc's as in 
Fig. 80. The position in 
wdii(‘h the blades are set is 
expressed by the gaging, j, 
just as the position of a 
partition in an impuls(‘ tur- 
bine is expressed by the 
nozzk' angle. Th(' gaging is 
defined by the expression 

a - jyl, I 

or by [ [55] 

jTrDL] 

The Turbine Bucket 

The passage formed by adja(*(‘nt bucki'ts on the' rotor of a turbine is 
in general a moving nozzle, th(' flow in whicli may be analyziH by an 
obs('rver standing on the buckc't in exactly th(' sanu' way as the flow’ in 
a nozzle may be analyzcxl by a stationary oliscavau'. d'he bu(‘kei- 
passage of an impulse stage' is a special case: the case for which tlie 
drop in pressun* across the moving lujzzk* is z(‘ro. 

Bucket passages are almost, always convc'iging passage's, a diverging 
portion being desirable only w’hen' tlu* n'lativc' velocity ('xaaaHs appre- 
ciably the velocity of sound. Sinc(' the n'lativa* velo(*ity within th(' 
passage is invariably smaller than the vc'locity at the nozzle exit, this 
(‘ondition is seldom realiz(‘d. 

The degree of reaction in a stage of a turbiia' is fixed by the relation 
between the an'a at the exit of the nozzki and that, at the exit of the 
bucket. If the exit area of the Inickc't passage is made small enough a 
pressure difference will he built up across th(‘ buck<'t liy the stream. 
For this reason the graf)hi(‘ term choke is sornelimes us('d to denote 
rc'action oi- drop in pn*s.sun‘ across the })uck(‘t. 
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Because the Inickci passage is essentially a nozzle we may carry over 
to it the deiinitioiis of eHiei(>ncy, coefficient of velocity, and coefficient 
of dischargi^ given by 150], [51], and [52], respectively. To an obsorver 
on the bucket these become 

Vl + 2(7 


and 




'2 + 2g Ahsb 




C'wh ~~ /"Tf> 


IVV^ 


V V 2 + 2^; Ahb 


wlu'fr d(’n()l(\s t}i(* ist'nl ropic drop in tnitfialpy across the biickot, a 
lh(' (‘xil ar(‘a, of tli(‘ Inicki't passap;(‘, tii{‘ s[)(‘(*ifi(' volume at a state corre- 
sponding to tli(' p!('ssure after tlu* bucket and tlie entropy before the 
biirk(‘t,, and I'o and 1’^ tiie ri^lativi' velociti(‘s r('s])ectively at entrance 
and (‘xit of the bucket, h'or ])ure impulse tli(;se reduce to 



where Vf, is now th(' spi'cific volume of the fluid entering the bucket. 
})assage. 


The Force on the Bucket 

To d(‘t('rmin(' the forci' appli('d to a turbine bucket we must employ 
Newton’s Si'cond Law of Motion, which may be written for any system 
of mass rn 


F = 


ma 

0 


[ 56 ] 


where F denotes tla^ n'sultant force a])plH‘d to the system, a the accel- 
eration of the system in the direction of F, and g* the acceleration 


* If F is e\}iross(Ml in pniiiuls of force and rn in pounds of nuiss, then g is the standard 
accf'leraiion of (jrnintg, namely, 32.174 ft Hee“. This is euninion practiee in engineering. 
In the science of pliysics, on the other hand, tJie units of force and mass are so chosen 
a.s to make g cipial to unity in the equation ahove. 
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given to unit mass by unit force. If a number of forces of difiVivut 
magnitudes and directions are applied to a syst(‘m, the resultant furr‘e 
may be found by a vector s\immation of th(‘ forces 
which may be illustrat('d by the fumcidar polygon 
of Fig. 81, in which Fi, F21 and F3 are individual 
forces and F is their r(‘sult,jint . In the language of 
vector analysis the summation is written 

F = Fi + F2 + F3, 

where bold-face typ(' signifies vendor quantities. 

Let us apply the S(‘cond Law of Motion to a 
particle of fluid which is part of a steady stix^am 
flowing in a curved patli. Consider th( ('l(an(‘ntary 
mass (Fig. 82) bounded l>y t]H‘ ])arall(‘l i)lan(‘s oa' and 
hi/ and by tlu^ surface's ah and ah' which an,' in the diicctions of th(' lo(‘al 
velocities. 




¥m. 81 


The forces acting on the element may l)e list('d as follows: 

1. Normal forces applied at s('ct ions an' and hi/ by fluid n'spc'ctivc'ly 
following and leading tiu* (‘h'ment.. 

2. Slu'aring forces ajiplied at vsc'ctions aa and bb' by fluid respec- 
tively following and leading the ek'mc'nt. 

:L Force's applied at boundaries ab and a'b' by fluid outside thc'se 
boundaries. 

We may de*note the normal force at aa' by the vc'ctoi’ pa and that at bb 
by the vector pa -f d(pa), which is opposed in direction to pa. Thus, 
the net normal force acting on the t W(j ends is a vc'ct or ~ <J (pa). Similarly, 
the net shearing force a<‘1ing on the two ends is (he vf'Ctor — d(Sa), where 
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S denotes thf^ .sh(‘jir strcssis intensity. The net force on the element is 
giv{‘n by t h(^ veci or summation 

(IF — d{pa) — d(Sa), 

wh(‘r(' dF d(‘not(\s the force* appli(‘d by fluid outside the boundaries ab 
and a%', The^ Second Law of Motion as applied to this element becomes 

^ dm (N , , 

cIF - d(pa) - r/(Sa) = — — [57] 

g dt 

where the* ve'ctor V diaiotes the velocity of ilu* element. If the time di 
is chosen to lx* th(' time required for the element to cross the boundary 
hh\ th(‘n dmjdi is t he mass rat e of flow and ^/V is the change in the velocity 
vector betwe(‘n th(^ pr(‘S(‘nt. time* and tlu' lime whcai th(‘ (deiTHait occupies 
its next adjaci'iit position. The elenuait which we have studied is 
nu'rely a piece of a stn'ain tube or filanuait whose* boundaries ]ab2 and 
\'(/h'2^ (Fig. <S2) arc' (‘vc'rywhere in the direction of how. If this tube 
is split, up into an inhnitc* number of such (h'lnents bet ween section ll' 
and 22 ' the summation of tlu‘ terms of [57] for all of them becomes 

F + (pa)i - (pa )2 + (Sa), - (Sa). = - (V^ - V,) [581 

(J 

where* w de*not.(‘s llie* mass rate of how through the filament and sub- 
scripts 1 and 2 re'f(*r to se‘Clions iF and 22^ r(*si)e'Ctively. It has bea'ii 
assume'd that e/i and ao are* so small that the* ve'loe*ity is uniform across 
e*aeh of tlu'm exc(*[)t for infinite'siinal variations. For hnite values of 
and e /2 inte'gration change‘s only* the expre‘ssion for the right-hand 
side of [58], making it 

I f ni-=n2 1 

“ / (r 2 V 2 da - / Cn da\y 

0 i J a=0 J a = 0 J 

whe're* U denotes the mass how [)e'r unit. area. Otherwise, [58] may be 
le‘f1 in its i)re‘se'nt form with the understanding that V de*notes a mean 
velocity (wer the section. 

If see*tions 11 ' and 22' are* e*ach jilae’ed in a re*gion where the velocity 
is unife/rm, then t]ie*re can be ne> she\aring stiTsses applied by leading 
and following fluid and [58] simp^fies to 

F + (pa)i - (pa)2 = - (Vj - Vi), [59] 

g 

* It is shown in Chapter XVIII thnt the sumiinition of tlic values of F fur a bundle 
of stre*uin tube's is tlx* force* aj/plied to the bundle by the surroijuding: fluid or \e alls. 
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{The same result would follow if tli(‘ vaha*s of N were l)oth positive^ and 
negative over (*ach section and were so distnl)uted that. Sa would 
vanish.) This is an expression of great utility. It may hv takiai out 
of the vector form and expressed in terms of components, for instance, 
in the direction x\ 


Ax + (pa)u - = - (r2x - Vu). 1601 

g 

When we apply it to th(^ stream flowing through a bucket passage of 
a turbine the force F bc'comes the force a.])|)h('d to the stream by the 
buckets which an' now the lioundarii's of tlu' strc'am; and Fj bi'comes 
the component of tliat force in tlu' din'ction x. If ilu' din'ction x is in 
the plane of th(' turbine whe(‘l and tangeiii. to tlu* pitch circle at the 
passage' in (jiu'stion it is calk'd the' l(unjn)iinl dirc'ction and th(‘ conv- 
sponding components are' calk'd tangential conipone'nts. The' tangeaitial 
compone'iits of (pa)i and (pa)^ vanish, so that [bbj bi'cumes 

/<’; - M„), l(n] 

0 


where Ft denotes the tange'iitial com])e)ne'nt of the' forc'e applie'd by the 
buekets on the' stream and ///, and u,, an' res[K'ctiv('ly the' tangential 
components of the' k'aving and ('iiti'ring \ (‘locil i('s. 

In studies of the' turbine' we' are' inte're'ste'ei in llu' fe>ie‘(' applie'd by the' 
stre'am on the bue'ke'ts, whie'h by Ne'wton’s Thirel Law is e'tjual in mag- 
nitude te) the* force' applie'd by the' bue'ke'ts on the' sti'e'am but e)])positc 
in direction. De'imting the* tange'iitial e'eanpone nt e>i the* feire'e* eai the' 


buckets by Ft, we* ge't 
w 

Ft =-- ~ {a, - u,). 11)21 

g 

Since the Newtonian eeiuation 
150] is true regardless of t he ve'locity 
of the obs(*rver, it follows that |()2| 
may be e'xpre'sse'd in terms ol either 
absolute or re'lative' ve'locities. 
Thus, in te'nns e)f the' tange*ntial 
components Uy and lu (Fig. S3) 
of the absolute' velocities V\ and 
F4, [62] bee'ome's 
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1 - Ui), [OS. 
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and in terms of the tangential components U 2 and of the relative 
vdocities V 2 and Us, 

F, = - (U 2 - M 3 ). [64] 

g 

The component of the force on the buckets in the direction of the 
axis of rotation, which is called th(‘ axial thrud, may also be deduced 



" j Rotor 
Vui. 84 


from lOO], Lot, 11 s find, for (‘xamjde, an expression for the axial thrust 
on th(‘ l)uek(4, shown in Fig. 84. The axial eoiiipoiient of the force 
ap})lied by ih(‘ bucket to the stream is, by [(H.)j, 

w 

F'a ^ - (Zb - Za) + (pa >6 - (pa)a, [65] 

g 

wh('r(' F'a denotes t he axial component of the force, th(' axial component 
of ilu' vdocity, and subseri})ts a and h nder r(‘S]X]ctivdy to tlie sections 
iinuH'diately before and afh'r the bucket. Tlu' area is the inlet 
annulus area, of the ring of buckets, and the area is the outlet annulus 
area. To gt't the 1(4,al axial thrust on any part of a turbine rotor the 
axial eomjioiuaits of all normal forc(‘s api)li(‘d to surfaces not directly 
exposed to the tluid stnaim must be summed up along with the axial 
thrust of (he stn'ain, which is — F'. For example*, deaioting the axial 
thrust to the riglil on the* buck(‘t mid its shroud band aS of Fig. 84 by A, 
we may writ,(' 

w 

d - - {za ~ Zb) + (pa)a - {pa)b + pbiab - aa). [66] 

Here* pb{ab — (la) is the net thrust, applied to the shrotid band by fluid 
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outside the bucket passage^ b(‘(;ause the pressure ph will bo exerted on 
the outside of the shroud band if tlie sharp front edge e of the band 
runs sufficiently close to the stationary surface /. The expression [(>()] 
simplifies to 

w 

^ ~ “ (2a ~ 2b) + aaiPa - Pb). 

Work on the Turbine Bucket 

The work done by tlie stream on l.he buckets is the product of the 
tangential component, of the force applied t.o the bucki'ts, as given b}^ 
[02], and tlui distance moved by tlic' buckets. For unit time this 
product is 

ir 

~ (aa ~ ab)ir, [i)7] 

0 

when? IT is tlie viTicity of th(‘ bucket . TIk- work done on th(' imekets 
per pound of fluid ('iiti'i’ing llu* stag(', wliich wv shall denote by IT^. is 
found by dividing [07] by c’; thus 

Wx = — (//y, ~ a/d. [0<S1 

y 


In order to find another expr(‘ssion for th(‘ work ITj. we shall employ 
tlie fact, that the subscripts o and b of |0<Sl may be interpnded eitlier as 
1 and 4 or as 2 and 3. Thus, we may writ.<? 

H'x --- I — 1(mi - "■<) + (U2 - 

2 ff 

i\Ior(‘over, the iangi'iilial conpionent of the r('lativ(‘ velocity of tin' 
gi^'en strcaim is less by an amount e(|ual to ih(‘ wh^el spe(‘d than t he 
tangential component of its absoluti* velocity; that is, 


and 


W - Ui - U2 
W = 74 Wy. 


Therefore, [69] may b(? writtem 

Wx - ” [(ai — U2){ui + U 2 ) — (^4 + U3)( U4 — ita)] 


or 


(m? - mI + - u\). 

23 


[701 


This last equation may bo oxi)rosso(i in terms of the resultant veloci- 
ties instead of their tangential componenfs if we note firsl lhat the axial 
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components of the n'lative and absolute v(’loeiti('s of a given stream are 
identical, and second that the s(piare of a n‘sultant velocity is the sum 
of the squares of its axial and tangential eomf)onents. Thus we get 

M'x = - r:+ v|- 11). (47j 

This equation, whicfi is here shown to be of gcaieral application, was 
shown on pag(‘ 135 to hold for the reversible adiabatic case. Equations 
147] and [(38] ar(‘ ent in^ly ecpii valent. The one to be used in any instance 
is determined by cornaaiiiaice. 

Th(‘ work on a tiirlnne bucket may also be found through an energ>^ 
analysis. Let us write th(‘ energy ecpiation of steady flow, first from 
th(‘ standpoint of a stalionaiy obs(‘rv(*r, and second from the standpoint 
of an observer on th(' buckcT. The first observer s(‘(\s that work is being 
done on tht' buckc'ts belw(‘en section a before the buck(‘t and section b 
after it, so that his ('Cjuation becomes 

i1 y'i 

^g ^g 

Tlu' s(‘C()nd observer se(‘s no work Ixang don(‘ because* the boundarie's 
of the stream do not move n'lative* to him, and his (‘(juation Ix'coimis 

/Ja + — - hi. -f “ • 

^g 

Subtracting the second from the first, and solving for IT^, we get 
W. = ~ (\1 - 11 +■ 11 - Tl), 

which is identical with [47]. By n'versing the analytical steps of the 
pr(‘C(‘ding panigreiphs wr an ive again at the exnn'ssion for the tangential 
com]>onent of the force on the b\ick(4s, this time without explicit refer- 
ence to the Newtonian Laws of Motion. IL'ference is iTn])licit, how- 
ev('r, in tliat the (‘iiea-gy (Hpiation of steady flow, a,s it is stated above, 
includes terms which arisi* froi]i introduction of the Newtonian Laws 
into the expression for internal energy, as (explained on pages 31 
and 32. 

The Turbine Stage 

h\)r the j)iir]X)ses of our diNCU.'^sion a in a muItisHige turbine will 
be considen'd that ])art of a tiu'bine betwe^m two ])lanes perpendicular 
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to the axis of rotation which are rospc olivt'ly at the inlet (aids of two 
successive rings of nozzles. (A nozzle is dc'fiiK'd in turn as a stationary 
passage in whi(di the stream accelin'att's appreciably.) 

The characteristic velocity of a turbine stage, To, is defined by the 
relation 


n 

29 


y2 

^9 


[711 


where Va denotes the velocity approaching the nozzles of the stage 
and Ahss the isentropic drop in enthalpy from the initial state of tlu‘ 
fluid to the final pressuix' in t,h(‘ stage. 

The definition of the (Tli(‘i(‘ncy of a turbine stage* is aimed at a com- 
parison of the performama* of the actual stage wit,h that) of a reversible 
adiabatic stage. In the latter the entropy is constant, and w(' may 
denote the drop in enthalpy across tin* .stage by The work d(‘li\'- 

cred by each pound of steam as it. pas.s(‘s through a r’twa^rsible adiabatic 
stage is given, in accordance with [0], by tlu^ (LXjiression 


T^ 

* g 

2(7 


d" AAjj 


n 


where Va and Vb denote resiiectively the vcdoratic's at. (aitrance and 
('xit. In a carefully designed tur-bine T,, and T^will he ru'arly id(‘ntical. 
For this reason and for rt'asons of convcaiicaicr* tla* (piantity is 
usually chosrai, in.stead of the*, longvr (*xpi-(‘ssion giviai abovc^, as the 
basis of comparison in defining tin* (dficiraicy of a st agr*. Thus the effi- 
cieiK'y b('comes tlie ratio of the work jxa* pound of steam to the i.sen- 
trojiic drop in enthalpy bcTwaam the state of the st(‘aru at the entrancf* 
to the actual stage and the pre.ssui’(‘ at the exit. fr*om th(^ stage. There* 
may be at least two such eftici(*ncies beca,u.s(‘ tfa* work which appe^ars in 
tli(‘ numerator may be the work doia* on the bu(‘kets or the work 
delivered to the shaft of the turbine. 

The ratio of the work dont* on the buckets of a stage to the is(‘ntr'opic 
drop in enthalpy is called the nozzkt-fiucket efficiency and is denoted 
by rjnb: 

W, 


where PTx denotes the work on the buckets per unit maas of fluid enter- 
ing the stage. The nozzle-bucket efficiency is shown in Fig. 85 as a 
function of the wheel-speed ratio IT/To for typicral examples of impulse, 
reaction, and two-row stages. Some roa.'^ons for the characteristics of 
the curves of Fig. 85 were given on pag(* 132. 
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The stage efficiency is the quotient of the work delivered to the shaft 
of the turbi iu‘ p(‘r unit mass of fluid entering the stage divided by the 
iseaitropic drop in enthalpy. Not all the work done by the stream on 



Fig. 85 


the turbine buckets reaches the turbine shaft, because some is con- 
sumed in maintaining the motion of parts of the stage which are in 
contact with thud otlaT than that in the main stream. Thus, if the 
stage includi'S a rotating disk, some work is consumed in keeping the 
disk moving through tlu* surrounding fluid; and if some of the buckets 
an‘ not fed by a nozzl(‘ j(‘t., some work is consumed in keeping these 
buckets moving. The work so consumed is called the rotation loss of 
the stage. Now we may expn'ss the stage efficiency in the form 

W, ~ L 

Vs ^ , 

Ah,, 

L 

~ Vnb — 77 - » 

where rj, denotes the stage eflficiency, Wx the work done by the stream 
on the buckets per unit mass of 'fluid, and L the rotation loss per unit 
mass of fluid. 

Rotation Loss 

It is well known that for turbulent motion of a fluid past an unpol- 
islu'd surface' tlu‘ frictional resistance to the motion of the fluid follows 
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closely the relation 

R = [72] 

where R denotes th(‘ frictional force jK'r unit area of surface, p the mass 
density of the fluid whicli is otluTwise l/rry, V" the velocity of the fluid 
relative to the surface^ and f a constant. 

Let us apply this relation t o the motion of a 
rotating disk in a fluid atmosphere. 

Consider an annular area on the surface 
of the disk (Fig. 86) at a radius r from the 
center of rotation and of width dr, Flic 
frictional torque applied to this aimulus is 
then 

dT = R2Trr‘^dr, 

Fin. 

Substituting the right-hand member of [72] for R and (‘Xprc'ssing th(' 
V(docity of the annulus (tlie relative velocity of the fluid) in terms of 
the angular velocity of tlie disk, w, w(» get 

dr = 27rfpaiVr/r. 

Integrating between the shaft radius / and the disk radius r, we get 
for the torque 



V 


where ca denotes n constant and v th(‘ spc'cific volume of the fluid. 
Fxcept in unusual cases the fifth pow(‘r of tlu' shaft radius will be ni'g- 
ligible as compared with the fifth powiT of th(* disk radius, so that th(‘ 
expression for the torque is siinjily 



V 



The power consumed in moving tin 
expression of the form 

Pd= 



We may assume that a rule similar to (72j nolds for rc'sistance to tla^ 
motion of a row of idle buckets through a fluid. The corresponding 
torque may be written for a relatively short bucket. 

Th > 
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where Cb deiiotes a constant, x the fraction of the periphery over which 
the buckets art' idle and I th(‘ lengtli of th(‘ buckets. Then the power 
<v>nsumed in moving the idle Inu'.kets is given by 

p - 

V 


If the radius to the pitcii circle may b(‘ considered to approximate the 
radius of the disk, then the total rotation loss pcTunit time for disk and 
idle buckets is given by the sum 


P = Pd -h Pb - 



where Ci and C 2 d(‘note constants which must- be determined by experi- 
ment. Stodola* gives a formula, similar to this, exca'pt that / appears 
1() th(^ 1.5 pow('r instead of to th(‘ first povv(‘r, with experimentally 
determined coefheients. It is as follows: 


P - 


0.027 (— ) (j + 

\100/ a V 


D ) 


[731 


where P denotes th(‘ rotation loss in kilow’atts, I th(‘ radhal hiaght of the 
buckets in inch<‘S, J) ihv pitch diameter of th(‘ stage in fe(t, W th(‘ 
wheel s[X'ed at tlie pitch circl(‘ in hat p(‘r second, and v the specific 
volume of the surrounding fluid in cubic feet per pound. 

The Multistage Turbine 

St(‘am turbines ar(' mad(‘ with stages ranging in numlxT from one to 
about a hundnal. 1 hosi' with more than two or three stages are com- 
monly calk'd fuultistugv liuTines. In g(‘neral, the gn*at(‘r the numb(‘r 
of stag(‘s, the more (tliciiait is the tuiBiiu', otlu'r things being the same, 
riu'refore, the single-stage' type' is used only wlc're operating costs are 
smjill compare'd with fixe'd ce)sts. 

Certain practical diflicultie's hu'c the de'signer of a singk'-stage turbine 
which is t.o rece'ive ste'arn at a high pressure' and exhaust it at a low one. 
For example', ce)nside‘r the' de\sign of a single-stage turbine which is to 
receive ste'arn at 200 \h/sq in. abs anel 700 F and exhaust it to a con- 
denser at 2 in. Hg abs. The isehtre)pic drop in enthalpy is 412 Btu/lb, 
and the charae'teristie' vc'loe'ity 1 0 i^'' WoO ft/se'c. For an impulse type* 
of turbine the* wheel spe'e'd for maximum efhe'iency will be slightly less 
than lialf e)f 4750 ft/se‘C, or, say, 2:i00 ft /sec. The stress in a disk of 

* Sieufn and (r<o StodDla-Lowcnstcin, Mi'draw-Hill ( 1927), p. 200. 
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uniform thickness with a iKTiplictal of 2300 ft/scc is about 

240,000 Ib/sq in. ~~ an impossible h«i;are for oidiuar>' materials. It can 
be reduced by shaping the disk propialy, but cannot by any practical 
device be brought within a sale limit, for th(‘ usual metals. The speed 
of a reaction turbine wheel for maximum (dhciiaicy would oe about 
3000 ft/sec, and th(‘ stress in a disk of unilorm thi(*kn(‘ss would be 
about 400,000 Ib/sq in., which is still further from th(‘ rangi' of })ractice. 
On th(‘ other hand, the two-row impulse wheel at 1100 ft/sec and a 
stress of 55,000 lb/s(i in. is mair to tlu' practicable and might be em- 
ployed with a modified design of tlu^ disk, d'lu'n' will Ik‘, liowever, a 
marked loss in efficiency as compared with the singl(‘-row turbine of 
cith(u- tlie reaction or im]>ulse typia 

This example s(u-ves t,o illusli‘ate why the multistage' turbini^ is pre- 
ferred to the si ngl( ‘-stage. Sonu* othei‘ reasons luv as follows: First,, 
certain friction lossc's of soiik' cons(‘({iHmc(‘ au' associated with th(‘ 
radial extremes of the nozzle and bucki't passages. J^y subdividing the 
expansion and, conse(iuently, reducing the wh('e) diam('1,(‘rs, t,he designer 
can make the radial luaghtsof t lu* passage's gr('at,('r and tlu'n'by inen as(‘ 
the ratio of the radial height to th(‘ wTlth of th(‘ slri'am. Tlu' (aid 
effects are therc'by r(‘duced. S(‘Cond, in many instance's tlu' smalha* 
diameter of the multistage' turlnne' for a giveai angular \'('locity pi'rmits 
the distribution of nozzle's around t,h(‘ whole pitch circle', wheu'eas the 
same nozzle area in a singk'-stage' turbine' would be' s[)read ove'r a small 
arc in order to maintain a radial he'ight, of ordinary magnitudea The' 
full peripheral admission of the' multistage' turbine' ('liminate's se'rious 
rotation loss(\s attributable to idle bucke'ts. 'riiird, the* st re'am velocitie's 
in any one stage of a mult istage' t urbine be'ing smalk'r than those in a 
single-stage turbine, the kine'tie' e*nergy le'aving the last st,age ejf tlie* 
multistage turbine will be Ic'ss than tint le'aving the singl(*-st,age tur- 
bine. The leaving kinedic energy is calle-d the' leavrng loss because it, 
represents possible work that is not re'alize'd. 'riie multistage turbine' 
has less leaving loss than a singk'-stage turbine*. 

Some other advantage's of the multistage' turl)ine wall a-{)pe'ar in sub- 
sequent paragraphs. The* most obvious disadvantage* is the relative'ly 
high cost of a turbine comprising a large number oi stage's. Anoth(*r 
and l(?ss imi)ortant disadvantage* folknvs from the' fact that tlie^ preissure* 
of the fluid on the ck'arance si)ace la'tw'een sh.att and casing, be'ing the 
same as the ])r(‘ssure afte'r the' first row of nozzle s, is much highe*r in a 
multistage turbine than in a single-stage* turbine*, and t he^ leakage loss 
is therefore higher. A two-imv stage* is oft.(*n used as the first stage of a 
multistage turbine to pe'iinit a large* droj) in pre^ssure across the first- 
stage nozzle and to reduce in turn the* pre'ssure* on the leakage spaea*. 
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Multistage Turbine Types 

A iniillisingo turbiiio of IIk' impulse type consists of a series of disks 
mount'd on a shaft and carrying on their periphery the buckets of the 
stages, and a surrounding casing in which are stationary diaphragms 



I’lc;. S7. Jni|>iils(' Turl/mc by (U!nt‘ral Eha'trif Conipauy 

I'rodi NtHviriHii, !‘U\nl lu.ini, \i>l. -II p l»y jx^rtniBsioii of the (icncrul 
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that extf'iul radially inw.ard Ix'twt'on tin* disks (Fig. 87). The nozzle 
passages pitart' 1h(' diaphragms. Th(‘ iniaa- (Mlg(^s of liic diaphragms are 
mad(' to lit. as (‘lost'ly to the n'x oh ing shaft, as is practicabh', bi'cause the 
smaller th(‘ ekairanei' belwt'en l-lu' two jiaiis th(' less will b(‘ tin* amount 
o( tluid that leaks from stage to stage without passing tlirough the 
no/zU's and, therefona without doing work on tla^ biu'kc'ts. Leakage 
ai'ound tlu' binlvets juid di.sks is not ol scaioiis eonsrajuencf' bc'cause 
virtually all change in pr(‘ssur(‘ <in tlu^ stag(' occurs acaoss the nozzle. 
Indc'cd, it is common pra(‘ti(a‘ to drill hoU^s through th(‘ disks to relieve 
any dilhaence in pressun* that might otherwis(' de\'elop and thereby to 
eliminale axial thrust on th(‘ disk. 

TIh' disk iy])(‘ of construction is not einjiloyfal in tlu' multistage 
u'aciion tmbiiH' b('caus(‘ tlu‘ pr('s.sur(‘ difference' ticross each row of 
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buckets is largo and would result in ex(*(‘ssive axial thrust on disks. 
Therefore, the reaction turbine rotor is giUK^rally a drum (Fig. 88) on 
which the rows of buckets an' mounl(*d. The oiner ends of the nozzle 
])artitions are fast-ened to the (‘asi?ig; th(‘ inia'r ('luls ar(' brought as lu'ar 
to the surface of the revolving drum as |)raeti(‘able in onk'i* to nnluei 
leakage between the stationary and rotating ])ar(s. I'he inner ends of 
the buckets are fasteru'd to th(‘ drum, and iia' oth«'r (‘uds an' brought 
as near to the inside surface' of the easing as practic.ablt'. 

The drum is ('xtench'd at the high-pn'ssurt' end Ix'yond th(' rows of 
buckets, and tlu' casing is brought dost' ('iiough to it at A to seal the 
fluid space from another space B into which tl)(' ('lul of the drum })ro-' 



Fig. 88. Reaction Turbine by Westindiouse r>(K)() kw, li)/.sqin, g, 

750 j\ 2s m. Hg v.'U'Uum 

By perniission f»f th<* WostinuJifuBc l''lcrtric uri<l Vlaiiulaflurint: ( ompiiiiy. 

jects. This second s})ace is in turn s(‘a,l(‘<l Iroin (Ik* atmosplu'n^. The 
])n^ssiire within it may Ix' adjusted, by means of ecjualizing t)ip(‘s, so 
that it is the saaru' as tliat on tlu' other end of tlu* druin; oi‘ it may l)(' 
made such as to cause a thrust, of aiiy dc'sired maguitudi' in ('ither 
din'ction. When the turbiiui is di'signed tin' <liameter of tlu' drum at 
the high-pj-esHure seal is selected witlj tliis oikjccl in view. 

The Condition Curve 

All the states assumed by th(' fluid in various stage's of a, reversible', 
adiabatic, find multistage' turbine* we)ulei lie* states of ide'iitieial entroi)y, 
however they might differ in pn'ssure* and ternpe'rat.un’. In a re'al 
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rnullistage turbine, on tiie othcT liand, th(' entropy of the fluid will 
iiKTf'avSe in (‘ach stag(‘ and will n'aeh ils higliest value at the exhaust end 
of Ihe turbirif'. 

In any one stag<' llu' process ('xp(‘ri('ne(‘d by any elementary piece of 
fluid may be (li\ad('d into two parts: first, a drop in pn'ssure through 
the nozzle with a slight increase* in (aitropy, as indie^ated by ab on the 

caithalpy-(‘ntropy diagram of Fig. 89; 
and se'cond, a greater increase in en- 
tropy across the bucket — which is 
accom[)anied by a fall in pn'ssiire in a 
reaction stage (he, Fig. 89) but, not in 
an imjailse' stage. The |)oint a n^pn^- 
seiits th(' st.ati' of t he fluid approaching 
the stage in (piestion, and the point- c 
rejm'seails the state of t,h(' fluid at the 
(‘xit from this stage and at, tlu* ent, ranee 
to th(* iK^xt stag{\ A curve* drawn on 
a diagram of jiroperties through all the* 
points r(*})reseriting stat,(‘s of the* fluid 
at, th(‘ (‘iit rance and e^xit of each stages 
is calk'd the* conditiun curve of the tur- 
s bine*. 

I'ui. 80. Tho Condit.idii Curvo "riii' t\v(i point,'; i and / at t.he ox- 

tn'rru's of the* condition curve of Fig. 
89 r(‘pr('s(‘nt f (‘speci i\('1v iIk' .state's of th(‘ fluid ente'ring and leaving 
the turbiiK’. The* work done by the* stream on the turbim* rotor may be* 
(expressed in accordance' with | lOl in the form 

I 2 

Wt /y - Ilf - » [74] 

where Wt denotes the work pc'i* unit ina.ss of fluid and F/ the velocity of 
the fluid li'aving tin* furbiiu*. (It is assumed that flu* kinetic energy 
at th(' entrance' to the turbine is iH'gligible.) Tlu' work IF^ is the sum- 
mation of all the* work (}uantities of the' individual stages and is the 
total v^'ork d('li\er('d to the shaft of the* tuii)in('. It is U'ss than the' 
work on the laickc'ts i)y tlu' rotation loss, and it is great t'r than the work 
delivered by the' turbine to external de'vices by tlu* work consumed in 
rotating the shaft against, friction forces in the bearings. 

The Reheat Factor 

(k)nsid('r a stage which is ])art of a real furbine and which operates 
Ix'twei'ii pn's.-^ures />„ and />,/ The .^^tate of th(' fluid ent ('ring tlu' stage* 
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is represented by point, o in 89, which is th(' iniei’st'ction of the line 
of piessuie mid tfie condition cur\e. It the .stutji;e were revi^rsibie 
mid adiabtilie it would dc'livi'r wcu'k (“orn’spondin^ lo tlie height (ui ulon^ 
the line of constant entropy bet ween state c and pr{‘ssur(' provided 
that inlet and exhaust velocities wviv (Hiual. On 1 lu' ot her hnnd, ii stage 
which is part of a reversilile adiabatic turbiru^ and wliich operates 
between the same two jiressures would d('li\’('r N\ork corrivsponding to 
the height (/d' Ixd.weim the piwssure liiu's and /v along a line of 
constant entropy passing through th(‘ point corresponding to the state 
of the fluid aiijiroaching the first stag(‘ of tlu' turbine. Now for all 
known vapors Hk' lines of constant })r(\ssui‘(‘ diverge with increasing 
(Uitropy,* so tliat th(' luaght ad is greatin' than the height. (/d\ Ther(‘- 
for(‘, the limiting value of 1 h(' work for an adialiatic stag(‘ is incnaised 
])y virtue of th(‘ iiU'flii'iency of the ])r('C('ding stage's. 

If tii(^ stage's of a turbine' all have the' sana* e'flicicne'Vj 77 .^, tlu'n the 
total work de'li\’e'red b\' the* (luiel in all Uk' stages may be expre'sse'd as 

ir, iT.-)] 

wh(‘re Ifb de'notes the work eleine* l)y e-ach unit mass of fluid as it flows 
through the' turbine', Ws the we)rk it dex's as it flows through a. stage', 
and Ahss tiie' ise'iit r()))ic ('iithalpy drop for a stage, corresponding to 
he'iglit, ad in I^’ig. 89, 

Now l('t us d<'fine‘ a turbine' e'flie'ienc'y as IIk' ratio of the' work done 
by the fluid on the* I'otor eef the' leirbitH' te> thi' work the' fluid weiulel ele) 
in a I'e'versible' aeliabatie tuibine' e)pe'niting he'twe'rn the' same' initial 
state of the' fluid and the' same' final pi* s>iire' as in the- re-al turbine: thus. 


Vt 




[70] 


where -nt de'imte's the' turbine' e'flie'ie'Ue'v anei A/e,j the* ise'ntropic drop in 
enthalpy feir the* ('iitire* tiiileine' .‘is ^hown in fig. 89. \\(' may eeimpare 

this e'xpre'ssiein with the* e-eerie-sponding e*\pre'ssi(»n le>r eonstant stage* 
eflicie'iKW’ as obtaiiie-el from ITo]: 


rj. 


ir, 



♦ 8in(;e3 f/s = (du -f pdv)/T ^ (dh - ?w//n/'T, riioii fe^r renislant entropy ri/t ^ v dp 
anei (dh/dp)g — v. If v incre'ase's witli e'litropy at •.•o/istarjt preiHsiire, that is, if 
{dv, ds)j, is greater than zero, theai i()ii/dp)g also incrensi's and th(‘ ise-ntreipie elrrip in 
enthalpy between two pres.sur(is will inerea.s<‘ with increav'^iiig entropy. It is shown 
in Chapter XXIV that, for any snhstanee whi<‘h iiiereases in te-riipe^ratiire with 
isentropic eornjrre'ssion, (etr ets),, > 0, 'I'lic' vapor phase\s of all known substanea* 
have tliis eharaeteristie. J>i()\ii(l water below 1 ( ■ has the reve-rse charaeteristic anei 
would, therefore, have reheat factors less than unity. 
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li WMS pointed out nbove tiiat exceeds Ah^t- Therefore, the 

cffieieney of the turbine, (‘xeeeds th(‘ uniform efficiency of the stages 
which c.onstitut.e Ibe luHiiiu'. 

The ratio of tiK‘ siiinination of all the isentropic decreases in enthalpy 
for the st.ages to the isentropic decrease in enthalpy for the 

turbine (A/i.sO is coininonly called t he reheat factor ; thus 






A/'» 


[78] 


wheix^ denotes th(‘ tx heat, factor. It is a quantity greater than unity. 
It can be computed for any turbine with a known distribution of stage 
(‘flici('nci(\s and with known inlet state' and exhaiust pressure. Values 
of 11 k‘ ix'lu'at factor according to K. L. Ibibinsoii for steam turbines with 
uniform stage' edhe'iency are' shown in Fig. BO. 



Fin. 90. R('h('at Inictons for an Infinite NurnbiT of Stages Each Having an Effi- 
^•n'ney nf SO Per Cent 

The reheiit factor Otjvr? for .V slnjreH e:icli ImviiiK (he efheieney rj, is ^civen by 

^ ((U - n(i- - nVei - o.s), 

where (U denotes the ordinate in the fiKure From E. L llobinson, Merh Kno'g, Vol. 50 (1928), p. 155 


d h(‘ re'latie:)!! between the ('fftcienc.y of a turbine' of uniform stage 
eHicieiicy and the' e'flicu'iicy of its stages is found by combining [75], 
[70], and [7S] to be 

m [79] 

It is common practice in turbine design to calculate an approximate 
value of the* required rate' of fluid flow bv means of the reheat factor. 
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Firt’t an tvstimaied average value of r/. for IIk' stages of the turbine is 
substituted into [791 along with an appropriali' \-alu(‘ of tlu' r('h(‘at 
factor. The resulting turbine (‘Iheicaiey in eoini)inalion with the desiixui 
power, the initial state, and tlie final i)r(‘ssur(‘ yields the rate of flow: 
thus, with the aid of [76 j we get 

- -ZL 

Wt 

where P denotes the desin'd ])owc‘r. Wit h tht‘ approximate flow know?] 
it is possilxle to select diuK'iisions of nozzles and biick(‘ts upon wTich 
the efficiencies of the individual stag(‘s d(‘pend. Th(' efficienck's cortv- 
sponding to the s(‘l(‘cted dimensions may now ])e us('d to d('t(‘rmine a 
condition curvi' and, through [741, the work ])(‘r unit mass of fluid. 
This quantity with the dc'sinal capacity yi(‘lds a s(‘Cond approximation 
to the rate of tlow^ which is usually entiix'ly adiajiiati' for determining, 
through stage dimensions, the stage (tliciencies 

Wheel Speed 

L('t us d('fine a quantity y as Hk* ratio of tlu' whix'l speed of a stage to 
the eharai'teristic V(4oeity V'o. I'hus 

W 

y - j,- 

It follows from this and th(' (kTmition of I'o, [71), that for ii(‘g]igibl(‘ 1',; 

For a turbim; made up (‘iitir(*]y of stages of uik' type*, say, (‘ither the* 
impulse* type eir the re-aetion type*, y has ajipreiximate'ly the* same! vaha* 
for all stage's. There'fore*, we* may wait** for sin-h a tudiine 

52 IF- - 

or, by [78], 

[801 

where 5^ denotes a summation of the* ejuaiititie's indicated by the* 
symbol that follows it for all stage's of the* turbine*. 

The value of Ahat defiends upon the* initial state* and the final pr(‘ssure* 
of the fluid, and the value of on the same* (juaiititie*s and on the* stage* 
efficiencies and the number of stage's. But with n(*i1hf‘r of the* >vvo 
latter does 91 change rapidly (s(*e Fig. 90); see that tlie; value* of 
for maximum efficiency is virtually fixed by tlireM* things: the* initial 
state, the final pressure, and the type* of stage*, ft is ('ssemtially inde*- 
pendent of the capacity of the turbine or the numbem of revolutions eif 
the shaft per unit time. 
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The required magnitude of may be provided either by a num- 

ber of stages of small diameter at high angular velocity, or by the same 
number of stages of large diameter at low angular velocity. The weight 
of the turbine, and therefore its cost, will decrease with increase in 
angular velocity. However, for a given capacity the angular velocity 
(cannot be increas(‘d indefinitely without, encountering mechanical 
instability in the form of shaft vibration. 

For any one angular velocity the value of varies directly as 

riD'^, where n denotes the number of stages and D a mean diameter. 
Since nD^ is also an approximate measures of the volume of the turbine 
structure, it follows that for constant angular velocity is an 

approximate riu^asure of the weight and, therefore, of the cost of the 
turbine. For this rciison, a manufacturer will never provide^ a larger 
value of than is necessary to reach maximum efficiency; and he 

will in general provide less, for near the j)oint of maximum effi(‘iency the 
Increment in (‘ffi(‘iency corresponding to an inenanent in is not 

great enough to justify the corresponding increase in cost. Moreover, 
the most economical value of will be lower for turbine's of low 

capacity than for turbines of high capacity; and it is largely because of 
this fact that th(' efficiency of turbines increas('s, as a nile, with capacity. 

For the sam(‘ inl(*t state and final pressure it is indicated by [SO] that, 
for inaxiniuin ('ffichaicy vari(‘s directly as y^. Letting subscript 
i d(mote values foi’ a pure impulse turbine and suboC'ript r a pure reaction 
turbine, we get 

EeI = yl 

(1/V2)2 

J 

■ 2 - 

It follows that an impulse turbiiu' mav hav(‘ a considerably lower value 
ofEH’" (less whe<'l sv)eed) than a corresponding turbine of the reaction 
tyi)e. It does not follow, however, that an impulse' turbine costs half 
as much as a reaction turbine of the same efliciency, because the drum 
type of construction results in lower cost, pi'r stage. 

An analysis similar to that just given shows how the two-row stage 
reduces the cost of a turbine^ Comparing the value of for a 

turbine made up of two- row' stages with that of an impulse turbine, 
we get 

zm (1/4)- 

( 1 / 2)2 

__ 1 

~ ' 4 ? 
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and comparing with the reaction turbine, 

Lh';’ uM)" 

— 1 
“ 8 * 

Capacity of Multistage Turbines 

However it may be distributed throughout the turbine, the amount 
of wheel speed, or ^W‘^, is virtually fixed by ih(.‘ ii\itial state, final 
pressure, and type of stage, as indicatixi by [80], and is independent of 
the capacity of the turbiu(‘. The rotor of a turbine of high capacity 
will differ from that of a turbine of low capacity only in the radial h(‘ights 
of nozzles and biu'kets. In the high-pressure stag('s of the turbiru' 
these heights are small and a variation in thih* inagnitud(' of twx) to oiu' 
wnuld make little differencH' in tlu' af)p(‘aranee of the stages or in tlu' 
dimensions of tlui casing which (uicloses them. Therefor(‘, the patterns 
from which the high-pressure end of the casing is made may b(^ us(‘d 
without alteration for turbines varying wid(‘ly in ca])acity. 

On the other hand, the nozzl<‘s and bucket, s of tlu' low'-pr(‘ssure stages 
may be long relative to the* stag(‘ dianute'rs. To double their length 
might require major changers in th(i low-pressure' e'ud e)f the casing, and 
might at. times be' impractical )le' if bucke*t stre'sse's beetome' too large or 
if the buckets be^come so fh'xible' as t,e> be' me‘e*hanically unstable. 

Suppose, then, that a multistage' steam tuibine' has be^cn designed 
conservatively for a e\apacity of 10,000 kw\ It is ])ossi])le to make a 
second turbine with a capacity of 15,000 kw from t,h(‘S(' same designs 
and from the same patte'rns, yerovide'd that the raelial heights of all 
nozzles and bue*ke't.s are' ine*re'as('el by half or as nearly by half the 
design of the easing permits. The de*sire'd increase e;aii be remlized in 
full in the high-pr(*ssure stages, bed. in t he stagers of le>wM\st pre^ssure hardly 
at all. This second turbine' will have a r<apae'ity of 15,000 kw', one-half 
larger than that of the first, though it, will cost very little' more than the' 
first. But it will also have a high le'aving lo.ss — that is, the' vedocity 
of the steam will be high at the^ exit from the buckets of the last stage. 

The capacity of turbine's of a given ele'sign may be iiicrease^eJ by this 
method up to the point whc're the* magnitude' e)f the leaving loss justifies 
the cost of a turbine with longe'r buckets on tla; last-stage' wheed. How- 
ever, the length of the buckets canned be incrtrasc'd indefinitedy without 
encountering mechanical limits whie'li are* set by the strength and stiff- 
ness of the bucket structure. Wheel these' limits are reached, then the 
limit of capacity for a single-casing turliine' is also reached. Today that 
limit is about 150,000 kw. Furthc'r increase in rapacit y may be' realized 
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l)y providinf*; in tli(‘ turbini^ two last-stage wheels instead of one, and 
leading one-balf of tlie fluid stream to each. Such a turbine is called a 
(louhh'-Jlf>\v tur])ine and it commonly has two casings: one for the high- 
pressine stages and oiu* for the two sets of low-pressure stages, with 
st,(‘am admit <('d at iIk' middle of the latter casing and discharging at 
))oth (aids. 



Rated load-megawatts 

Fkj, 91. Varijition in Efficioncy of Turbino-Oent'nitor Units 
of th<‘ (loncra! Ek'ctric Company 

CoDflcriFinK tarhinon, iiiihiil ‘iuperheal .‘iOO F Full linofl ISOO rpin. Diisli Imps 3000 rpm. Initial 
prf'Bfiiiros Kivpn oru’urv e.s. Fnim Wurroii and Kiiowlton, Tnms. A.SM.E., Nol ()3(1041),p 128 

The great ('r radial iieiglits in th(‘ turbines of higher capacity result in 
an incnaist' in the ('tlicit'iu'y of the tuiTine, which can be accounted for 
by a n'duction in ilie relali\ (‘ importance^ of fj’ictional effects at the (aids 
of the riozzh' and loicket passages. Mon'over, as was nH^nlioned above, 
a turbiiK' of higla'r c[ip:)ei1y is gciu'rally providt'd with more wheel speed. 
For thest' reasons, priiM'ipally, turbiiu's of high ca[)acity are more 
(fTicitait than turbines of low capacity. The dep(aiden(‘e of efheumey 
on capacity is shown in Fig. 91. 

Comparison of the Reciprocating Engine and the Turbine 

The eapaeity of a reei}>roeating (uigine of a given sizt' increases with 
th(‘ numixa' of working strokes that can b(‘ aeeomplistcd in unit time, 
that is, witli tlu' piston spied. In praeti(‘e the piston spe(‘d is limited 
by the (‘heels of throttling through ])ort,s, because the.se effects increase 
in iinportanee with iucr('a.s(‘ in t^xx'd. 

When till' maximum praetieable s]xcd is attained the capacity of 
the reciprocating (aigim' (‘an be increased only by increa.sing the dimen- 
sions of the engine. Th(‘S(‘ Ixx'ome .so large* for a capacity of 10,000 kw 
that this figure has .s(‘ldom Ixa'ii (‘xtc(‘d(‘d. 

Th(‘ .steam turbine, on the otlnu h.and, is well adapted to capacities 
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more than ten times as great. In fact at 10,000 kw it, is only beginning 
to realize th(‘ high eftieieney of wliieli it, is capabk', as is shown by Fig. 91. 

A chart showing tlu^ efficiency of recipro(*ating engine's as a fune'tion 
of capacity would differ little from Fig. 91, c'xeu'pt that, tii(' rajige of 
values of the a})s(*issa would be a small fraction of that of F»g. 91. If 
}>oth were plotted to tlu' same scale the n'sult would Ih' something like' 
Fig. 92, which shows that the reciprocating engine is prc'R'rable at low 
capacity and tliat the turbine is without, compe'tition at high capacity. 

Th(^ turbine is a device which must o})erat,(‘ at high 
spi'cds of rotation, because by this iiK'ans it- is kept 
to reasonable dinu'usions at high capacity and to o' 
i‘(‘asonable cost at low capacity. Tiie r('('ii)]-ocating 
('iigine operates at relatively low spee'ds. Tlu'R'fon', ^ 
it, is commoiil}^ einploy('d to pro])(‘l cargo ships, to 
drive locomotives, and to turn line shafting, all of 
which ai'e tasks ix'ciuiring i]o lai'g(‘ amount, of power and 
relativ(‘Iy low speed, turbine', on t he other hand, may be (anployed 

to drive an ek'ctrical ge'uerator which (xin opc'rate at higli sp(‘('d and 
absorb a large amount, of me'chanical j)owei. It is also usi'd to drive' 
centrifugal pumps and eemipressors, large'ly be'e'ause' they are' liigh-sp('('d 
devices. If it is to drive' the^ proiK'lle'i* of a ship or the' whe'e'Is of a loco- 
motive it must b(‘ i)rovide‘el with o'duction ge^aiing. 

PROBLEMS 

1. Show that for reversible stage's having zerev anglers the whee;! spee'd for ma.xiimini 
work is given by tlie expression 

Vq 2Vl ~ X 

where x denotes 

2. (a) Show that the ctrieicney of a zero-angle* stage of the. pare reaction type 
which is rewersible and adiabatie* is giveai i>y tlie* cxpre .ssaa) 

rj •--- 1 — (y ~ - V - '/ + y )^f 

where y denotes Ut To. 

(h) Find a corresponding expre‘Ssion for a j)urf* impulse' stage. 

(c) Find a corresponding expre'ssion for a stage* for which 

3. Show that in general the value of W /\ o for niaxinnirn eflie'ieiie'y of a reversible, 
zero-angle, impulse turbine stage is 1 /2i], where n denotes tlie nuirjber of moving rows 
of buckets. 

4. Show that a coefficient of velocity greater than unity woidd be impossible in 
view of the Second i.iaw. 
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6. A turbine nozzle with well-rounded entriuirc has a minimum cross-sectional 
area (throat area) of 1 sq in. Calculate the discliarge through this nozzle for pressure 
ratios of 0.9, O.S, 0.7, 0.6, 0.58, 0.56, 0.54, 0.4, 0.3, 0.2, 0.1 for initially dry saturated 
steam at the following pre.ssures: 50, 100, 200, 500, 1000, 1500, 2000, 2500, 
3000 Ib/sq in. al>s. ( -alculate for the same pressures for steam initially at 700 F. 

Assume the dischiirge coefficient to be unity and the approach velocity to be 
negligible. 

6. Determine the exit area of a nozzle which will discharge 5000 lb of steam per 
hour. The initial steam pressure is 200 Ib/s(| in. abs, the initial steam temperature 
is 700 F. The pressure is 160 Ib/sq in. al)S in the exit plane of the nozzle. The 
steam approaches the nozzle with a velocity of 448 ft/sec. The discharge co- 
efficient is unity. 

7 . If the pressure had been 80 Ib/sq in. abs in the exit plane of the nozzle in the 
preceding problem how' much exit an^a would be required? Would this area be the 
minimum cross-sectional area in the nozzle? If not, find the magnitude of the 
minimum ar(;a. 

8 . Design a nozzle passage of circular cross section to have equal pressure drops 
for equal incrtunents of length. The initial pressure ahead of the nozzle is 300 Ib/sq 
in. abs, the init ial temperature 700 F, the final pressure is 1 in. Hg abs, and the flow 
is to be 1 lb; sec. Assume a constant-entropy expansion. 

Plot against the distance through the nozzle: 

(a) The static pr('.ssur(‘ in the stream. 

(b) The v(*locity of the stream. 

(c) 'The specific volume of the steam. 

(d) The cross-sec t it uial are.a of the stream. 

(e) The diameter of the .stream. 

(/) The rate of flow per sipiare inch of cross-sectional area. 

(</) Th(^ teinperaturi' or quality of the steam. 

(h) Ratio of cross-s(;ctioiial area of tlie stream to the minimum cross-sectional 

area of the passage. 

9 . What are the critical pressure ratio and the critical velocity for the above 
conditions? 

10 . Plot the quantities (u) to (h) for initial conditions of problem 8 against distance 
along the nozzle for a nozzle with dimensions as shown in the sketch. 



11 . An impulse stage in a l0,(HK)-kvv turbine o^KTates between 100 Ib/sq in. ab.s 
500 F and 80 Ib/aq in. abs wIumi the steam flow is 100, 0(K) Ib Tir. The velocity ap- 
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proaching the nozzle is 224 ft /sec; the pitch diameter is 4 ft. The nozzle angl(‘ is 
to be 12 degrees, and the edge factor 10 pt>r cent, f^^alenlate the nozzle radial h(>ight 
for the stage. 

12 . Steam enters a steam-turbine bucket, at a nhilivt^ v(‘locit.y of 0(X) ft/sec and 
at a relative angle to the plane of the wheel of 27 degrees, dlie bucket, velocity 
coefficient is 90 i>er cent; the bucket exit .angle is 25 d(‘gn‘tvs. d'hen^ is no drop in 
pressure across the bucket. What is th(^ taiig(‘iitial force on the turhiru* bucket ^H*r 
pound of steam t)er second? 

13 . Steam leaves a turbine nozzk^ at an ab.solute velocity of 1070 ft/sec and at an 
absolute angle to the plane of the wheel of 14° 45'. 'Phe wIkm I velocity is 5(X) ft/s('c. 
The absolute velocity of the steam leaving th<> wh(;el is 228.5 ft /'sec and t he alisolute 
angle to the plane of the wheel is 87° 22' forward running (tatig(‘ntial comporuMit in 
th(‘ direction of wIk^cI rotation). 

(a) What is the tangential force on the turbine bucket i>uund of steam 
second? 

(h) How much power in kilowatts is being delivered to the turbine wheel by 
the steam if the steam flow' is 100,000 Ib/hr? 

If the initial steam condition b(‘fore the nozzles of this stage is 100 Ib/sq in. abs 
and 500 F, the steam velocity there is 2(K) ft/sec, and the pressure before and after 
the buckets of the stage is 70 lb s(j in. abs. 

(r) What i.s th(‘ nozzle velocity coefficient? 

(d) What is tla^ n()zzl(‘-l)iicket efficiency? 

14 . A single-stage impulse turbine is to bo designed. 4’he initial steam condition 
is 100 Ib/sq in. abs 500 F, and the velocity approaching the nozzles is negligible. 
The exhaust pressure is 15 11>, s(j in. al>s. The nozzle angle is to he 15 degrees and 
the nozzle velocity coefficient is 05 per ('(‘ut. 'Phe blanket exit angle is 50 degrees 
and the bucket velocity coefficient is 85 per cent. 

(a) What is the value of 0^ 'Fn whcui tlie wheel speed is 1100 ft/sec? 

(h) How much power is delivered to t he \vli(a4 by the active buckets at a wheel 
speed of 1100 ft/sec if the steam flow is 5000 lf)/hr? 

(r) At what wheel s])ce<l and w'hat value of W/Vo would the maximum power 
be delivered to the wheel? 

(d) What would be the maximum p<iwer? 

16 . A i)ure impulse stage is to be designed With steam conditions, velocity f)cforc 
the nozzles, and nozzle angle as in probiem 11. The bucket exit angle is to be 25 rle- 
grees, the nozzle velocity coefficient is 90 [>er cent, and the bucket velocity coeffin^ient 
90 per cent. 

(a) Plot the nozzle-bucket efficiency against W/Vo. 

(h) At what W/Vo is the efficiency a maximum? 

(c) At what W/Vo is the kinetic energy leaving the bucket a minimum? 

(d) Plot relative entrance angles for the stream entering the bucket. 

(e) Plot bucket exit height/nozzle exit height, assuming equal edge factors. 

16 , A reaction-turbine stage operates between 100 lb/ sq in. abs 500 F and 80 lb/ 
sq in. abs. The velocity approaching the nozzle is 250 ft/.sec. The nozzle and 
bucket designs are identical w ith 90-degrcK^ entrance angles, 20-degrf*e exit angles, 94 
per cent velocity coefficients, and 100 i>er . cnt discharge coefficients. 
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(a) If the isentropic cnthjilpy drops across the nozzle and across the bucket 
are maintained equal, at what W /Vq and what wheel speed will the bucket work 
be a maximum? 

(/)) At that wheel speed what is the ratio of bucket exit height to nozzle exit 
hdght? Assume ecjual gaging. 

(c) An impulse stage reaches its maximum (*tticiency at a TU Uo of approxi- 
mately 0.49. What would be the ratio of th(‘ isentropic enthalpy drop in an 
impulse stage with wheel speed as in (a) to that of this reaction stage when both 
an^ working at maximum efficiency? 

hind the axial thrust a)){)li(‘d by steam to the buckets and their shrouding per unit 
rat(i of flow (]M‘r pound of steam piT s(^c.ond) for the following two cases: 

(d) The shroud and root f>f the bucket are parallel and form cylindrical bound- 
ary surfaces whicli are extended so as to run at dost; clearance from the nozzle 
face. 

(e) 41 k‘ sfiroud is conical so that close clearance is maintained immediately 
around the nozzle annulus. 

N(^glect the effects of edge thickness. 

17. A simple four-stag(‘ impulse^ turbim* op(‘ral(‘s betweeji H)() Ib sq in. abs 500 F 
and 15 Ib/scj in. abs. The stage pressures are 05, 40, 25, and 15 Ib/sq in. abs. The 
(4hci(‘ncy of eacli stagf' is 70 p(‘r cent, and i)ractically no kint'tic energy from th(' 
preceding stag(‘ availabh' to nozzh's. 

{(i) Wliat is tlK‘ r(fa‘at factor? 

(5) Wliat is the overall turbim^ etheumey? 

(c) What IS tile tcanpc'ral urr* or (piality at the entrance to '\ach set of nozzles? 

(d) h'ind th(* nozzl(‘ ai’eas per pound of strvarn pcT hour, a.ssmning nozzle flow 
coetficHMits of 100 pm' cent. 

18. (a) If ti e whef'l dianieb'rof jrroblmn 15 is 50 in., the are of admission -15 degrees, 
tlu' bucket I'adial height 2 in., the .d(‘am flow 250,000 lb hr, ealeuiate the rotation 
loss per ])tmnd of >ti'am at the IT I'o of maximum {dliciency. Fse tlu? Stodola for- 
mula. 

(5) What is tlie corresponding stage etficimiey? 

SYMR()].S 

a cross-.seetional an*:! of a pas.sage, acceleration 

A axial tlirust 

h width of a nozzle passag(? 

c constant 

Cv eoeOieient of velocity 

Cir eoellicient of discliarge 

I> pilch diameter 

( edge factor 

f coetlicient of friction 

F force 

(j aci'cleration given to unit mass by unit force 

(r nia.'-s flow p(‘r unit area 

k enlhaljiy per unit ina--^ 



SYMBOLS 


m 


Ahsb 

Ah$n 

j 

I 

L 

i/i 

P 

P 

r 

R 

fii 

,S 

T 

u 

V 


i 1 , 4, r>, 8 
V'2, :i, 6 , 7 
10 
w 
w, 
ir. 

X 

// 

z 


isentropio drop in enthtdpy across the buckets 

isentropic drop in enthalpy across the nozzles 

gaging 

radial height 

rotation loss 

mass 

pressure 

power 

radius 

frictional force per unit area 
reheat factor 
shear stress 
torcpie 

tangential comi)onent of velocity 
specific volume 

specific volume at a st:ile correspoudiiig to tlu; pressure aft('r a 
nozzle or bucket and the entropv before it 
characteristic velocity (d a stage -- \ f 

absolute \'elocitie^ iii \ (‘locil v diagra?T) 
relative velocitic^s in velocity diagram 
mass flow p(T unit t:m(‘ 
s[)eed of a buck(d 

work tf) shafi per unit mass of fluid 

work to moving blades ]ht unit mass of fluid 

reactioji ratio ( Ahsii 

w/v, 

axial component of velocity 


(lUEEK LETTERS 

O’ nozzle angle 

7 pitch 

7] efficiency 

P mass density ^/vg) 

oj angular \'(‘lority 

SltBS( RIFTS 

a a])j)roa(*h to nozzle 

h bucket 

c critical pressure ratio 

d disk 

n nozzle 

^ constant entropy, stage 

t tangential comj)onent , throat of nozzle, turbine as a whole 
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CHAPTER XTT 


HEAT-ENGINE CYCLES 
The Ideal Heat Engine 

Corollary 1 of the Second Law was stated on page 73 as follows: It 
is impossihle to consirucl a heat engine to work between two reservoirs, each 
having a fixed and uniform temperature, tvhich wilt exceed in efficiency a 
reversible engine working between the same reservoirs. If w(‘ let. Ti denote 
the absolute t.emperature of the r(\s(‘nT)i]' at higher teiriperature (the 
source) and that of the n'servoir at lower t('m])erature (the sink), 
then we may write for the (efficiency, y, of a reversibk' engine 

T, - 

This was shown on page 79 to be a consequ(ence of the definition of th(‘ 
absolute therrnodAuiamic scale of temp(‘ratur(\ 

It follows, tli(er(‘fore, that the most, efficient, heat engine will b(‘ a 
rev(‘rsible one that r(‘C(‘iv(‘s all its heat, at the high(‘st. temperature at 
which heat is aA'ailabk' and rejects heat only at, tlu* k)W(est temperatun' 
at which a sufiici(ently larger resc'rv-oir can be found. 

In the selection of a sourc(‘ and a sink the mean tcanperature of the 
atmosphere may be taken as a reference tem])eratui'e. It is true that 
the atmosphere vari(^s in t(‘mpf‘rature both with tim(‘ and with position 
on the surface of the earth. But at any one place and at any one tim(‘ 
the atmospheres may serve as a virtually iiifiniti* r(\servoir, the temper- 
ature of which will be unaffect(*d (except locally) by heat transfers 
wiiich are comparable in magnitude' to those employed in the larg('st 
of modern heat engines. Tempf'raturt's high(‘r than the temperatun; 
of the atmosphere are som(*times (‘ncoun1(*r(‘d in natun', such as the 
tempe^rature of a surface exposed to suriligiit. or the temp{;ratures of 
certain subterranean regions. Temperatures appreciably low^er than 
that of the atmosphere are found k;ss often, that of water at the bottom 
of deep tropical seas being one example. 

Any of these; natural temperature difTereiices may be used to produtx; 
work, but they are commonly .so small or .so inaccH'ssibk* ffiat they can- 
not be exploited economically. Much greatca* tcanperalure differences 
can be obtained in any desin'd kjcalion at moderate cost by m(*ans of a 

MTi 
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chemical reaction. ( 'oinmonly this takes the form of the oxidation of 
(;arl)on or hydro(*arhoiis such as coal, oil, or gas, and results in a marked 
rise? in the t(‘mi)erature of th(‘ products of oxidation above that of the 
atmosphere. No chemical inaction is known which will produce a fall 
in t(‘nip(‘ralur(‘ ('onpiaralik' in magnitude' to th(' rise accoin])anying the 
oxidation of coal tind for which the reactants are as abundant or as 
cheap as ceial and oxygeai. 

L(‘t us assunu', now, that by means of a chemical reaction or other- 
wise' a single* n*s(*rvoir may })e‘ dewiseal which can be continuously main- 
tained at a t(*in})(‘ratiire‘ eliffen‘nt, from that, of the atineisphere re'gardk'ss 
of the* flow of h(*al fi’om it (if it is at a highe*!* (.e‘nipe*rature) or to it (if 
it is at. a lowf'V tempe'rature*). 

Ee‘t us assume* fuiihc*!* that tlie atmosplu're is the only availal^k* 
re*S(‘rvoir whose* te*m]^e'ni1ure re*nnins une'hange'd whe'U heat, is re'je'cteel 
to it or withdrawn from it in large* (|uantitie*s ena'r a long pe‘rie)ei ejf time. 

Within any ek'^'ice* whie‘h e*mi)loys tlu'se* two re'se'rveiii's, leve'ls e)f te'in- 
jK'rature* that are* intei’iiie'diate* be*twee'n the* t,e‘m])e*i’ature*s of the re*se‘r- 
^’oirs may be* mainlaine'd; anel le‘ve*ls of te*m])e*rature* that ai*e outside* 
the* range* se) (‘stablistie'd may also be* maintaine'd ]>re)\'iele‘e] tliat some* 
seirt e)f lu*at. ])umf) or re*frig(*ra1 ie)n mae*hine* is ince)rpe)ra1e*ei in the* eJe'vice:. 
Ne*ve*rt he*k‘ss, the* efficivuctj of e///// rrver.sihlc heal (nnjine opcrofinn hrfirccn 
the two reservoir,^ catnioi f>e exceeded by (he efjieieneij of (uiy other device 
regardless of its complexity. For, if a me)re effie‘ie*nt. de*vie*e' we're elis- 
cove*red, it weiulel only be* ne*e*e‘ssary to re've'rse* the) ope'ratieni of the 
re*ve'rsibk* e*ngine* in orek'r to provide* a lu'at pump wliieh in c()m])ination 
with the elevie*e* in eiue'stiein weaikl e’einstitule* a pe'i petual-motiein mae'liine 
of the second kind. No advantage* will be* re'a,lize‘el, tlu're'feire, in reje'ct- 
ing he*at freim an e'ligine* at a te*niperature* b(*low that e)f the atinosplu're* 
if tlie* t.e'iiipe'rature* of the soure*e* is above that of the* atinospheie). 

The* most ce)mmon soui’e'e* e)f he*at. e*m])le)y('el in the |.)roduction of 
]>owe'r is a stre*ain e)f jireielue'ts e)f the* combustiein e)f coal, l^e t us assume 
that a re*asonab]e* te'inpe-ratnre* fe)r such proelue'ts is abend 3500 F, and 
that a re*asonabk‘ te’mpe*rature' for the envire)nme*nt of a i)e)wer plant 
(air or wate*r) is about 50 F. Then the be'st efficiency, yrnj that could 
be realize'd by a heat engine is 

3500 - 50 

"" ;«M)(r+5B0 

— 87 prr e*e*nt. 

No existing heat engine has an efhciency that approximates this figure. 
In fae*t , the* be'st modern lu*at er.gines attain efficiencie\s hardly in excess 
of 30 pe'r cf*nt . 
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A large part of th(‘ discn'pancy hetw(‘cai possible efficiency of 
87 per cent and the realized efficieii(*y of :i() pvr cvni (‘an bt‘ accounpHl 
for in that no lu^at (aigine has yet becai d(nised which can receive' 
lieat at a t('ini)eradure as high as ;i5()0 Jn fact,, at, this temperature 
most engineering materials are lieiuid and noii(‘ aie strong enough to 
constrain a fluid at n'lativi^ly high pressun^. Theivfoie, tin' state of the 
.art and science of metallurgy dc'termines an Uj)i)(‘r limit to the temp(‘ra- 

ture at which a head engii]( that can be construct, cal at reasonabl(‘ 

cost and opca’ahal with ('onfideiua' — can naaavc^ lu'at. Tfiat limit 
today is slightly less than 1000 F. Thus, the most efficient heat (‘iigint^ 
would be limiti'd to an efficicauT of 


1000 - 50 

10(W+~T(ii0 


05 p(‘r cent, 


which still is more than t,wic(‘ the* efhcicaicy rcaliz(‘d in practice. 

To realize an ('fficiency of t)5 pen- c(*nt within t,li(‘ nvstrictiems stated, 
th(‘ following conditions must b(' mvi : first, all that flows to th(‘ 
eiigiiK' must b(' r(‘C(‘iv('d by the working (luid at a tenipcn-aturc' of 1000 F ; 
second, all laait r(‘j(‘ct,('d by th(‘ (aigiiu' must- How from the working 
Iluid at a tem|)erataire of 50 F; and third, the operations of the engine 
must, b(i com])l(T{'ly r('V(‘rsibl(\ 

The first and scM'ond conditions 
Tfiight be m(‘t by an (aigine woi-king, 
for example', on th(‘ (hrnot cychy 
but t,he third condition cannot b(‘ 
m(T by any n'al (‘iigiiK*. The ('ffia-ts 
of (h'parture fi-om r('V(rsibility arc*, 
howevc'r, of more consc'quenca* in 
some types of engines than in o1h(‘rs. 

In Fig. 93 is })lott('d on a p-r dia- 
gram a Carnot- cyck' for air. Tlu' i 

woik (Iclivorcd l.y Uie fjas Ic I lic pi.s- 
ton in the cours(3 of its out ward stroke 

is the area 1233'l'l; and th(‘ work doiK* by the piston on the gas in the 
ri'turii stroke is the slightly smalk r area 1433^1^1. The ikT- work — 
that is, the useful work — of th(‘ cyck‘ is tlie ?-(‘la,tiv{'lv smiill area 12341. 
Now the work that is exix'udc'd iji friction IxTwet’n i)isl()n and cylinder 
wall, and betwec'n journals and Ixairings in t-lu' (‘xt(‘rnal parts of th(^ 
engine, will be some dcderminable fraction of tlu' work dc'livf'red to tlu' 
piston in the course of its outward strokca H(*caus(' of that friction the* 
work which reaches the hywlu'el shaft, (or what(‘ver uKanber it must 
ultimately reach in ordc'r to be useful) will be less than 1233^1^1 during 
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tlio outward stroke; and the work which must be received from the 
flywheel shaft for the return stroke will be greater than the area 1433 'i'L 
It is easy to see that the net work delivered to the flywheel shaft will 
vanish and even become nr^gativc for a friction effect which is only a 
>mall fraction of the work quantities employed in the cycle. For this 
reason, principally, the Carnot cycle has never been used in the com- 
mercial production of work. 

The Stirling Air Engine 

In the middle' of tne nineteenth century Stirling devised an air engine 
in which the ('ffects of irn‘V('rsibiIity v’ere less than in the C arnot cycle. 
His cycle, which is shown in idealiz(‘d lorm on the p-v diagram of Fig. 94, 
has a larger ratio of the md work to the work of each stroke than the 
(’arnot cyck'. It consists of two isometrics joiiK'd by two isotht'rms. 
Heat is taken from th(‘ source during tlu' isothermal expansion at the 
high(‘r temperature and is rejected to the sink during the isothermal 
(‘ornprcssion at the low(‘r t(‘mi)eratur('. In order to avoid heat exchange 
l)(dwe‘(‘n the working fluid and the source or sink whil(‘ the fluid is at 
intermediate t(‘mp(*raturt‘s tlu' two isometric processes, 23 and 41, are 
ex(‘cuted with the aid of a regenerator , which is a series of heat reservoirs 
that are not sup[)lied with energy from any outside source. Tlu' gas 
is cooled in thc‘ process 23 by succc'ssive conta(*t with parts of th(' 

regenerator whicii are at tem- 
peratures ranging from that of 
th(‘ source to that of th(' sink; 
it is heated in the process 41 
by contact with the same parts 
in rev(‘rse order. Now, if there 
are an infinite' numlx'r of such 
parts each with infinite heat 
caj)acity and each completely 
insulab'd from the others, and 
if the specific heat of the gas 
at const ant volume is the same 
at each temperature for both 
isometrics, then th(‘ processes 
^ 23 and 41 may be entirely re- 
versible and completely independent of the source and sink. The 
cycle is then a reversible cycle working between the temi^eratures of 
source and sink, and its efficiency is, therefore, identical with that of a 
( 'arnot cycle. 

Despite its high efficiency the Stirling engine has failed to come into 



r 

Fig. 94. The Stilling Cycle 
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general use. In order to get rapid transfer of heat from the source to 
the working fluid it was necessaiy to heat the chamber walls to a temper- 
ature which no available materials could long withstand. Creditable 
performance of the engine was obtained only at extremely low speeds 
for which the rate of heat transfer was small — and for which the power 
produced was extremely small in view of the cost of the engine. 


The Rankine Cycle 

The large negative work of the Carnot cycle, and the correspondingly 
small net w^ork, can be avoided if a condensable vapor is employed as 
the working fluid. In Fig. 95 is shown, for example, a cycle 12341 for 
water confined by a piston in a cylind('r. Saturated liquid, 1, at the 
temperature of the sink is compressed reversibly and adiabatically to a 
state 2 at higher pressure. 

Then heat is added fi‘om the 
source while the fluid expands 
at constant pressure until it is 
(completely transformed to the 
vapor phase in the saturated 
state 3. Next, the cylinder is 
isolated from source and sink 
and the fluid expands rever- 
sibly and adiabatically to the 
sink t(‘mperature at state 4. 

Finally, the piston returns to 
its original position and the 
fluid returns at constant pres- 
sure to its initial state while 
heat flows to the sink. If the 
temperature of vaporization is 
400 F and the tc'mpcu’aturc of 
condensation 50 F the not work 
of this cycle is more than 90 
per cent of the work dom* in 
the outward stroke, and the 
cycle is not, therefore, sensitive 
to small degrees of irreversibil- 
ity. For this reason, princi- 
pally, a condensable vapor is 
the working fluid in virtually 



Fig. 95. The Rankine Qycle 


all practicable heat-engine cych's. Commonly, ihv. changes of stat(‘ 
indicated in Fig. 95 an* accoinplish(‘d wholly or in [)arl in steady-flow 
process(*s. 
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If water is the working fiiiid the (;ycle just d(‘S(*rihed, which is illus- 
trated in Fig. 95, is called a Raiikiiie cycle. When it is plotted on a 
tfanperatunM'iitropy diagram, Fig. 9(), some of its d(‘fects become 
f'vidcmt: First, that' part., 22^ of the heating pi’occ'ss which pr(‘cedes 
viiporization is caiTi(‘d out at. temperatun^s less than the maximum 
tc'inperatun' of th(‘ cycle. Th(' (‘fficiency of the cycle must, ther(‘fore, 
l)(^ l(^ss than tla^ efficicaicy of the C/arnot cyck^ corresponding to its 
(‘xtn'ine t(*mp(a'a1ures. Second, vaporization cannot be cai'rical out, at 
the higli(\st tem]KTature that modern metallurgy i)ermits (the tnctal- 
hirgical limits Fig. ttb), which is approximately 1000 F. For th(‘ critical 
tcanperaturc of water is far b(‘low 1000 - naira'ly, 705 F — and 

t[u?r(‘for(^ no pFocu'NS a.t conslant ])r(issure can coiiKude with a process 
at the maximum tcanpcaaturc. 




These defe(*ts an* niad(‘ more evident, by considering tlu' Rankine 
cycle to be mad(‘ up of a laige numlxT of ('arnot cy('l('s as illustrattal in 
fig. 97. In that figun' t,h(‘ large Carnot cy(‘l(‘ tak(ai togeth(‘r 
with an inlinite niimlnn’ of small ones such as e (‘xtcaiding along tlu' liiu' 
of constant pressun' in the liquid region from/ to a makes a combination 
which is kk'iitic.al with the Rankin(‘ cy(‘l(‘ in h(‘at naaaxa'd and rejected 
and in work delivc-rcal. The elTiciency of this combination — and, there- 
fore, of the UankiiK' cycle is (htcaanined by the eflicieiicies of the 
('lernentary Cai’iiot cyctes which are comprised within it. Imj)r()vement 
ill th(‘ efTiciency of the combination may be achievcal by {a) adding 
Carnot cyck's whi(*h an' more etiicient than the combination, (5) im- 
]ux)ving the efTiciency of tii(‘ constituent Carnot cyck's, or (c) eliminating 
Carnot cyc'les which an' k'ss (‘Ihcient ' than the combination. If we 
assumi' that the temperature of heat n'jection is the t('mp(‘rature of 
th(* atmosphere, or as near that as (‘conomy permits, then items (a), 
(5), and (c) may be summed up by the statement that improveiiK'nt in 
the effidency may be achieved by incrccmng the average temperature at 
which heat is received. 
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Superheat 

The average temperature at which heat is received may be increased 
appreciably by heating the vapor above the temperature of vaporization 
to as high as the metallurgical limit before delivering it to the engine. 



^ ■ Superheat-F 

Fk;. 9H. The Effect of Superheat 


In effect, this device adds to th(‘ Hankine cycle an infinite number of 
small (Carnot, cychs (c, Fig. 98), each of which is more efficient than the 
Hankine cycle, in accordanc(‘ with item {a) of llu' proceeding j)aragraph. 
Tlu' f‘ffect< of supc'rheat on the (‘fficieiicy of the l^ankine cyclic is shown by 
the curv(‘S of Fig. 98, 

With th(' C()nsequ(‘nt improv(‘ment in efficiency there goes a reduction 
in the amount of moisture contained in the v{i})r)r at th(' exhaust of th(i 


(Migine from that of state 1 of Fig. 
98 to that of state 2. This effect 
is sometimes more imf>ortant than 
th(‘ immediate gain in (’fficiericy of 
t.h(‘ cycle, for in large central-station 
power plants the erosive eff('ct of 
moisture on the blad(‘s of t he tur- 
bine is so great that, economic 
considerations set a definite limit, 
to the ratio of liquid to vapor 
that can be tolerated. Today that 
limit lies at a ])roportioii of liquid 
somewhat in excess of 10 per 
cent. 

High Pressure 



Pressure of vaporiiatioih-^b/sif in, abs 
Fig. 99. Efficiency of the Rankine 


Cycle 

The label on the curve indicates the condition 
before expariBion, 


The average temperature at which heat is received may be most 
readily inen^ased by increasing the temperature of vaporization, because 
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the Carnot cycle abed under the vaporization line of Fig. 97 is a major 
part of the Kankiiie cycle. The relation between the efficiency of a 
Rankine cycle without superheat and the pressure of vaporization is 
shown by the curve marked “ Saturation in Fig. 99, wdiile that for a 
Rankine cycle with steam superheated to the metallurgical limit is 
shown by the curve marked “ 1000 
Since the latter curve continues upward to the highest pressure for 
which we have precise knowledge of the properties of steam — that is, 
well in (excess of the critical pressure — the pressure at which steam is 
gen('rated may b(‘ profit ably raised until the increase in efficiency caused 
[)>' further increase in pn^ssure is offset by some accompanying dis- 
advantage. 



Fio. l(K). The Effect of I^rcssure of Vaporization on Final Moisture 


It was pointed out> in the {)receding section that the erosive effect of 
moisture on the blades of a turbine sets a limit to the ratio of liquid to 
vapor that can be tolerated in the final stag(\s of the turbine. The 
temperature-entropy diagram of Fig. 100 shows graphically how an 
increase in the pressure of vaporization results in a marked increase in 
tlie moisture in the steam at the end of the ex])ansion, provided that 
the temperature of the steam at the inlet to the turbine is not altered. 
In the same figure are shown curves wdiich give moisture in the last 
stage of a turbine as a function of pressure of vaporization, for cycles 
working to metallurgical limits of 1000 F and 800 ¥ having turbines of 
80 cent effici(*ncy exhausting at a pressure of I in. of mercury abso- 
lute. Th(‘y show that if 10 per cent moisture is the maximum that can 
be tolerated, then the highest pressure of vaporization is 550 Ib/sq in. 
if the metallurgical limit is 800 F" and 1400 Ib/sq in. if the limit is 1000 F. 

Now if the temix?rature of the steam supplied to the turbine is raised 
from 800 F to 1000 F at a pressure of 550 Ib/sq in. the efficiency of the 
cycle, with a turbine of 80 per cent efficiency exhausting at 1 in. of 
mercuiw', increases from 30.8 per cent to 32 per cent , an improvement of 
1 |X'r cent. But if th(‘ increase* in temjierature is accompanied by the 
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maximum peimissiblo increase in pressure, namely, to 1400 lh/s(| in., 
the efficiency of the cycle increases from 30.8 per cent to 34.6 per cent, 
an improvement of 12^ per cent. Thes(' figures demonstrate the effect 
of an increase in the temperature of vaporization. 

Reheat 

An upper limit to the moisture content of the steam leaving the tur- 
bine seems to imply an upper limit to the pressure of vaporization, which 
for a metallurgical limit of 1000 F is about 1400 Ib/scj in. The efficiency 
would be limited in turn to the best that could be attained with steam 
conditions so restricted. 

There is, however, a means of raising still further the pressure of 
vaporization (and, consequently, the efficiency) without exceeding the 
limiting value of moisture content. 

It is illustrated in Fig. 101. Steam 
is generated at a high pressuni 
and superheated until the im^tal- 
lurgic.al limit is reached as shown 
by point a in Fig. 101. It is then 
expanded through the turbine to 
some pressure intermediate be- 
tween the pressure's of vaporization 
and condensation, whereiqion it is 
I’eturned to the source of h('at and rdieatc'd, virtually at constant 
pressure, until its temperature is once more at th(‘ metallurgical limit. 
It is returned again to the turbine in stat(' h of Fig. 101 and expanded 
to condenser pressure. 
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Reheat- 10% final moisture- 



'Non-reheat 


Initial temperature-1000 F 
Non-reheat turbine efficiency-80% 
Turbine efficiency preceding reheat-80% 
“ " following ” -80% 

Pressure of condensation-1 in. Hg ab$ 


1000 2000 3000 4000 5000 

Pressure of ¥aporization-lb/sq in. 


6000 


PiQ. 102. Variation in Efficiency with Pressure of Vaporization 

In Fig. 102 is shown the thermal efficiency of steam cycles as a func- 
tion of the pressure of vaporization. For pressures below 1400 Ib/sq in. 
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the final moistures (‘ontent in ihc' (expansion is less than 10 per cent, 
Above 1400 Ib/sq in. reheat is ('inployed so as to keep the final moisture 
content at 10 per cent. 

Since reheat involves a considerable inen^ase in the cost of a power 
plant, it (*ould be justifi(id only by a marked inci’c^ase in efficiency. It 
is probable, thendorc', that in the example corresponding to Fig. 102 
the pn^ssure of a n'heat station would be considerably in (‘xcess of 
1400 Ib/sq in. Howc'ver, it probably would not exceed 3000 Ib/sq in. 
because according to Fig. 102 the efficiency increases veiy slowly with 
increase in pressure beyond that magnitude. 

Regenerative Feed-Water Heating 

The devices so far discussed for increasing the (‘fficiency of the Rankine 
cycle have consisted principally of means of increasing the t,(‘mperature 




Fig. 103. A Rovorsiblc Hegenerutivo CyrU' in Which Ib^it 1 r Pocoivod at Oru' 
TemptM-ature Only and Heat Is Rrji'ctcd at ( )iw d'einyx iat urc^ t)nlv 

at which heat is addc'd to th(‘ working fluid. An ;dt(Tna1iv(Mneans 
consists of decreasing the flow of heat whi(*h th(‘ working fluid recei\'(‘s 
at the lowest temperatures. 

In order to simplify tlie discussion of this alternative, we shall con- 
sider a Rankine cycle without superheat, as shown in Fig. 103. Let us 
assume that tht‘ turbine through which tlie steam (‘xpands has an 
infinite number of reversible stages, and tliat the (‘ondensate coming 
from the condenser is pumped imm(*diat('ly to boika* prtvssun^ in a 
reversible adiabatic feed pump. Now, if the f(‘ed water lea\'ing th(‘ 
pump is led to a heating coil installed in that, turbine stage in which the 
steam is at an infinitesimally higher^ tempo ratun^ than the temperature 
of the feed water, the liquid will leave the coil at this higluT temp(‘rature 
if sufficient heating surface is provided. Next, the liquid is passed 
through a similar heater in the next higher stage where its temperature 
increases again by an infinitesimal amount, and so on until it leaves th(' 
last heater in the turbine at the temperature of the incoming steam. 
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Finally, it is led to the boiler where it is immediately vaporized without 
change in temperature. 

Since the steam passing through the turbine' is employed to heat the 
liquid between stages, thf‘ series of states it assumes may be represented 
])y an infinite number of small steps, each of which consists of an isen- 
tropic and a constant-pressure process as illustrated in Fig. 103. 

The entire cycle is reversible, because the direction of flow of the 
working fluid could be reversed, and with it the lu'at and work effects, 
with only infinitesimal changes in temperature levels. Thus tlie effects 
produced (U)uld be completely undone by reveuvsing the direction of flow.’^ 
Th ' efficiency of the cycle is, th(‘refore, given by 



(wh(‘re Ti and T 2 are respectively the absolute temperatures of vapor- 
ization and condensation), as is r('(juired for any rt'versible engine 
working betwaam two temperature h'vels by tht' dc'finition of the absolute 
tem|)ej’atur(‘ scal(\ 

llu' sam(' conclusion may l)e arnv(‘d at from a different point of view. 
As the li(iuid is heat('(l in a stage of the turbine thf' increase of entropy 
of unit mass of tlu' li(iuid, d.s/, for ('ach iiH'rement of temperature, is 
given to small quantities of th(' first ord('r by 


(As/ 


(iq 
T ' 


where dg denotc's a positive number which is the amcjunt of heat flowing 
from steam to licpiid per unit- mass of fluid passing any section and T 
is th(‘ temperature of the liquid leaving the heater (which is also the 
t('mperature of the steam in the stage). Sincci th(‘ liquid is heated in 
steady flow at constant pn'ssurc', Cj/lTi may be substituted for dq, giving 

dsi ~ Cp ^ f 


or 


dsi _ Cp 
dTi " T 


[81] 


where Cp denotes the specific heat of the liquid at constant pressure and 
dTi the increase in temperature of the liquid in the heater. The change 

* This statement implies that the temperatures of source and sink are respectively 
the temperatures of vaporization and condensation. Since this condition could be 
met without altering the eyele, the conclusions reached concerning the cycle are valid. 
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in entropy of unit mass of steam in the stage, is given to small quan- 
tities of the first order by 



because the heat transferred from each unit mass of steam is identical 
with that transferred to each unit mass of liquid. The change in the 
temperature of the st(‘am betw(;en two su(ax^ssive stages is numerically 
the same as t he corresponding increase in temperature of the liquid, but 
it is opposite in sign. Denoting it by dTsy we have 


and 


dTi = ~dT, 


dq -CpdTg, 

Making this substitution in th(’ ex[)r(‘ssion for ds^ and rearranging, w(^ 
get 

dsg _ Cp 


which in combination with [81] gives 

dsa dsi 

If] ^ dTi 

Thus, the slope of the expansion line on the temperature-entropy 
diagram is at each lev(‘l of tenqKTature identical with the slope of the 
line representing the heating of the liquid. It follows that the difference 
in entropy between the expansion line and the liquid line is the same at 
all temperatures and, in particular, at the temperatures corresponding 
to vaporization and condensation. Then'fore, we may derive an ex- 
pression for the efficiency of the cycle as follows: 


where qi denotes heat received in vaporization and heat rejected in 
condensation; but since, 

qi = TiAs 
and 

92 = T 2 AS, 

where Ti and T2 denote respectively the temperatures of vaporiza- 
tion and condensation and As denotes the entropy change at eithei 
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temperature, it follows that 


Ti - To 



This regenerative cycle is equal to tiu‘ Carnot cycle in efficiency, but 
it is superior to the Carnot cycle in one i-espect: the ratio of net work 
to gross work (work of expansion) is much greater, and irreversibility 
arising from friction is therefore of less conseqmaicc . 

When superheat is introduced the regen(‘rativ(‘ cyck' cannot so readily 
be made reversible. A heat transfer from the superheattid vapor will 
cause a decrease in the temperature of the vapor that is greater in 
magnitude than the corresponding increase in the; ternperaturf* of the 
liquid, because the specific heat of the vapor is k'ss than that of the 
liquid. Therefore, the liquid cannot be continuously hc'ated reversibly 
by the vapor.* How('^ ('r, the (k'parture from n'versibility may not be 
so great as to discourage tlie use of heat exchange b('twecn superheated 
vapor and liquid. 

Of course, the turbim^ postulat(‘d in the previous discussion is utterly 
unreal b(‘caus{‘ it is r('\'ersil)le and b(‘cause it. has an infinite number of 
stages with infinite hcuit-transfer surface' in ('ac^li stage. The cyck' 
which this turbine niaki's possible can be approximat('d in practice, 
however, by the lelatively 
crude system of Fig. 104. 

Here a single heater is em- 
ployed instead of an infinite 
numljer of ht'aters. Steam 
from an intermediate stage is 
supplied to an external cham- 
ber through which the feed 
water passes on its way to the 
boiler. The temperature of 

the liquid may be raised in ,^4 Single-Hcater RcRenerative Cycle 
the heater almost to the tc'm- 

ix'rature of condensation of the vai)or that h(*ats it. The condensate 
formed in the heater is called the drip. It may be disposed of in various 
ways. In Fig. 104 it is pumptd into the fetal line after the heater. 

The steam that is used to heat the feed water may be withdrawn 
from the turbine at any point between th(‘ turbiiH' inlet and the turbine 

* A completely reversible heat exchange can be accomplished in this case by 
substituting isentropic steps of compression for the isentropic steps of expansion of 
the usual regenerative cycle. When, in practice, the steps become finite no advan> 
tage can be realized from steps of compression. See Field, Jl. Inst. CivU Eng'rs, 
Vol. 10 (1938-39), p. 241. 
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exhaust passage. If we assume; that the steam entering the turbine is 
saturated steam at boiler pressure and that the steam leaving it is a two- 
phase mixture at condenser pressure, then the liquid may be heated to 
any temperature^ up to the boiling ])oint corresponding to boiler pressure. 
The condensate leaving a perfect condenser will be at the same temper- 
ature as the exhaust steam, so that if the heate'r is connected to llie* 
exhaust passage no heating of th(‘ f(‘(*d water will occur and no gain in 
efficiency will result. At the other extnmie, when the heater is con- 







Fig. 105. Analysis of Regenerative Cycle 


nected with the steam ink't the h(^at traiish'r to the feed water will bt* 
at a maximum; but no gain in efficiency will nvsult. because the steam 
that heats the fec'd vN atc'r s('rv(\s nua’ely a.s a heat;-transfer medium 
between the h(‘at sour(‘e (the products of combustion) and the fe('d 
water. Therefore, for thc'se two extreme positions of the heater the 
gain in efficiency will b(' zero, wdiih^ for some intermediate position it 
will reach a maximum. ’The position corresponding to maximum gain 
in efficiency may b(* found by (‘oinputiiig th(' gain for various positions 
and plotting the gain against the position of the heater, or against the 
tempicratiire to which the liquid is heated. 


Analysis of the Single-Heater Regenerative Cycle 

Consider the complete steady-flow heat engine shown in Fig. 105 in 
which a steam generator delivers superheated steam to a turbine which 
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exhausts it as a mixture of liquid and vapor to a condenser. Tlic con- 
densate leaves the condenser as a satuiated li({ind at condenser pressure 
and is pumped reversibly and adiahaticaily to !x)iler i)ressure in a feed 
pump which delivers th(‘ licpiid to coils passinj^ through a heater. Thv 
lieater is supplied fiom an int(Tni<‘dia1(‘ stage' of tlu' tuiLine with steam 
which condenses on tlui coils and li'aves the lu^ater as a saturated liquid 
at the pressure of the stxnun space iji IIk' heatta*. It is dum pum]>ed 
into the h'ed-watcT line which carries the liciuid k'aving the coils of the 
heater. The combined streams of liciuid then pass to the boiler, which 
is part of the steam genc'rator. 

Tlie processes experienced by th(' fluid in this la'at engine are shown 
on the t.('mperature-ent,ropy diagram of Fig. lOo. Stc'am entcTS th(‘ 
turbine in state a and Hows to the* stage from which siearn is to be 
extracic'd, where its stab' is Ic. At this ])oint th(‘ stream is split into 
two parts. One part expands in the tiirbiiK* to lower f»n‘ssur('s, ('iib'rs 
the condenser in state h, tlu* h'ed })um}) in state d, and th(‘ laaiter in 
state Ic. The other part (alters IIk' lu'ater in stair' Ic tmd leaves it in 
thesaturatr'd licinid stair; 2c, aftt'r whiiL it is })nmped to stab' / and mix('d 
wath the ot.lu'r stir'am Ix'fore both are rdurned to 1h(' Ixiilc'f. 

Let us analyze by mi'ans of th(‘ (aiergy ('(ination of str'ady flow' \F)a\ 
the i)ro(X‘ss('S wdiich (x*cur ovr'r t,h<' ix'iLmI of tinx' iniinin'd for unit mass 
of fluid to enb'r th(' turbine. We sliall consider llu' Ix'ab'r as a wholt; to 
b(' the a])paratus into and out (.)f wiiicli llnid is flowing in t wm strt'ams, 
that, of the st.eam from the extrai'tion stage and that of the h'ed water. 
For this apj’iaratns ih(‘ Ix'al. transtVrnxi into tix' ajiparalns from 

its erivironnx'nt , may Ix' approxiinably z('»'o: and lh(' w'ork 

passing out of 1h(' apparatus to tlx' (‘in iionment., is likew’is(' Z(*r(). If 
velociti(^s and (*hang(‘s in height an' negligihh', wt* find from [5(/] that 
the n(;t flow of enthal])y into the apparatus is zx'ro; that, is, the r*n- 
thalpy of the fluid (aitr'ring 1h(' lieater i,- (‘(jual to that of tlu' fluid 
leaving it. If wx' let y denot(' Dk* mass of fluid that passes out of 
the extraction stag(' while a unit mass of fluid (;nlers the furliiiK', then 
[5tt] beconK's 

ijhu + (1 — y)^u yf^2e T (1 ~ y)f^2c, 

where subscripts 1 and 2 denot(' r(\spe(*tiv('ly se(‘tions through entering 
and leaving streams, subscript c dc'iiob's th(' fluid c‘xtra(;b*d from the 
stage, and subscript c the liquid stix'am passing through the heater. It 
follows that 

}l2r 

file ~ ^^2e T fl2c 


[821 
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In order to compute the value of y from [82] for various values of the 
pressure in the extraction stage, it is necessary to know in addition to 
the properties of the st-eam leaving the generator and the pressure in 
the condenser the entire condition cur\^c of the turbine, as shown by 
(lb in the Mother diagram of Fig. 105. But once th(‘ value of y is known 
the efficiency of the cycle can readily be found. 

Examplk. Let us find the saving resulting from a single heater in a cycle 
like that of Fig. 105 to which the following data apply. 

Steam generated at .300 Ih st; in. ahs and 700 F 
Condcn.ser pre.ssiire ^ 1 in. Hg ahs 

Extraction stage pressure = 30 Ib/sq in. abs 

Efficiency of tliat i)art of the turbine 

between inlet and extraction stage — 80 per cent 

Efficiency of that part of the turbine; 

between extraction stage and condenser = 75 per cent 

Assume that the condensate leaving the condenser is in the saturated state 
corresponding to the pressure in the condenser, that the liquid leaving the coil 
of the heater and the drij) leaving the heater are both jit the temperature cor- 
responding to the saturated state at the pressure of the extraction stage, and 
that compression in the two pumps is isentropic. For values taken from the 
steam tables in subse(iuent calculations the appropriate table in Keenan and 
Keyes is given in parent liesis. 

Saturation temperature at 30 Ib/sq in. 250.3 1*^ (Table 1) 

tmthalpy of condensate leaving condenser, hd, 47.05 Btu/lb (Table 1) 

Entropy of coTidensate leaving condenser, -v, 0.0914 Btu/lb degree F (I'able 1) 

Entropy of liquid entering heater, ,s-io 0.0914 Btu/lb degree F 

PreR.sure of liquid ent-ering heater ,300 Ib/scj in. 

Enthalpy of liquid entering heater, hic, 47.95 Btu/lb (Table 4) 

The liquid leaves the luaiter coils at 300 Ib/sq in. and 250.3 F 
Enthalpy of lifjuid leaving coils, 219.4 Btu/lb (Table 4) 

Enthalpy of drip from heater, 218.8 Btu/lb (Table 2) 

Using the symbols of Fig. 105 as subscripts to denote the corresponding states 
we have: 

/>a = 300 Ib/ sq in. = 700 F ha = 1368.3 = 1.0751 (Table 3) 

Pi - :^0 lb sq in. - 1146.9 .v, = 1.6751 (Table 2) 

Neglecting velocities, we get from the definition of the efficiency of the high- 
pressure end of the turbine 

hu --ha - 0.80 (ha - hj) = 1191.2 Btu/lb. 

Then, by [82], 

y 0.15. 

l/sing subscrij)ts in accordance with tin* notation of Fig. 105, we may write 
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for the work delivered by the turbine 

IF/ - ha — hig -f (1 ~ y) O.?;") {h]g — hk), 

provided that velocities at a and Ir are negligible. I'he state k is identified by 
the pressure; namely, 1 in. Hg. and by the entroi)y which is that of state le; 
namely, 1.7361. The value of hf, is found from Table 2 to be 933.4. Substi- 
tution yields 

Wt = 341.3 Btu/lb. 

The negative work of the cycle is given by 

Wpi -f Wp ‘2 = (1 ~ y){hu. - hd) -f y{hi - 

where subscripts are used in accord with the notation of Fig. 105. Table 4 
provides the necessary values, from which we get 

lF„i -f 11^/2 = 0.9 Btu /lb. 

Then the net work of the cycle is 

Wt - (TF,.i + TFp2) - 340.4 Btu /lb. 

The heat added to the fluid in the steam generator per pound of steam 
generated, Qg, is 

Qg ~ k(i (1 y)kic yki 

= 136S.3 - 0.85 X 219.4 - 0,.15 X 219.6 
- 1148.9 Btu /lb. 

The heat supplied per kilowatt-hour of work delivered is 

1148.9 X 3412.8/340.4 = 11,520 Btu /kw-hr, 
and the efficiency of the cycle is 

340.4/1148.9 = 29.6 percent. 

Now, if there had been no extraction of steam for feed-water heating all the 
liquid fed to the steam generator would be in a state corresponding to section 
Ic. The heat added to the fluid in the steam generator per pound of steam 
generated would then be 

ha - he = 1368.3 - 47.95 = 1320.3 Btu/lb, 

and the work done by each pound of Iluid jjassing through the turbine would be 

ha “ h — ha ■— he T 0,7o {hie hk) 

= 177.1 -f 193.3 
= 370.4 Btu /Ib. 

Then the net work of the cycle is the work delivered by the turbine less the 
feed-pump work. Using .subscript.^ in ac(‘ord with the iU)ta1ion of l"ig. 105, 
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we have 


Net work ^ 370.4 — {hic — h^) 
= 370.4 0.9 

= 369.5 Btu/ll), 


wliich is appreGably l;)rf.’:er than n(4 work of the extraction cycle per pound 
of slcain {^ciH'rated. 'f'hc heat supplied jx r kilowatt-hour of work delivered is 


1320.3 X 3412.S/369.5 - 12,195 Btu /kw-lir. 


With extraction of sL'atn for lieatin^ tlu; feed water th(‘ lieat su])])lied was 1 1 ,520 
Htu/kw-lir, and tin* saving' n^-ult.ine; from rc^:enerative lu*atinc; is, tlierefona 


12,195 - 11,520 
12G9~5 ~ 


5.5 per cent. 


If similar cahuihitions are mad(' for various f)r(‘ssurt's in the* extraction 
staji;e the saving; will be found to be ndaUal to th(‘ temperature of th(^ 
fe(‘d water aft.(‘r tlu' healer in tli(‘ manner indieat(‘d by tlu' low’est curve 
of Fig. UK). For a singh* h(a\t(u- it, reaciu's a maximum when the f(‘ed 
wat(U’ is h(‘at(al to a tcuniHuatuo' about half way ladwaa'ii that of th(‘ 
c,ondeiiser and t hat of the l)oil(‘r. 



Fi(}. 106. Savinp; Kcsulting from Regenerative Feed-Water Heating 

Pro«snn; t'f vap'inzatmii, (JOO 11 )/h(| hi (pinperature of «tpam Btoaiii ReiieraLor, 800 F; 

pri'MBHre ot inMuieiisation, J i'l. Ur abs, on purvp.B Huheato i he number of iieaters and extraction 

From Keller, Power Plant Enu'g, N'ol. I'A p. lllll, h\' 7K'rnu8Pion of the (leneral ideclnc 

(’ompany. 

Multiple-Heater Regenerative Cycle 

The r('generaliv(‘ cyck' w ith a single* heater is merely a crude approxi- 
mation to tlnit with an infinite number of heateis. The approximation 
may be refiiu'd by adding one or more heateu’s spaced along the length 
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of the turbine. Following the principles laid down for the cycle with a 
single heater, one can readily calculate the (dlicacncy of a cycle with any 
prescribed number of laadcTs. 

The curves of lug. lOb W{‘re so calculated. Tiiey show the relation 
between th(' g:un in eflici(*ncy n'sultiug fioni r('g(‘nerativ(' heating and 
the temperature of 11 h‘ haal watta- han ing the Invader of higlu'st temp(‘r- 
ature. They also sluuv how the tianperature to which the feed water 
is heated may be increas(Hi to advant.ag(‘ wIkui the number of heaters 
is increased. 

In central ])ower stations th(‘ number of r('geii(‘rativc' heaters may 
range from one to live or six. In tlu' sinalh'r \)owvv plants employed on 
locomotives or in shijxs Uh' nuiiilxM* seldom exc(‘eds two. 

The Ideal Fluid for Heat Engines 

The various devices discussed in tlu* pr(‘C(‘ding jvaragi’aphs an* (*ffectiv(' 
only to a limited d(‘gr('('. linagita' a h('at (‘iigiiH' in which liquid watt'r 
is hented reg('nerali^'(']y to tlu' It'uqxM’at uo' of vaporization in tli'‘ 
boiler, so that h(‘at is added only to vaporiz(‘ th(' W!it('r and to superheat 
it. If th(‘ vapor is g(m{‘r!d(Hl an<l su])('rheat(‘vl at b^(M) Ib/sq in. and tlw' 
imdallurgical limit is 1000 V, the maximum vahu‘ for 1h(‘ averag(‘ tfun- 
p(‘rature at wliicli h('at is re('eiv(‘d is only 000 F. Altcrnal iv(‘ly, if the 
vapor is geina'ati'd and supeih('ai(‘d at. 2)100 lb/s(| in. and rc'heated to 
the nndallurgical limil at 200 Jb/s(j in., tlie a\'erag(‘ temperat^ure at 
which heat is n'cdved is al)Oul 710 Id Eotli th(‘S(‘ valm's of th(^ average 
1einp(‘ratnr(^ an* far h'ss tlian th(‘ t(‘inpei'atur(‘ at th(‘ na^tallurgical limit 
because most of tin* lu'at. is naaaxa'd by tin' fluid at the t(ani)erature of 
vaporization. 

At 2300 lb/s(i in, lh(' temjxaatun' of vaporization is 050 F, which is 
within 50 degree's of th(‘ critical Kanpcaatun' beyond which heat cannot 
be added at constant t.<‘mp('ratur(‘ and at constant pT-('ssure as well. 
Therefore, a furtlu'r ris(‘ in th(' pr(\ssure of vaporization will cause littl(‘ 
increase in th(i averag(‘ tf'iujx'nitun' of heating. It appc'ars, then, that 
the characteristics of th(‘ worki?ig ljui<I s('t an up[xu’ limit which th(‘ 
average tenqx'rat ur(' of heating cannot rt'adily Ix' inad(' to ('xcef'd. 
Higher average' b'lnjx'ratnres, and correspondingly higher f'fficienf'ies, 
can 1)0 realiz(‘d with th(' usual d(’vie('s only if a fluid with difh'nait char- 
acteristics is employt'd. The piirticnlar charactc'rist ic de'sired is a 
critical temperature irell in cjce.s.s af the uietallurgicaf li ftnl. 

Of course, other requirements must Ix' fulfilled, and tin' s{X'cificalions 
for an ideal fluid for hc'al ('iigiues would includet the* following itcuns: 

(a) The critical temperature should be well in ('xcess of the metal- 
lurgical limit , for rciasons giAa*n above*. 
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(b) Th(‘ triple-point temperature should be less than the lowest 
temp(Tature attained by the available heat sink, because a solid is 
difficult to convey bt’lwf^eu regions of difh'rent pressure. 

(c) The va]X)r pressure should be moderate at the mei-allurgical 
limit, in order to avoid extreme stresses in the container walls at the 
high hunperatures. 

(d) The vapor pressure should not be too low at the temperature 
of the sink, else non-condensable gases that leak into the system or 
that ent(*r as solutes in the fluid must be pumped out from a region of 
very low pr(‘ssure at great cost.; moreover, very low pressunvs are 
accompanied by high specific volumes of th(‘ working fluid, and these 
require large and expensive eciuipmcait . 

(c) The latent heat, or change in enthalpy during vaporization, 
should be large in comparison with the la^at supplied to the liquid, 
so that regenerative devices will not greatly incri^ase the cost, of the 
engine. 

(/) The entro[)y of tlu' saturat.(‘d vapor should b(‘ nearly the same 
at the t(‘mperature of the sink and .at the imAallurgical limit, for a 
great difference in one direction would require' that some heat be 
rejected above the tc'mpe'rature of condensation, while a great dif- 
ference' in the othe'r elire'ediem would require* e'xcc'ssive moisture at the 
end of the expansion, 

The'se are the thermodynamic specifications. In addition to these 
there^ are* two indispe'nsable requirements: first, that the fluid must be 
completely stable unde'r all conditions likely to be ('ncountered — that 

is, it must not eiissociate or crack in distillation; sc'conel, it must not 
dissolve or react chemically witli the materials available for retaining 

it. Furthermore', it. should be cheap, abundant, and non-poisonous. 
No single fluid has yet b(*en discoveri'd that fulfills all these speci- 
fications. It will be notc'd that, water satisfic's, or nearly satisfies, speci- 
fications (b), (d), (e), and (/), but it utterly fails to satisfy (a) and (c). 
Mercury, on the other hand, satisfies (a), (6), and (c) entirely (critical 
lenqK'rature > 2800 F, triple-point temperature —38 F, vapor pressure 
at 1000 F 180.4 Ib/sq in.). It satisfic's (c) and (/) very nearly; but it 
fails to satisfy (d), it is neither clieap nor abundant, and its vapor is 
highly poisonous in any appreciable concentrations. In the absence 
of a fluid which combines the merits of both,* water and mercury may 
be used to supplement each other so that in combination they satisfy 
all the th('rmodynamic specifications. 

* 8ee TaMe \41I, pap:(* 355, for critic'al data on nuniorous sn})s1anccs. 
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The Mertury-Steam Binary-Vapor Heat Engine 

The average temperature at which heat is received may be made to 
approach very closely to the metallurgical limit if the working fluid is 
mercury, because it may be vaporized at that limit and because heating 
of the liquid at lower temperatures may be accomplished regeneratively. 
But if mercury were to be expanded in an engine until its temperatuie 
was reducc^d to atmospheric temperature (say 70 F) its pressure would 
be about 6 X 10~^ in. Ilg abs, and its volume would b{‘ about 1,000,000 
cu ft/lb. Then the work rcajuired to remove non-condensable gases 
from the condimser would b(‘ extremely high, and the cost of the great 
casings necessary to ('iiclose the condensc^r and the low-pn‘8Sure stages 
of the turbine would be prohibitive. 

It is possible', however, to expand the mercury in an engini^ until some 
moderately low pressure is reached and IIk'u to (‘ondense it, by trans- 
ferring heat to wal(‘r. In this process the wati'r may be vaporized at a 
pressure corresponding to a temperature slightly k'ss than that at 
which the mercury condenses. If the m(‘rcury is coiuhaised at a pres 
sure of 2 in, Hg abs, which corresponds to a t/emperature of 457 F, 
steam may be gcnn'ratc'd at any pressure up to '150 lb/s(| in. abs. Then 
the steam may be expanded through an engine until its temperature is 
reduced nearly to atinosphc'ric t(*nijx‘rature wh(‘re its prt'ssure is not 
unduly low. 

The relation between the rate of flow of iiKTcury and the rate of flow' 
of water through their respective systems is dc'termined by the quan- 
titii^s of heat required for condensation in 1h(‘ one case and vapori- 
zation in the other. For each 
pound of mercury (condensed 
at a pressure of 2 in. Ilg abs 
the heat flow must be about T 
127 Btu, while for each pound 
of w'ater vaporized at 450 lb/ 
sq in. abs the heat flow must 
be about 757 Btu. Therefore 
about 6 pounds of mercury 
will be condensed for each 
pound of water vaporized. 

The temperature-entropy 
chart of Fig. 107 show\s a cycle Morcury-Steam Cycle 

for 6 pounds of mercury super- 
imposed on a cycle for 1 pound of steam: it shows graphically the 
gain in efficiency that can be realized by the binary-fluid cycle over 
any Rankine cycle. 




196 


HEAT-ENGINE CYCLES 


The m('irury-steam cvck^ lias Ixa'ii (le\ el<>p('(l (A’C'I' a pcTiod of years 
by the ( hai(‘ral lie Company, and si'veral power plants of this 
typ(^ an* now in ojx'ralion in the United Stat(\s. Uuldished data on one 
of llu^m'*'' indicate a thermal (‘flicieney of tli(' heat engine of more than 
35 per C(‘nt., which corn^sponds to a fiu'l consumption approximately 
20 })er cent; k‘ss than tJiat of conUanpo raucous steam plants. IIow- 
(‘ver, the probkans (‘iicountered in making tlie binaiy-fluid plant safe, 
d(‘i)endable, and, in view of fixed charges, c‘conomi(;al are formidable; 
and equipment of this typ(' is not at pn^sent for sale. 
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Fkj, 


lOS. R»‘lat.ive P(*rfornuuiC(' of l^Avor Plant Cycles 
Approxiiiiate values niuilein plants at bt'sl Itnid 


Comparison of Cycles 

Various powi'r-pkuit cycles are ’ compared in Fig. 108. The values 
given there an^ only approximate, but tluy serve* to show the order and 
rc'lative magnitude's of the ctficiencie's. 

* James Orr, Pnurr, July 1, HKIO. lie rIvts 10,220 Btu of heating value of fuel 
per k\v-hr. Assuming 90 per cent for the efficiency of the boiler plant, we get for 
the efficiency of the heat engine ‘17 per cent. 
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Heat and Work as By-Products 

The discussion of regenerative beating of feed water in the preceding 
section makes it evident that, whenever heat is to be supplied at a temper- 
ature lower than that at which steam, is being generated, it should come from 
steam which has been reduced in temperature in an engine. Tliis prin- 
ciple may be applied to any heating operation, whetlau' it b(^ the heat- 
ing of feed water or of such widely diff(Tent things as living quarters or 
materials employed in an industrial process. 

Steam turbines may be purchas(‘d in tlu' market which are sc» designed 
that steam may ho withdrawn for heating purposes at one or several 
points in the course^ of its expansion. Th(‘y are calk'd extraction iurlrincs. 

If steam is being generated primarily for the })roduction of power, 
then the heat it delixTrs may be conskk'n'd a by-pi-odiict. Following 
the usual practice in accounting, w(‘ would cluirge against the heating 
operation only the excess of cost, over that, when povv(T is produced but 
no heat. This is equivalent to charging against iu'at- a fraction of tlu' 
cost which is pr()ix)rtional to the amount of additional work tiiat could 
have Vkhui obtained from the steam used for lu'ating but which was not. 
obtained becaus(' of the li(‘ating operation. 

It follows that, if heat be consid(‘i‘('d a by-i)mduct, the charges for 
heat will diminish rapidly with the teniiX'rfOnn' at which steam is 
withdrawn from the engine. For, if h(‘ating w(‘re (o Ix' accomplished 
at the tempc'rature of the cond(‘ns(‘r into which 1h(' engiix' exhausts, 
the charge would vanish. 

On the other hand, if steam is being gc'iierated i)rimarily for the pro- 
duction of heat., th('n the work it deliv(‘rs in a turbiiu' tiirough which it 
flows on its way to the heating process nuiy be considi'red a ])y-j)roduct. 
Then we would charge against the work ])ro(hiC('d only th(' (^xc(‘ss of 
cost over that when heat is produced but no woi'k. It can b(‘ seen from 
the energy equation of sb^ady flow [fl) that this is (equivalent tej charg- 
ing costs against. h(‘at and work in proi>ortion to th(' magnitude's of the 
heat and work when they are expixvssc'd in th(^ saiiu* units.* This would 
result in a charge against w^ork for fiH'l of approximately one-quartc'r of 
the corresponding charge in a central-station pow('r plant. For this 
reason an industrial plan t can some times produce pownr at. a cost that is less 
than the market price, despite the fact that its equipna'iit is smaller and. 
therefore, less efficient than that of the central-station power plant. 
There are a few instances in the United States of the sale of power 
as a by-p)roduct of an industry which produces heat in large quantities. 

* This is the energy (or enthalpy) method of allocating costs. The preceding 
method, in which heat was considered the by-product, is the availability (or?>fiinction) 
method. (See Chapter XVII). 
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PROBLEMS 

1 . A perfect reciprocating engine ronHtitiites part of a power plant which operates 
on the Rankine cycle (reversible). The boiler pressure is 200 Ib/sq in. abs, and the 
f'ondeiiser pressure is 15 Ib/sq in. abs. The temperature of the steam leaving the 
I toiler plant is 500 F. Determine : 

(а) The heat transferred to each pound of H2O in the boiler-superheater plant. 

(б) The heat rejected to tlie circulating water in the (‘ondenser by each pound 

of H2O. 

(c) The quality of tlie steam approaching the condenser. 

(d) The work area under the expansion line of the engine indicator card per 

pound of flow steam. 

(e) The net engine work per pound of flow steam. 

(f) The thermal efficiency of the heat engine. 

((7) The steam rate of the engine (the luimber of pounds of steam per horsepower- 

hour of work). 

2 . Answer all the above questions except (d) for a power plant with the same 
'^team condition and (jondenser pressure but with an engine whose efficiency is 70 
per cent. 

3 . A steam cycle has a thermal efficiency of 12 per cent. Steam is generated at 
150 Ib/sq in. abs and 450 F and is expanded through a reciprocating engine to a 
condenser in which the pressure is 5 Ib/sq in. abs. CV)ndensate leaves the condenser 
in tile saturated licpiid condithui. 

Anaw'er questions (u), (6), (r), (c), and {(j) of problem 1 for this (*ase. Compute 
the effi(!iency of the re(ipro<;ating engine. 

4 . From the data given in Table 4 of the Steam Tables compute the w'ork re(piired 
to compress liquid water isentropically to 5000 Ib/sq in. ab.s from saturation .states 
ranging from 1 in. Hg abs to the critical state. Plot the wmrk as ordinate against 
the saturation pressure as abscissa. 

6 . The Rankine Cyck^ Plot engine wmrk per pound of steam, ratio of feed pump) 
work to engine w'ork, heat added in boiler plant per pound of steam, and efficiency, 
of the Rankine cycle again.st the independtuit variable in each of the following cases: 

(а) Initial pres.sure, 250 Hi ^sq in. abs. 

Initial temperature, 800 F. 

Condenser pressure (variable), \ in. abs to 20 Ib/sq in. abs. 

(б) Initial pres.sure, 250 lb s(| in. abs. 

Initial temperature (variable), saturation to 1000 F. 

Conden.ser pressure, 1 in. abs. 

(c) Initial pressure (variable), 14.7 to 3500 Ib/sq in. abs. 

Initial temperature, 8(K) F. 

Condenser pressure, 1 in. abs. 

(1 

6 . The Reheat Cycle. Given a maximum steam temperature of 750 F and a 
maximum final moisture of 10 per cent, plot against boiler pressures ranging from 
100 to 3000 Ib/sq in. abs the thermal efficiency of otherwise perfect power plants 
containing turbines of 80 per cent efficiency and condensers which maintain 1 in. 
Hg abs pressure. When reheat is used maintain the final moisture at 10 per cent. 

Find the ratio of the lowest fuel consumption wdth reheat to the lowest fuel con- 
sumption without reheat for the same work output. 
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7 . Steam enters a turbine at 310 Ib/sq in. abs and 700 F, and exhausts at in. 
Hg abs. Assume isentropic expansion throughout and negligible leaving loss. Feed 
water is heated in a single open heater* which is supplied with steam from a stage of 
the turbine. The pressure in the heater is the same as that of the stage from which 
steam is extracted, and the temperature of liquid Icjiving the heater is identii‘al with 
the saturation temperature corre8iK)nding to the pressure in the extraction sUge. 

I he condensate leaving the condenser is in the saturated state. Determine, for 
pressures in the extraction stage of 100, 50, 20, and 10 Ib/sq in. abs: 

(a) The percentage of the possible temperature riset that occurs in the heater. 

(b) Percentage of flow entering the turbine that is extracted. 

(c) Power from cycle for a steam flow of 1 Ib/sec entering the turbine, 

(d) Power from a (corresponding cycle without extraction for the same flow. 

(e) Peircentage reduction in power due to extriiction. 

(/) Heat supplied (Btii) per unit of work produced 0<w-hr) in the extraction 

cycle. 

(g) Heat supplied (Btu) per unit of work produced (kw-hr) in the c'ycle without 

extraction. 

(h) Percentage saving due to extraction. 

8. yteain is supplied to a certain turbine at a rate of 100, OIK) lb hr. Its Unnpern- 
ture is 700 F, and its pressure 310 Ib/sq in abs. The condenser pressure is 1^ ir». 
Hg abs. Steam is extracted from a single stage and (l(*liv('n.‘d to a closed feed-water 
heater. Assume the following: oviTall efliciency of the turbine, 83 per cent; etticiency 
of that part of the turbine b(d,\v(;en the inl(*t and th(' extraction stage, 80 per (‘ent; 
pressure drop hetweien extraction stage and heater, 5 peu* cent of pressure in the stageo, 
condensate heaves the coiuhaiser .and th(‘ h(‘ater in the saturnted static; ftMul wnt(T 
l(;aves the la^ater 5 degnujs cooler than th(5 condens/ite; 1h(5 (“ond(!nsak) from the 
heater is pimqx'd into the fe(‘d line b(‘tw('en the h(‘atev and the boiler; pitch diameter 
of last-stage wIuh-I, 55 in.; kaigth of la.skst,ag(^ buclud,, 15 in.; diniction of flow from 
last-stage buckets is axial for a.ll (;onditi()us. Determine for a pre.ssure in the ex- 
traction stage of 50 Ib/'sq in. abs tlu' (piant.ities {a) to (//) of th(^ pnjceding problem 
and the hdlowing in addition: 

(i) The leaving loss in Btu/kw-hr when extracting. 

(j) The leaving loss in Btu/kw-hr when not extracting. 

9. Explain why the following statement is true: 

If fuel costs are charged against heat and work in proportion to the magnitudes 
of the heat and work, when they are (ixpressed in the saino units, the result is a charge 
against work of approximately one-quarter of the corresponding charge in a central- 
station power plant. 

10 . An industrial power plant requires 15,000 lb of dry saturated steam per hour 
at 280 F for heating. The (condensate from the heating operation is recovered at 
atmospheric pressure and 205 F and returned to the boiler. 

This steam may be supplied from an extraction turbine which has an efliciency of 
75 per cent between the inlet and the extraction stage and the same efficiency between 
the extraction stage and the condenser. The turbine is to be .supplied with steam at 

* An open heater i.s one in which the extracted .‘^team and the feed water are mixed. 
A closed heater is one in which tlie}^ arc kept .separate and the heat is transferred 
through an intervening wall. 

t Possible teraTierature rise - tenqierature in boihjr - temperature m condenser. 
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4(K) Ib/sc} in. ai)s and is to oxliaust to a condenser at 1 2 in. Hg abs. It must supply to 
the factory ^KK) kw of electrical power at the terminals of the generator. 

Assume that 94 per cent (jf the power delivered by the steam to the turbine shaft is 
delivered at the terminals of the generator, that ll,fK)0 Btu of heat is transferred to 
water in the strain generator for each [)Ound of coal (‘onsiirned, and that a ton of coal 
costs $5. 

(a) At vvdiat tempf'rature must the steam be generated in order to deliver dry 
sa,turat('(l steam at 280 1' at tlu' (extract irui openiiig? 

(h) I low much steam must Ik* supplied at the turbine inlet to meet the power and 
heating demands? 

(r) What would be the fuel charge per hour? 

(d) Wliat would be the fuel charge per hour if only the demand for heat were 

(c) What would be the fuel charge per hour if only the demand for power 
were met? 

(/) CloTisidering ])ower as a by-product find the cost of each kilowatt-luiur of 
work and ('ach Htu of heat. 

{(j) Ck)nsidering heat as a by-product, find the corresponding costs of work and 
heat. 

SYMBOLS 

Cj> spe(‘ifie heat at constant pressure 
K int(‘rnal energy of system in general 
h (mtlmlpy per unit mass 

p pressure 

(I a positive numl)er representing a (quantity of heat 
heat to .system 
.s- (Uitropy ])er unit mass 

S entropy of system 

T ai)solut(i temperature 

V speeitie volume 

r volume 

ir work 

// mass of fluid passing out of extraction stage while unit mass enters 
turi>ine 
Sr H.scHii’rs 

r li<|ui(l *<tream ])assing flirough heat-er 

c fluid extracted from stage 

g steam g('nerator 

/ liquid 

N steam t 

t turbine 

BIBLIOGRAPHY 

Kiefer and Stuart, Principles of Engineering Thermodynamics, Chapter XII, 
Wiley, 1930. 

Barnard, Kleenwood, and IIir.sukeld, Heat-Power Engineering, Part I, 1926, 
('ha{)tcr.- XVII, XVlIl; Part II, V.m, (’haptcr XXII, Wiley. 



CHAPTER XIII 

MIXTURES OF GASES AND VAPORS 
The Gibbs-Dalton Law 

Systems are often encountered which ar(‘ mixtiiix's of various pure 
substances. If a mixture nmiains homog('n(‘ous in com])osition through- 
out a process it may its(‘lf be considered a jairc' sul^stance during that 
process. The properti(‘s of a partieailar mixture may Ik* dt‘t(‘rmined by 
experiment; but in th(' absemee of exp(*rimen1 it worJd be* advantageous 
to have a means of dexlucing tlie^se magnitudes fre)m data on the* properti(\s 
of the components of the mixture*. Again, if e)ne of the* comf)onemts 
separates out into a separate* phase (as whe'n li(|uid wate*r is forme'd on 
cooling moist air) it woulel be* advantageKms to have* a means of deducing 
the })rope*rti(*s of the ])hase*s in e'ejuilibrium with e'ach otlie*!* in terms of 
piopertie*s of the componeaits. Such iiie*ans have* b(‘en feamd* for inix- 
tur(‘S of real gases at low ])r(*ssur(‘s only, but th(*y (*an be* de*duced for 
mixtures of perfe'ct gasc's in g(*ne*ral. 

Since thermodynamie*s is the* scie‘ne*e‘ of work anel lu'at,, its a])y)li(‘ations 
must he liniite*el to syste*ms with boundarie^sf which exe'Iude all things 
not of the* system. Therefore, in orde*!* to re-late* the* preijie'rties of a pure 
substance t o those* of a mixture* of whicli it is a e'oinpeinent it is n(*ce\ssary 
to consider the* mixture and the inire substance* se*parately. 

Dalton eiiunciaterl t lie* prine‘iple' that any gas is as a viicuuni io any other 
gas mixed witft it. Later Gibbs re.‘state‘d the yirincijile* in a more geneu’al 
and more useful form which is known as the^ (nbbs-I)aUon Law. From 
this law t he following rule's can lx* deduce'd (as sheiwn in ( liapt er XXV^l ) 
for equilibrium be*twee*n the e*e>mpone*nts of a mixture*. 

1. The pressure of a mixture of gases is the sum of the pressures of its 
components when each occupies alotte the volume of the mixture at the 
temperature of the niuvture. 

2. The Inlernal energy and the entropy of a mixture are respectively 
equal to the sums of the internal energies and the entropies of its components 
when each occupies alone the volume of the mixture at the temperature of 
the mixture. 

* See Chapter XX. 
t See page 14 
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I'hose two rules cannot he derived from the First and Second Laws alone 
and, therefore, are not true for all systems comprising mixtur(\s of gases. 
It is a matter of experience, howevc'r, that they hold at low pressures to 
a high degree of {)recision and that they apply to real gasc's o^ er a wider 
rang(‘ of pressures than do the relations of the p(‘rfeet gas. 

We may state th(^s(‘ rules algebraically, using symbols without sub- 
scripts to d(*note properties of the mixtuix^ and symbols with subscripts 1, 
2, • • • 71 to denote respectively th(' properties of the separate components. 
Then when the various components exist separately under conditions 
such that 

T = Ti - T2 = • • • T,, [83] 



ms mi. Si + ?n'iS2 • • • F 



Fu;. 109. Th(‘,< lihbs-Dalton Law 

Helati<ni between properties of mixture aiul properties ol pure components at temperature and 
volume of the mixture 

where the symbol m denotes the mass of the mixture or a component, 
rule 1 becomes 1011) 


P = Pi + P2 + ■■■ P< 


[85] 
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and rule 2 becomes 

mu = miUi + m 2 U 2 + • • • [86] 

and ms = miSi + m 2 S 2 -]-••• mnSn. [87] 

From [84], [85], and [86] we may derive an expression for the enthalpy 
of the mixture : 

rnh = 7n{u + pv) = mu + p?7iv 

or 77ih 771 ih I 4- ni 2 h 2 + • • • mu/?n. [88] 

The pressures pi, P 2 ) • * * Pn [85] are called ilu‘ partial pressures of 
the components of the mixture. They arc' sometimes considered to be 
the pressures exerted by the individual components in the mixture. 
This concept cannot, of course, be \a'rified i)y any thermodynamic 
expcrim(‘nt, because the pr(‘ssure of a part of a system which cannot be 
considered a system separate from the nauainder cannot be measured. 

Mixtures of Perfect Gases 

It was shown on page' 95 that tlie equation of state of all pure gases at 
v(^ry low pressures is givc'ii by the expression 

pv RT, 

where v denotes the volume of one mole of the' gas and R the universal 
gas constant. Therefore we may write' e'quat ions of the form 

PiV\ = RT\, P 2 V 2 " RT 2 . <'tc., [89] 

fe)r the varie)us e‘e)mponents e)f a mixture' e‘ae*h in the pure' form. Wheai 
these gasc's exaiform to the e'onelition |S3] the' I’ight-hanei me'mbers of [891 
be'come identie'.al. Solving each for pressure' afid adding them together 
we get 

whcrc^ denotes a summation of values of t he' quantity for all th(^ pure 
gases, that is, for t = l,2,- - r(. Now (1/n,) is the, molal density of the 
pure gas i which is the same as the number of moles of gas i in unit volume, 
of the mixture. Therefore, is the niolal dendly of the miriure 

or the number of moles of all components per unit, volume' of the mixture. 
By [85], is pressure of the mixture. Therefore, we may write 

RT 


or, alternatively; 




[90] 
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where v denotes the volume of the mixture per mole of its components, 
and V tiie total volume of a mixture consisting of moles of component 
gases. Thus it is shown that a mixture of perfect gases that conforms 
to th(^ ( iibbs-Dalton Law is its(‘lf a perfect gas if in th(^ equation of state 
which defines a p('rf(‘ct gas th(‘ volume of a molecular weight is replaced 
by tlie volume p(‘r mole of components. Atmospheric air may be con- 
sid(T(*d to be a ixafect gas at ordinary pressures and temperatures be- 
cause it is a mixtures of gases each of which may be considered a perfect 
gas. 

If wr‘ define th(' nxdecular weight of the mixture M as the mass per mole 
of its com]')on('nfs, then 

V = Mv 

and, by [90], 

pv = -^T, [911 

wluMx^ (R/M) is the gas constant for the mixture. The mole fraction 
of substance 1 in the mixture is defined as the ratio of the number of moles 
of that component in a given volume of mixture to the total n umber of moles 
of all the components in that volume; thus 

Ui , nii 

Xi = — » where rii • [92] 

l^ni Mi 

It follows that, the mass of mixtun^ per mole of its components is given 
by the equation 

M = [93] 

The mole fraction of substance 1 in a mixture is equal to the ratio of the 
partial pressure of substance 1 to the pressure of the mixture. This can be 
r(‘adily provexi as follows: From [92], [89], and [90] respectively, we get 

V RT ^ RT 

Xi - f Vi = — » and v 

Vi Pi p 

Substituting the latter two into the first , we get 

Vi 

xi ^ [94] 

V 

Proportions by Volume 

If the mass of gas 1 which is comprised in a mixture of gases of pres- 
sure p, temperature T, and volume V is placed in a separate container 
and brought to the pressun' and tein[K‘rature of th(‘ mixture, its volume, 
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is given, according to 189], by 


T 



[95] 


If a corresponding mass of each of llu' other components is similarly 
brought to the pressure and t(‘mp(‘ratuiv of Ihe mixture, the sum 
of all these separate voIunK^s 
is the volume of the mixtiui' 

(Fig. 110); thus, by [85], 

227' = ? Spi = y. [901 

The ratio V'l/V is called the 
part by volume of gas 1 in the 
mixture. By [95] we may write 
for th(‘ pari by volume 

I p ^ Fiu. 110. 1 Vis by Volume 



mj 



T 

T 


T 

p 

p 


p 

v; 



K 


m nij^ m2 • • 


T 


P 



•• + KC 


that is, the part by volume of a compoiK'iit in a mixliuT' of perfect gases 
is e(|ual to the ratio of the partial i)r('ssur(' of th(' component to th(‘ i)res- 
sure of the mixtur(\ Moreoveu', l)y [9-1], th(‘ pai't by vohmif is identical 
willi the mole fraction, thus, 

hi 

y - .r,. [97] 


Avogadro’s Law st.ates that at givaai ])r(‘ssure and tcanpf'rature a mole 
of any perfect (low^-iiressure) gas o(a*upi(‘s llu' same' volum(‘ as a mol{‘ 
of any otlier perf(a*,t gas. Thentore, the volume^ occupied by a mass of 
gas at a given pressure and t(‘mperat.ur(' is projKjrtional to th(‘. nurnlxT 
of moles and independ(‘n1. of t.hc‘ nat ur(‘ ot th(‘ gas. Thus th(‘ ratio of th(' 
parts by volume of two coinpoiient.s of a inixiiirc' is 

V[ mi/ Ml 

It follows that the pails by mass ar(‘ related to the parts by volume in 
this fashion, 

7/?i ViMi 
2 


[99] 


Specific Heats of a Mixture 

The specific heats at constant volumt^ and at constant pressure for a 
mixture which conforms to the Giblis- Dalton Law are found by differen- 
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tiating the expressions for the internal energy and the enthalpy, [86] 
and [88], respeclively. They are 


and 


Cv = — {miCvi + ni2Cv2 • • • + irinCvn) 


c = — (miCpi + W2Cp2 • • • + ninCpn), 
7)1 


[ 100 ] 


where c^i and Cp\ denote f Ik' specific heats at constant volume and pres- 
sure respectively of a unit mass of the pure gas 1 when it occupies the 
same volume at the same temperature as in th(‘ mixture, etc., and Cy 
and Cp denote f h(‘ spe(*ific lu'als of unit mass of the mixture. 


Example. Let us use the equations deduced al)ove to detennine the 
relationships between the properties of air in terms of the ])roperties of its com- 
ponent gases. First let us assume that air is com])osed of oxygen and nitrogen 
in the proportions by mass of 0.245 and 0.755.* Then the ratio of the parts by 
volume is given by [OcS], thus; 

Fo _ 0. 245/32 

Fn ' 0.755 /2S.016 


= 0.284, 


where subscripts O and N refer to oxygen and nitrogen respectively, 
part by volume of oxygen is then 


Fn + Fo 


1 + I' 


N » O 


= 0 . 221 , 


The 


and the part by volume of nitrogen is 0.779. The mole fraction of oxygen is 
identical with its part by volume. Therefore, by [03], the “ molecular weight ” 
of air is 

Ma - 0.221 X 32 -f 0.779 X 28.016 = 28.90 g, 


and its gas constant is 

Ra 


R 

Ma 


1545.4 

28.90 


53.5. 


The specific heats for air may be found from [100]. The following tabulation 
gives the specific heats of the components and the corresponding values 
computed for air: 



kCv 


Oxygen 

0.155 

0.217 

Nitrogen 

0.177 

0.248 

Air 

0.172 

0.240 


* The results of this assumption are no better than the assumption itself. The 
figures given on page 96 for the properties of air are more accurate because they are 
baaed on a more complete list of the components of air. 
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Using the perfect-gas relations of page 101 we may express the internal 
energy, enthalpy, and entropy of air in terms of its specific heats. We obtain 
a similar result if we first formulate expre.ssions for these properties for each 
of the components and combine them in accordance with [80], [87], and [88]. 

Mixing Perfect Gases 

From [96] wo learn that masses mj, W 2 > oto. of the perfect gases 1, 2, 
etc., can occupy a given volume either as a mixture or as separate gases 
(separated by impermeable partitions) at a temperature T while exert- 
ing pressure p on the boundaries (Fig. 110). 

Now the internal energy of the mixture is, by [86], the sum of the in- 
ternal energies of the separate mas.ses m^, nio, ('tc. at temperature T 
when each occupies the same volume as th(‘ mixture. However, it was 
shown on page 98 that the internal ('nergy of a ])(Tfeet gas is a function of 
temperature only and is therefore independent of volume. Consequently, 
the internal energy of mass nii of gas 1 is th(‘ same at temperature T 
whether it occupic‘s a volume as larg(‘ as the \’olum(‘ of the mixture or 
as small as that at which its pressure' is (‘qiial to t he' pressure of the mix- 
ture. It follows from [86] that, the* internal eia'rg>" of the system of n 
perfect gjises at temperature T is t h(‘ same wh(.‘th(U’ they are separate or 
mixed. 

Now if the partitions between th(^ s(‘parat(* gases 1, 2, • • • n are re- 
moved and the gases are allowed to mix at constant temperature no 
change in internal ema-gy will o(‘cur. Moreover, by [2], no heat will 
transfer because the work of tin* process is z(‘ro. ThenTore, if a number 
of perfect gat>es for which the Gihhs-Dalion Law hohl,^ are allowed to mix 
ndiahaiically witlioiU change in total volume from art initial date in which 
the gai^es are separately at uniform pressure and tewperaturej the final 
pressure and temper aiure of the mixture will be respectively the same as the 
pressure and temperature of the gases before mixing. 

Though the mixing f)ro(H\ss just d(\scribcd results in no change in 
internal energy, enthalpy, t(*mp(Tature, or pressure on th(i walls, it is 
accompanied by a marked increjise in entropy. The tait roijy of the mix- 
ture is the sum of tlie entropi(‘s of the constit inaits when each exists alone 
at the temporatun* and the volume of the mixtuna Tlu‘ volume of the 
mixture is in each case greater than the volume of the pure component 
before the mixing process occurs (Fig. 110). The entropy of the mixture 
may be computed from the relation [32] for the perfect gas and from the 
Gibbs-Dalton relation [87]. 

Equilibrium of a Mixture of Perfect Gases with a Pure Liquid 

Another consequence of the Gibbs-Dalton Law may be stated as 
follows: When a mixture of gases at low pressure is in equilibrium with a 
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pure liquid, the mass of the vapor of the liquid per unit volume of mixture 
is the same as the density of pure vapor in equilibrium with that liquid at 
the same temperature. 

It follows thal if a rnixturo of gases 1, 2, • • • /? is in o(iiulil)rium with 
1hc pur(‘ Wqnu] plias(' of suhstanro 1 (Fig. Ill), the properties of the 
rnixlnn* ar(‘ given hy Hie etiuations 

P - Pfji + P 2 h Pn, [101] 

111 1 

^ _ _|_ • • * > 

?’<7l ^’2 Vn 

mu = -|- m 2 U 2 • * * + [102] 

nih = ioiftyi F uinhn, 

and 

ms — UiiSgi + a/ 2 'S‘i) •••-[- m„s,n 

wheix' subseript f/l rebars 1o th(‘ saturat(‘(l slate of vapor of siihstane(‘ 
1 at th(' teinp(‘ra(iir(‘ of IIkj niixtui“(‘. 

Specific Humidity, Relative Humidity, and Dew Point 

The science' wliich deals with (Ik* behavior of inixinres of air* and 
watea' vapor is calk'd hygronu'lry or psych ronu'try. We shall ('niploy 
tlinx^ terms from its vocabulary: 

The specific huinidity w is 1h(' ratio of th<' m:iss of water vapor in a 
givc'Ti volume of mixture' te) the' mass of air in the same veHume'. 

The relative humidity ^ of a mixture* is the ratio of the* mass of water 
v apeir in unit \'e)luine' of mixture* to the* de'iisity e)f saturated water vapor 
at, the; temperature eif the* mixture. Wlien the relative humidity is 1 
the mixtiii’e* is saiel to be* saturated. 

The dew ])oi))t e)f a mixture is the temperature to whie*h the mixture* 
must be e'oeek'd at constant pre'ssure* be'fore liciuid water will form. 

Fre)m the* first definilie)n we* ge't 




1 

Fig. ill 


- 

Ula 

e 

* Hero and in siihsoqiiont jiaragrnphs thr term air is used to denote the usual 
inixturi* of pas(‘s which constitute tlie atmosphe*re, (*xclusive of water vapor. 8uch 
a mixture is sometinu's calh'd dr// air. dliis distinction between waiter vapor and the 
otlier const.itU(‘nt gases arises because, first, tfie amount of water v'apor contained 
in a given mass of air is extrenuty variable <‘()mpared with the a, mounts of the other 
constituents, and, second, water vapor alone among the constituents can oft,en be 
condensed out in a separate phase w'ithout unu.sual changes in temperature or volume. 
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where subscripts .s- and a denote wiiiw vapor and air resfv'ctively. 
Introducing the perfect gas n^lation \wv get 


aPa 



[104] 


where Ms and Ma denote the inoh'cnlar weights of water and air ~ -tlie 
term molecular weight being appli(‘d to air in th(' s(‘ns(‘ LLS(‘d on pag(^ 204. 
The definition of relative humidity may lx* writD'ii in the form 





[105] 


where Vg denot(\s Hk* sp(*cific \oliiine of saturated wa1(‘r vapor at the 
temp(*rature of tin* inixtuo'. Again using tiu* ))erf('ct-gas n'lation, 
we find 

0 = 1 100 ) 


wh(*re pg is the saturation j)r('ssur(‘ of water at the tcinp(*ra1ur(* of tlie 
mixtui'c*. Combining 1103] and [1051, \se g('t 


and from [104] and llOO] 




f 

/’a 


0.022 y>/ 


[1071 

[lOS] 


Moreover, by the Cibbs-Dalton Law, tie* jm'ssure of the atmospht'n* p 
is given by 

P ~ Pa "f Pii, 

which by [104] or [100] can be (‘xprc'ssed in teams of oj or (/>. 

The determination of the d(‘W ])oint inxoha s a ])r()(M‘s^ in wliich tlu* 
presvsure of the mixture remains constant. To int(‘rp]*(‘t tlie* d(‘W-point 
temperature in 1(*rms of the charact(‘nslics of wa1(‘r vapor it is ih'c- 
essary to know the course of the partial priNssure of th(' wate-r vapor dur- 
ing the process. MV may write for water vapor in tin* mixtun* 

R.T 

= — > 

Vs 

and for the mixtun* 

lUrT 

n ^ - , 
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where Rm denotes the gas constant of the mixture. Then 

Ps Rs^' 

P Rm^'s 



where w, and m are masses of water vapor and mixture in a given vol- 
ume. It follows that th(* partial pressure of the water vapor remains 
unchang(‘d as long as the pn'ssure and the composition of the mixture 
remain unchanged. 

When liquid begins to form as a result of cooling at constant pres- 
.sure, th(*n the temperature is at the dew point, and, by [101], the partial 
pressure of the water vapor is the saturation pressure corresponding to 
the dew f)oint (Fig, 112). But this is also the partial pressure of the 
water vapor before cooling. Therefore the partial pressure of water 
vapor in a mixture is the saturation, pressure corresponding to the dew point. 



The propoilions of air and water vapor can be found from a meas- 
urement of the dew-point temperature through [109]. But a more 
common means of measurement is the psych rorneter or wet-and-dry- 
bulb thermometer. It comprises tw'o thermometers, one of which is 
covered by a wick which is thoroughly wettc^i by water. When the 
t wo thermometers are exposed to a st ream of moist air the dry one will 
indicate the temperature of the mixture and the wet one will indicate* 
the temperature of the liquid in the* wick. Unless the air is “ sat- 



SPECIFIC HUMIDITY, RELATIVE HUMIDITY, AND DEW POINT 211 


urated ’’ with water vapor the partial pressure of the* water vapor in 
the mixture will be too low for ('quilibrium with the liquid, and the 
liquid will evaporate. Evaporation without transfer of heat results 
in a drop in temperature of the liquid whieh in turn results in transfer 
of heat from mixtui*e to liquid of increasing magnitude with increasing 
drop in temperatur(\ 

For true equilibrium both the surface of the licpiid and the mixture 
around it must fall in temperature to the d(‘W point ; but transfer of 
heat from the stream of mixture will raise the tenqK'rat.ure of the 
liquid to a value somewhere l)etween the dew point, and the temperature 
of the mixture when a steady state is reach(‘d. This temperature of the 
steady state is called the wel-bulb temperature. Tlu' ditltTcmce between 
the temperature of the mixture and the wet-bulb ttanperature is a 



Fig. 118. Psychrornetric Chart 

meavsure of the amount of water vapor in the mixture, for when the dif- 
ference vanishes, the mixture and the liquid are in equilibrium, the 
mixture is saturated, and th(' temiK^ratun‘ of the mixtun*, the wet-bulb 
temperature, and the dew point are idiaitical. The relation between t he 
moisture content of the mixture, the temperature, and the wet-bulb 
temperature has been determined experimentally. It is shown in Fig. 
113 for a mixture under a pressure of 1 standard atmosphere.* 

♦ For a more detailed chart see Miieiiitire, ration Engineering, Wiley, 1940, 

p. 294. 
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Example, To illustrate all that has gone before let us consider a mixture 
of air and water vapor wdhch is ;h45 per cent water vapor by volume at a 
pressure of 1 standard atmosphere and at a temperature of 100 F. 

By [97 j the mole fraction is identical wutli the part by volume, so that 

x, = 0.0:i45; 

also, by [95], the ratio of thc' i)artial pressure of the water vapor to the pres- 
sure of the mixture is the same value: thus 


and 


= 0.0:545, 

V 

= 0.0:545 X 14.090 = 0..507 Ib/.sq in. 


p„ = 14.090 - 0.507 = 14.I,S9 10/s<i in. 
The specific humidity can l)e found from [104], thus: 

OJ = 0.022 X — 0.0222:5. 

14.189 


At !()() F th(! satairat ion {)rcssure is found from the Stcat7i. Tables to be 
p, - 0.9492 ll)/s(i in. 

Then the relative luiniidity is given by [lOfij as 

0.507 

0 .. 0.5;il5. 

0.94<12 


The dew t)oint 5/ is the t('mp(‘rature for wliich the saturation j)ressure is 0.507 
lb /S(i in. 4'he Steam Tables give 

td = 80 F. 

Now let us find the thermodynamic y^roperties of the mixture. By [86] to 
[SS] the internal energy, enthalpy, and (Uitropy of the mixture are respective!}^ 
the sums of the internal energies, enthalpies, and entropies of the two com- 
})onents wlam each occu])ies the volume of the mixture ahme at the tempera- 
ture of the niixtunc The density of the mixture (the mass in unit volume) 
is obviously the sum of the densities of the two components when each occupies 
the volume of the mixture alone. 

The values for the internal energy, ^ enthalpy, and entropy of the mixture 
each depend ui)on two arbitrary constants which are determined \\4ien a state 
is chosen for each of the two com]>onents at which the value of the property is 
zero. If we let the constants for winter vapor be fixed by the Steam Tables 
we may take values of the yjroperties from the Steam Tables without modifica- 
tion. 

The specific volume of the water vapor may be found most readily from the 
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perfect-gas equation, which is adequate at low pressures; 

85.7Sr 

V, = — 

144/), 

- 657.6 ffMl). 

By extrapolation in the Steam Tablet' it is easy to find values for internal 
energy and enthalpy: thus 

w. - 1043.6 Bill /Ib. 

/l - 1105.2 Bill /lb. 


The entropy for this state cannot be taken directly from thc*S7ra/// Tables, but 
botJi the equation for the change in entropy of a perfect gas [31 1 and equati(m 
[16(71 of Keenan and Keyes indicate that a good approximation to tlu* change 
in entropy at constant temperature is given by 


at low pressures. Evaluating this enuation ix'iwecn the saturated vapor 
state and the state corresponding to a ])ressurc ol (h507 Ib/sq in., both at a 
temperature of 100 E, we get 

S5.7S, 0,!U92 

Sg — 1 ,0826 d In — 

778.3 0.:>()7 

= 2.0517 Btu /lb (h'gree 

The specific volmne of air may found from the })erfect-gas equation 

h\,T 


if Ra is evaluated in accordance with [18u]. Using a suitable value the specific 
volun)e becomes 

53.35 r 
" T447>« 

- 14.61 fE/lb. 

In evaluating the internal energy and entropy we shall arbitrarily make 
their values zero at one .standard atmos{)here and 0 F. Then, by [22a] 

= c^t - 0.17H = 17.1 Btu /lb, 


ha = Cvt + pv = Cvt ■+■ RaT — 55.46 Btu /lb. 

For the entropy we use [32], thus: 

.Sa = 0.240 In -p In 0.04073 Btu /ll) degree F. 

\ 459.7 / 77S.:> 11. ISO 
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It is now possible to compute the properties of the mixture by the summa- 
tions of [85] to [88]. The following table summarizes the results: 


Table II 


Substance 

Pressure 

Ib/in.^ 

S{>ecifie 

volume 

ftVlb 

Internal 

energy 

Btu/lb 

Enthalpy 

Btu/lb 

Entropy 
Btu/lb F 

Water vapor 

0 507 

657 6 

1043.6 

1105.2 

2.0517 

Air 

14 189 

14 61 

17 1 

55.46 

0.04973 

Mixture 

14.696 

14 29 

39.42 

78.29 

0.09322 


In the analysis of a process the arbitrary constants do not apj)ear, because 
only differences between properties are employed. For example, let us calcu- 
late the heat transferred while moisture is removed from the mixture just 
analyzed as it is cooled at constant pressure to 70 F. At this temperature the 
maximum possible* partial pressure of the water vapor is, by the Steam Tables^ 

Pg = 0.8031 Ib/sq in. 


Then the maximum specific humidity is 


CO - 0.622 X 


0.3631 

14.696 - 0.3631 


0.01576. 


For each pound of air being cooled the amount of liquid formed is equal to the 
decrease in the specific humidity. Therefore, in its final state, the system 
consists of 0.01576 lb of water vapor and (0.02223 — 0.01576) or 0.00647 lb of 
li(iuid water for each pound of air. 

By the First Law the heat received by the system in this process at constant 
pressure is e(]ual to its increase in enthalpy. Using single and double accents 
to denote initial and final states respectively, we may write for the heat 
received by the system 

Q = 7yi"h" -f- m'lh'i — m'h\ 


where subscript I denotes the li(iuid j)hase. By virtue of [88] we may write 
Q = VI ah a + Vi'gh's + Vi'lh'i — m'aha — m'ghg 

= viaih'a — ha) + + fv'ih'l - mgllg, 


or for the heat per unit mass of air ^not mixture) 


via 


\ma/ \via/ \via/ 


* Here reference is made to stable states only. It is shown on page 429 that 
iuetastahl(' states may persist for which the partial pressure of water vapor may be 
higher than the saturation pressure. 
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The change in the enthalpy of air at cons^tant pressure {and, in fact, in general) 
can be represented, by [22o], as 

ha - h'a = Cp(T;' - T'a). 

Moreover the values of h'g + /// are identical with hg and /?/ ^e^pectively at the 
final temperature, and h's is given above. Substituting these values we get 

— = -14.31 Rtu/lbof air, 

lUa 


the sign indicating that heat flows from the .system. 

It is permissible to use an expression of the form 

h!i - K = Cp{l" - V) 

to find the change in enthalpy of water vapor at low pressures. A satisfactory 
value for Cp below 1(X) F is 0.45 Btu /Ib F. lfowe\'er, wlrui some of the vajtor 
condenses it is necessary to employ the SUarn TahUs^ so that little economy of 
effort results from the use of the specific heat. 


The Reversible Adiabatic Process 

Once the method of computing properti(\s of inixlures is h'arned, the 
usual applications of the E"irst and S(‘e()nd J.aws to ebang(‘s in the 
state of the mixture are easily made. Th(‘ n'versibh' adiabatic, or 
isentropie, process is of particular intt‘r(\st. 

The isentropie condition for a mixture^ of two (‘ornponents may be 
stated in accordance with [87] in the form 

rnid.s'i -f n/2r/.S2 = 0, [110] 


provided that the quantity of neith(u component is changed in the 
process. Now the change in (‘iitropy oi a pt‘jf(‘ct gas is given by 


dsi — Cpi ill 

i Pi 


dT VI ^ 
wo rp ~mdp\ 


so that [110] becomes 


(miCpi + m2Cp2) 


dT 


r 

T 


{dpi -F dp2) = 0. 


[Ill] 


Bv virtue of the perfect-gas ecjimtion w(‘ may write for each of the com- 
ponents an equation of the sort 

miRiT 


P2 


m2R2 

rtiiRi 


Pi 


so that 
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and 


, ^2^2 . 
dp2 = — tT 


niiRi 


Substitution of this oxprossion in [111] giv(‘s 


{ 1 H ) V/7 ~ ( ^ 




0. 


[112] 


Now, if z= - ^ > [112] reduces to 

miCpi tUiRi 

/HiCpi y - dpi = 0 

or 

d.si = 0, 

and ihe chang(‘ in state of conipoiKait 1 (and thendore of component 
2) as it follows th(' stat(‘s marki^d by the volume and temperature of 
1lu‘ mixlui'(‘ is is^aitropic. This is true when 


or w'h(*n 


R i iU ' 
A 2 = Ai. 


l'h(' components of air, nitrog<‘n, and oxygen, have approximately (‘qual 
vahu's of A', so that in any iscMitropic process th(' change^ in caitrojiy of 
(‘:ich coniporu*n1 as it follows the coursi' of tlu' voliiiiH' and temperatuv(' 
of tlu' niixtui(‘ is z(‘ro. 

On tlie otlaa* hand the valiu* of k for water va])or is about 1.3 wlauwas 
for air it is about 1.1; so that th(‘ entropy of wat(‘i’ vapor, in states 
(■orr(‘S])onding to state's of a mixture', changes while' the' e'ntropy of the' 
mixture re'inains uncliange'd. We shall de'te'nnine the direction of the' 
e'hange' of e'ntre)py of wale'r vapor. Since 


it folle)ws that w’he'U 
then 


and 


^P 

R 


k 


k - 1 


h\ < ka 




ff^a^'pa f^hiRa 
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Moreover, 


so that, by [112], 


1 + 


'^a^pa 


> 1 + 


mjis 

> 


(IT 



C'onsequently, for iseiitropie eompnsshion 

dsa < 0 . 

It also follows from [110] that 

dss > 0 . 

It would therefore Ix^ (wroneous to assumi', for exainplt', tleit in an 
isrniropie (‘xpansion of inoiM air to I lie condensation ])oint the ('lit ropy 
of satiira1(‘d vapor at the condcMisal ion pressiio' w<aild Ix' tlx' sanx' as 
the entrojw of water vaj^or at th(‘ initial xolnine and temperature of tlx^ 
mixture. 


Steady Flow of Mixtures of Air and Water Vapor 

Many proc(\ss(\s (anployed by tlx* (ai^iiuan' iinaiha^ a chanp;(‘ in state* 
of a mixture of air and water vapor in the course* of stiaidy flow through 
an apparatus. 'Plx* proc(‘ss(\s that, occur in an air coinpn'ssor, a lieatei*, 
a humidifit*!', and a c(X)ling tow(*r are (*\am])les. Tlx* fluid may enl(*r 
as a mixture* eif air and wat(*r with a paralh'l stre'ain of li(|uid wat(*r, as 
in tlx* last two e'\am])l(*s. It may l(‘av(* as a single* stre*am or as s(*\- 
eral streams. 

In oi'ele*r to apply the* First Law to problem'- of this sort we* shall fii’st 
(‘xpanel [oa| to the* foi’in 


2 :, ( 6 - (i, + L + zj - 2:2^'’ ('' 


wh(‘re deix)t(*s a summation over 
all the str(‘ams entering the apparatus 
fFig. 114), ^2 summation over all 
the streams k'aving^ ec the mass rate* of 
flow in a single* strc*am where it enters 
or where it leaves, and Q anel TT^. re*- 
spectively heat entering the* apparatus 
and work leaving aleing a shaft in unit 
time. 

If two streams enter the apparatus, 
one* being a mixture* of air and water \apor and the* other be*ing liepiid 
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water, the left-hand member of [113] may be expanded as follows: 

/Fj \ /yfi \ 

wihi + wnhii + j + 2a j » 


where subscript 1 refers to the mixture of air and water vapor entering 
and subscript l\ refers to the liquid (‘ntering. A similar group of terms 
may be found for the right-hand memb(‘r. Th(‘ quantity hi may in 
turn be expanded in accordance with [88], thus: 


Will I = Wslhsl + WalhaU 


where u\i and nT(‘ resp(‘Ctively th(^ mass(‘s of w'ater vapor and air 
(‘iitering the apparatus per unit time in the stream of mixture and h^i 
and fiai are respectively th(‘ enttialpi(‘S pen* unit ma.ss of water vapor 
and air when eacli is at the sam(‘ teanpen-ature and occupievs the same* 
\’olume as ihi^ mixtun' that contains it. It can readily be seen that, for 
purposes of analysis th(^ air and wateT vapoi* may each be considered 
a seqiarate streaim having the tempcTature, velocity, and position of the 
st n'arn of mixt ure and having each a pressure ecjual to its corresponding 
partial pressure in th(‘ mixtunn 

For steady flow the mass of air entering in a given time must equal 
the mass of air leaving in t.hat time. Moreover, the lotal mass of 
water vapor and liquid w^ater entering in a given time must equal the 
total mass of waten* vapor and liciuid leaving in that time. Therefore 
we may writ(' as further conditions that must be satisfied the following: 


Mai = W„2, 

nisi + niti = nis2 + nii2. 


[114] 


PROBLEMS 

In the following prot)lenis the pressures referred to are absolute pressures. 

1 . A homogeneous mixture of perfect gases 1, 2, • • • n, with masses mi, m 2 , * • • m^, 
exists at pressure j> and temperature T. The energy and entropy for each gas exist- 
ing separately are arbitrarily set at zero when the individual gas is at po and Tq. 
For the mixture at p and 7\ find expressions for: 

(a) Tlie internal energy. 

{b) The enthalpy. 

(c) The entropy. 

2 . A mixture of perfect gases at 20 Ib/sq in. and 75 F consists of 1 lb of H 2 and 
1 lb of N 2 . The energy and entroiyv for each gas exi.sting separately are arbitrarily 
set at zero when the pressure and temperature of the individual gas are respectively 
14.7 Ib/scj in. and 32 F. Find for each constituent : {(/) the partial pressure, and (fa) 
the part by volume. Find for the mixture; (r) the voluiiie, (rU the internal energy, 
(( ) the enthalpy, (/) the entropy, {g) the spt*cific heat at constant volume, (h) the 
specifii' lieal !it const.ant pre.ssure. and (1) tlie iseritr()pic exponent k. 
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3. Consider the mixture in the preceding problem to consist of one pound mole of 
Ha and one pound mole of Na, and find the quantities (a) to {i). 

Consider it to consist of equal parts Ho and Na by volume and find the quantities 

(a) to (i). 

4. A mixture consisting of 2 Ib of helium and I lb of hydrogen at 20 Ib/sq in. and 
100 F is compressed reversibly and adiabatiiailly to 100 Ib/'sq in. Find the follow- 
ing quantities corresponding to the final state of the mixture (let the internal energy 
and entropy of the separate gases be zero at 32 F and 14.7 lb sej in.): (a) partial 
pressure of helium, (b) temperature, (c) internal energy of the inixtuni, [d) enthalpy of 
the mixture, (e) work done by the mi,\ture, (/) entropy of the helium at the final 
temperature and volume of the mixture. 

For comparison with (J) find the entropy of the helium at the initial temperature 
and volume of the mixture. 

6. Perfect gases 1, 2, • • • ?/ exist separately (between impermeable membranes) 
in an insulated chamber. Each gas is at pressure po and temperature Tq. The 
partitions are removed and the gases are allowed to mix, until a homogeneous mixture 
is present. Considering all the gases taken together as the system, find : 

(a) The change in internal energy. 

(b) The change in enthalpy. 

(c) The change of entropy in terms of the universal gas constant and the mole 

fractions of the n components. 

6. A rigid, insulated chamber is divided in two by an impermeable partition. 
On one side a pound mole of (>2 (exists at pressure />o and temperature To, and on th(‘ 
other side a pound mole of N 2 exists at the same pressure and temperature. The 
})artition is removed and the gases mix thoroughly. For the system comprising both 
components, find the change in: 

(a) Internal energy. 

(b) Enthalpy. 

(c) Entropy. 

7. A rigid, insulated chamber is divided in two by an impermeable partition. One 
side contains two pound moles of CO 2 and the other side contains three po\md moles of 
CO 2 , both at the same pressure po and temperature T 0 . The partition is removed, 
and a homogeneous mixture results. For the system comprising 5 moles of CO 2 , 
find the change in: 

(а) Internal energy. 

(б) Enthalpy. 

(c) Entropy. 

8. In each of the following problems the system consists of 1 lb of nitrogen and 
2 lb of water vapor. Initially these two gases are separated by a movable but 
impermeable diaphragm which is a good enough conductor of heat to insure tempera- 
ture equilibrium between the two gast^s in the initial stat/C. The initial pre.ssure is 
1000 psia and the initial temperat.un' 500 F. 

In each problem the proces.s consists t)f th(j mixing of the gases as a result of destruc- 
tion of the diaphragm. Proj)crti(;s of nitrogen may be f(jund from the relations for a 
perfect gas; those of water vapor rnu.st lx* found from th(* Steam Tables. It may be 
aaeumed that the Gibbs-Dalton Law' holds for the niixtun*. 
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ill tin* fiillovvitip; ill hull lion tho .symbols At, Ap, vie. dt'not^’ algebraic increasos in 
the ]>ro))citi('s (I'lnpcratun', finissurn, otc. Each (*oIumn represents a separate 
prohiiMii for wliirh th(‘ zeros in the column indurate the nrstraints. 
lili m llie blank sj)aeeH in the tabulation with uurnbei-s. 


Proee.ss a h c d e 

At (t 0 

Ap 0 

AV 0 

AS 

Q 

w 

9. A eertam ^as rnixtun* is composed of HO per cent COs, /)0 per cent O 2 , and 
20 jK'r cent N j by mass. d'lu‘ mixture is initially at 70 F and 17.0 Ib/sq in. After 
juissin^ throuj;h a he.at. (‘xehan^ia’ in steady How the mi.xtun* is at 110 F and 
i i.7 ll)/s(i in. I'^ind th(' ehanjJ!:e of entropy per iioiind of mixture, and thi‘ heal 
(ranslernal per pound of mixture. 

10 . During tlu' ])ow(‘r stroki' of an uilernal-e()m])Us(ion engine, tlie products of 
comliustion an' conijiosiai of <S0 jht cent No, 15 ])er ei'nt. (-H)o, ]H'r cent Oo, and 

2 jier eent IDD l)y intiss. At a certain point of tlie stroke' the temperature is 500 F, 
the [iressuri' is 150 11) .s(| in., and tlu' volume is 0.10 eu ft. .\ short time later the 
t('mp('ratur(' is HOO F and the {ires.sure is SO lb sij in. Atialysis of an indicator card 
lor this period sliows tltat the gases do 1100 ft-lb of work on the piston. Find the 
heat transhrr during this time. 

11 . Methane (mol. wt. 10) is burned at constant pressure with just enough oxygen 
to {K'rmit conqjlete combustion. Tin* eijuation of the reaction is 

CII4 F 2D2 — ► CO2 -p 2II2O. 

If tlie temperattire and pressure' of the final mixture are OOF and 14.7 Ib/sq in. 
respectivi'ly ; 

(а) Find the partial j)ressure of water vapor in the products of combustion, 

(б) Find the number of f>ounds of liquid water in the products of combustion 

})ei’ pound of inethatu'. 

(c) Find the volume of the products of combustion y)er pound of fuel, neglecting 

the volume of liquid water. 

12 . Solve problem 11, assuming that the oxygen for combustion is obtained by 

using atmospheric air who.se compo.sition is 21 per cent O 2 and 79 per cent N 2 by 
volume. ^ 

13 . The Weather Bureau records for a certain date indicate a temperature of 82 F, 
barometric pressure of 29.00 in. llg, and a relative humidity of 75 per cent. PVnd: 

(a) The partial jire.ssure of the water vapor. 

{b) The partial pressure of the air. 

(c) I'he specific humidity. 

(d) The dew point. 

(c) The di'Usity of the mixture. 


0 0 
0 0 

n 0 
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14 . To det-ermine the effoet of moisture eontent on the density of the atmosphere, 
find the density of a mixture of <‘ur and water vapor at 70 V and 14.70 U)/sq in. if 
the relative humidity is (a) zero, (b) O.fiO an<l (p) unity. What arc the dew-point 
temperatures for these three conditions? 

16 . The temperature of the w indows in a house on a day in winter is 40 F. If the 
temperature in the room is 72 F, and the barometer is 29.48 in. Hg, what would be t,he 
maximum relative humidity that could be maintained in tlie room without condensa- 
tion on the wdndow panes? 

16 . Forty pounds per minute of a mixture of air and water va[)or at 14.70 lb/s(] in., 

F, and 75 per cent relative humidity enter a mixing chamber, and there mix 

adiabatically with 10 Ib^ min of a mixture of air and wati^r vapor at 1 1.70 lb/s(j in., 
40 F, and 80 per cent relatixi' humidity. The fluid leaving th(‘ ('haniber is at 

14.40 Ib/sq in. Determine the temperature and the specific and refidive linmiditii's 
of the mixture leaving the ( hamlier. 

17. A fan discharges 1{),(I00 cu ft of moi.'-l air p(T minute at 95 F, 15.80 Ib/sq in., 
and 92 per cent relative humidity. 

(a) What is the specific humidity of the mixture? 

(5) Determine the numher of pounds of water vapor and of “ dr ^ air ” passing 

through the fan per minute. 

18. Tlie mixture of air and watiT vapor of th(' preia'ding ]>n>blein is pas.sinl over 
refrigerator coils in stixady flow (in order to dehmnidify it) and is exhausted from the 
r(‘frig(‘rat()r chainbei \^ith a jm'ssnri' and temperature of 110 lb sq in. and 45 F 
res])cctively. The timipm-ature of the condensate leaving the chamber is 45 F. 

(a) What is the tinal specific humidity of the inixtiirt'’^ 

(b) Detenniiu' the mass of \a ater condiMising on the' colls p('r unit time. 

(c) What is tlie heal transfer piu’ uuil time to tlii' refrigiaat ing I’oils? 

19 . One pound of a mixture of air and watia* vapor at 7t) 1*', 1 1.70 Ib 's(i[ in., and 
75 per cent relative humidity is confined in a cylinder la'liind a h'alvfiroof, frictionlcss 
piston. The mixture is compressed at constant tenipia-ature until the pressure is 

29.40 Ib/sq hi. 

(a) What are the final relative and specifii tmmidities? 

(6) Determine the number of fHumds of li<nud water precijiitated. 

(c) Find the work and heat for th(‘ process. 

20 . Atmospheric air is (‘ompr(\s.sed and stored in a tank having a c^apaeity of 
5 eu ft. The conditions in the tank sh<*rtly after it is chargeal an* as follows: tempera- 
ture 120 pressure SO Ib sij in., relative' fiumidity 20 per ((ud. At, the time the air 
is to be used, it is found that the temperature i.s 90 F. I'or the final state, find the 
specific and ri'lative humidities, an<l the jin'ssuixE Also find the work and heat 
during the time that the temperature drojiped from 120 F to 90 I'^. 

21 . An air-tight refrigerator roeirn, with a volume of 1500 eu ft, contains initially 
a mixture of air and water vapor at 80 F and 15.0 Jb/sq in., with a relative humidity 
of 80 per cent. A short time after tin* refrigerating apparatus is set in operation, the 
temperature in the room is 40 F. 

(a) Find the temperature at which liiinid water first forms. 

(h) Find the fiartial pressure of water vapoi in the final mixture. 
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(c) Find the partial pressure of air in the final mixture (neglect the volume of 
liquid water). 

(d) Find the number of pounds of liquid water precipitated. 

(e) Find the work and heat during the process, for the system which comprises 
the initial mixture. 


22. Two thousai'd cul)ic f(‘ct of an air-water vapor mixture at 14.70 Ih/sq in. 
and 55 F, with a relative humidity of 80 p(‘r cent, enters (^ach minute a heating 
chamber in which the tem|K!rature of the air is raised to 75 F at constant pre.ssiire. 

(а) What is the final relative humidity of the air? 

(б) Determine the heat transfer from the heating ciiils to the mixture. 

(c) Find the change in entropy per pound of mixture. 


® Insulation @ 

Mixture] i Mixt ure 


Insulation 




Liquid at tr^ Liquid at t2 

Adiabatic Saturation 


23. If a mixture of air and water vapor is passed in steady flow and without change 
in pres.sure through a long duct one wall of which consists of a surface of liquid water, 
the mixture will leave in a saturated state and at the teiufieratun' of t,h(' liquid with 
which it is in contact. The temperature at which the mixture leaves the duct is 
called (he temperature of adiahatic saturation, provided only that the litpiid water is 
introduced at this same tcanperature. As regards mixtures of air and water vapor, 
the temperature of adiabatic .saturation is almo.st identical with the vvet-f)ulb han- 
perature. This idcaitity is not maintained if the li(piid is anything other than watta-. 

Derive an expression for the specific humidity, wi, of the mixture entering the duct 
in terms of the jiroperties of air, water vapor, and licpiid water, and the specific 
humidity of the .saturated mixture leaving the du(;t. 

24. A mixture of air and water vapor at 14.70 Ib/sq in. and 80 F has a specific 
humidity of 0.01.^ lb vapor per lb air. Find the temperature of adiabatic saturation 
for this mixture. Compare this temperature with the wet-bulb temperature for the 
mixture (the psychrornetric chart gives 69.4 F for the wcjt-bulb temperature). 

26. A mixture of air and water vapor at 14.70 Ib/sq in. and 80 F is passed through 
an adiabatic saturation apparatus. The temperature of the mixture leaving the 
apparatus is 60 F. Find the specific and relative humidities for the original mixture. 

26. The dehumidification of a mixtur^ of air and water vapor without large redur- 
tions in temperature is often accomplished by passing the mixture over refrigerating 
coils and heating coils placed in series. In the refrigerating chamber the tempera- 
ture of the niixture is reduced (wdth consequent condensation of water vapor) until 
the desired specific humidity is obtained. In the heating chamber the temperature 
is raised to the desired value. The entire process is at essentially constant pressure. 

It is desired to change 20, (XX) cu ft of mixture per minute from a temperature of 
80 F and r(‘luti\'e humidity of 96 j)er cent to a temperature of 70 F and relative' 
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humidity of 50 prr rent, iu the ai)paratus di\soril>Hl. Ylie haromotoi is 30 in. Hg;. 
The condensate leaves the refriKeratin?; chamber at 10 F. 

(а) hind the mass of water vapor condenMnp; per unit time in the refrigerating 

chamber. 

(б) Find the h('at transfers per unit time to the refrigerating and heating coils. 

27 . An air-waisher comprises a chamber into w'hi('h a water spray is introduced 
and from which the licpiid water is remomi at the bottom of the chamber. A 
mixture of air a?id water vapor is passed through the spray and dust particles and 
foreign odors are removed. T}i(‘ mixture leaving the spray is saturated, or nearly so. 
Tlie moisture content of the mixture may be raised or lowered, depending on whether 
the temperature of the spray is above or below the dew point of the original mixture 
'^l'h(‘ process occurs ;i(hMbal u“all\ .at ('sscnlially constant ])rcssure 

Fiv(‘ thousand (*ubic hs‘t [)ei mmulc of a mi\tur(‘ of air and wat4*r vapor at a 
temp('ralur(‘ ol bo F and i>r(\'>surc ol 1 1.70 11) m with a i(‘lativ(‘ humidity of 70 jht 
cent enters an air-washei, and leavi's a^ a saturated mixturi' at <>() F. Water is 
supplied to the chamber at a t(auperatur(‘ ol 70 Fat (Ik* rate (>{ 30lb/niiii. DeUTiniiie 
the temperature at which the water leaves tlie chamber. 

28 . A cooling t<3W'er is to be designed for the following i'onditions: 

Ternpeniture of waiter entering - 120 F 
Temperature of water leaving = 90 F 

Tenifierat lire of air entering - 75 F 

Relative humidity of air entering - 70 |)er cent 
'^JVrnperature of air leaving - 100 F 

Relative humidity of air leaving - RM) per cent. 

Five thousand pounds of water per minute are to enter the tower. Det:ermine the 
number of eubie had of air per minute entering the tow(*r at standard atmospheric 
pressure. Also, find the iiumbiu’ of iiouuds of make-up water napiired per minute. 

29 . Atmospheric air at 11 <10 Ib s(j in , bO I\ and 55 per eiMit relative humidity 
passes through the suction duct of a forced-draft centrifugal fan ou a cooling tower 
at the rate of 3000 cfm. d’lie powder input to the fan is 5 liors{‘power. Tlie mixture 
of air and water vapor leaves the tower saturated at 90 F. Tlie lemperature of the 
w'at(‘r entering the tower is 115F, and 180 lb of w.ater per minute leave the tower. 
Determine the exit temiierature of tlu' w.itei and tlie rate at which w-ater is supplied 
to the tower. 


SYMBOLS 

Cp specific heat at constant pressure 
fy specific heat at constant volume 

g acceleration given to unit nias^ by unit force 
h enthalpy i)er unit mass 

k Cp jcv for a perfect gas 
m mass 

M mass of mixture, molecular weight 
p jiressure 

Q heat to system 

R gas constant 



224 


MLXTUUKS OF OASES AND VAPORS 


R uiiivi'rsal gas conslant 

.s (iiitropy per unit mass 

S entropy 

t t(‘mperatiire (I'tiliienheit) 

(l(*\v-poin1 t(‘mp(‘nitnre 
T aI>^olu1(‘ 1f‘ni])erat nr(' 

a internal (‘lun'^iy of unit .system in the absence of motion, gravity, etc. 
/' specific volume 

V volume p(‘r mole 

V volume 

II' mass rate of flow 

/ mole fraction 

z height 


tllil.EK Ll'/IThRS 

(/) relative humidity 

CO spei'ifie humidity 


SrnsrjtieTs 
u air 

g sat lira tt‘d stall' of vapor 

/ liipiid f)has(' 

ni mixture 

■s water vapor 
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CHAPTER XTV 

INTRODUCTION TO THE THERMODYNAMICS OF CHEMISTRY 


Application of the First Law to Chemical Reactions 

The purpose of this chapter is not to (h'velop the tliernuKlyuamics of 
chemistry toward (‘xtensiv(^ practical applications, Init ratlaa* to show 
the c'sseiitial unity of all thermodynami(* r(‘asoning hy d(‘J i\ ing some of 
the basic relations and eoiicepts of ch(aiiistry from the same statcanents 
of the First and Second Laws that hav(‘ served so w(‘ll the study of sys- 
tems in which no chemical reactions occur. d'la‘ pmct icing chranist 
must build on this foundation an f'laborate structure' sonu' of whose' 
members are (anpirical rc'lations that an* approximations to Iriu' re'la- 
tions. Approximation must often sutlice' f‘ith<'J‘ he'causc of ignoi-ance' ol 
the true re'lations or bc'cause' sim])l(' n'lations an' lU'ce'ssary to inatlu'- 
matical analysis. 

In the thermodyTiarnics of (‘la'inistry wv de'part from a c‘on^idt'ration of 
th(' pure substance' alone' to de^al W'ith syste*ms wliieb are' ne)t nece'ssarily 
homogeneous in eithe'r comport ie)n e>r state' anel the' parts of wi)i(*h may 
vary in composition in the' e*e)urs(‘ of a prexM'ss. 

The behavior of su(‘h ne)n-homog('ne‘()us syste'ins (‘an Ix'st be' studie'd 
in tc'rms of the homoge'iK'ous subsysie'ms which the'v e'omprise', A sub- 
system wdiich is he)moge‘n(‘ou.s in com posit ieai anel state' is calle'd, afte'r 
(Jibbs, a phdHC of tlie' syste'in. Thus, a system e*e)nsisting of gase'ous air 
and sejlid carbon comju’ise's tw'o pliase's, the' ail' anel the' (‘arbe)n. Aftc'r 
tlu' carbon isburne'd and the pi'oduct of combustion has diffuse'd through 
the surrounding material, a single' pliase may e'xisl consisting of a homo- 
ge'iH'Ous gase'ous mixture' of oxyge'ii, nitroge'ii, and carlxjn dioxide. 

For any change of slate in any syste'iii we may wiite' 

r/Q - f/K -f dW. [2] 

We sliall limit our discussion for the ])r(‘S('nt to those change's of state' 
wdiich can be carriexi out without the aid of ele'ctricity or magne'tism 
and wdthout involving capillary force's, gravity, or ap])reciabl(' motion. 
Then for E we may substitute 

* This sabstitAition implies a somewhat broade'r interpretation of the symbol IJ 
than was given in Chapter JII, where it wa"^ emplove'd to fjenf>t(' the internal energy 
of a pure substance in the absence of nK)tion, gravity, e'tc. In this chapter it denotes 
the internal energy of any system in the ab‘^f*nce of motion, gravity, I'te. In ( Chap- 
ter III the quantity IJ is a functnm ot two iiulependr nt j^roperties only — here it is 
dependent on the state of chemical aggregatron as \\( II n()v\ever, in both instance's 
it is independent of velocity, position in the gi a v it at lonal field, etc. 
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If a change of stat(‘ occurs while the system is confined in a rigid 
container, the work may be zero, or 

dW - 0; 

then [2] becomes 

dQ = dU 

f(3r each step in the process. Upon integrating we get 

Q = Vo - Vu [115] 

where subscripts 1 and 2 refer r(\spe(Tively to the initial and final states. 
For example, if the system consists of oxygen and carboTi initially, and 
cjirbon dioxide finally, th(‘ii Ui is Ihe sum of the int(U’nal energies of tlu' 
carbon and oxygeai in the initial states and 1^2 Ihe internal (uiergy of tlu^ 
carbon dioxid(‘ in t h(‘ final stab'. Of course', I "j and I '2 must be reckoned 
from the same rc'fe're'nce state of the carbon-oxyge'ii systc'in. We might, 
for instance, arbitrarily make the vahu' of the intciTial eru'rgy of carbon 
zero at 1 atmosphere' and 70 F and elo the same' with oxyge'ii. Then L'l 
is the increase in e*nergy of the e'aibon-oxvge'n syste'in in going from 1 
atmosphere anel 70 F to tiie initial state, anel U 2 i*^ the incre'ase in going 
fre)m the same refeie'nce condition to the eannbineel form at the final 
pressure and temperature'. 

If the change* of state* occurs at cejnstant pre'ssurt* under the re'straint 
e)f a pistem which ree*('ive‘s e)r de'live'rs the' e)nly work inve)lve'd in the 
]:)rocess, then [2] becorne's 

dQ = dU -f d(pV) - dlL 

since d(pV) is the^ work done'. Int(*gratie)n re'sults in the e'xpression for 
the heat receive'd by the system: 

Q Hn- iU, [116] 

where H 2 denotes the final enthalpy of the system and Hi the initial 
e'lithalpy. 

Heats of Reaction 

The science of chemistry teache\s that whe*n a chemical reaction occurs 
the' reactants combine' in e'ertain definite* prope)rtions to form certain 
pre>ducts in definite' proportions.^ This fact is stated in a chemical 
equation which is of the* form 

a.A -f 57? -f • • ' = mM + nN + • * • , [117] 

where A, J5, etc., demote units of the' re'actants; M, N, etc., units of the 
prexlucts; and a, 5, * • • /a, n, • • - numbe*rs. For e'xample*, the* ('epiatleai 

2C2H2 + 502 - -ICO2 T 2H2O [ 118 ] 
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indicates that, t wo moles of acetylene combine with five moles of oxygen 
to form four moles of carbon dioxide and t wo moles of w^ater. If a system 
consisting of the reactants A, /i, c‘1c., each constituting a separate phavse 
and each present in the proportions givcai by the clnanical equation [117], 
is allowed to change its st ate at constant, volume until only the products 
Mj Nj etc., remain, each in a separate phase, tluai the heat received by 
the system during the proc(‘ss is th(» differeiu'c bcTwca n the internal 
energy of the products and that of the reactants. W(‘ ma}' write 

Q ~ — qA — bS — . . . -j- -j- fi]\^ ^ [llfi] 

if A, Bj M, N, etc., each (k'notes now the itdernal tnergy of one mole of 
its corresponding substance in the state in which it exists at the begin- 
ning or end of the procc^ss. If the initial and final tempc'ratures are the 
same, then { — Q) is known as tlu^ condani-volutne heat of reaction — the 
minus sign being a cons(‘qu('nce of a diffeiciHH' betweiai t ii(‘ conventions 
of chemistry and th(‘rniodynamics. 

The same' heat c'quation [119] will s('r\ e for a. process at constant prc's- 
sure if w(‘ int.erpret A, B, ill, etc., each as the enthalpy of one mole of its 
corresponding substancci. If the initial and final tianperatores are the 
same, then ( — Q) is known as the constant-pressure heat of reaction; or, 
if the pressure aiid t(‘mperature hav(‘ the normal values for the labora- 
tor\^ ( — Q) is oft (ai refen*ed to as t he' heat of reaction wit bout qualification. 

In the calculation of heats of reaction at constant ]n*essure th(' enthalpy 
of each chcanical (iement at the pr(‘ssur(‘ and Uanixa-at-un' in question is 
usually taken to ho zero. Then the lieat of formation of a compound is 
t]i(‘ negative of its (‘iithalpy. A more general nuihod of analysis which 
sometimes is precisely equivalent to th(* i)revious one consists of th(' 
reduction of several linear equations ol the tyf)e [119] into a desired 
form. For (*xample, from th(‘ following thrc‘(‘ equations, 

-020,100 - - 2C2H2 - 5O2 + 4C()2 + 2H2O, 

- 90,900 = - Go + CO 2 - C, 

-130,800 = - O 2 -b 2 II 2 O - 2 H 2 , 

it can be shown that the heat of formation of acetylene is —47,730 
calories per mole, or 

47,730 = C 2 H 2 - 2C - H 2 , 

for, to get this result, it is only lu^cessary to multiply the second equation 
through by 4 and subtract it and the third equation from the first. 

The usefulness of the analysis given abov(‘, the results of which are 
included in [119] and its interpretations, wo\dd be seriously limited by 
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the miuin‘m(‘iit lluit tli(‘ conipoiK*!!! substances A, B, M, etc., must 
:il)]K‘ar only as s('i)aiatf‘ phases, won* it not tluit failure to satisfy this 
re(iuir('inrni ofi(‘n does not introduce appn‘ciable error. For example, 
a- systtan comi)rising hydrogen and oxyg(ai, both initially in the vapor 
plias(‘ and riaidy to combine, would be a single gaseous phase unlc'ss a 
yvvy special nua'hanism wen* ])rovid(‘d to keep all parts of both gases 
s(‘()a rati* until the monuait of combination. But since tin* int(‘rnal energy 
and the (aithalpy of most mixtures of vapors at low pressures an* known 
to bf* very clos(‘ly ('(]ual to the sums of th(* corr(iS]')onding values found for 
th(* constilmait. vapors alone at the* t(*mi)erature of tlu* mixture,* the 
slat(‘m(*nt [119] can oftcai be applied to mixt-un's without modification. 

dlie rat(* of change* of the* h(‘at of redaction with temperature can be 
found by difi‘er(*ntiating [llfi]: 

i9 ^ ^ ^ C 

(It In' (It ' ~ ’’ 


when* ('2 ‘‘Hid Ci are* re'spe'ctive'ly the* spe*cifie* heats at constant pivssure 
of the* proelucts and the re*actan 1 s. Jwiele*ntly 


and 


(\ (f(\\ + fx'ii -f • ' * 

f 2 “ d" 


whe*re C 4 , • • • ■ • • e*ach de*note*s a sj)e*cific he*at at eeaistant piTssure 

lor a unit (im’h* nr gram) e)f a re*ae*tant e)r a pre)due‘t. 

Application of the First Law to Solutions 

For a change of state* in a se)lutie)n we* may write 

Q - - V, [ 115 ] 

if the* vedume* remains constant, anel 

Q = //o ~ //t [ 116 ] 


if the ])ressure* remains ceuistaiit, for the same reasons (and within the 
same* limit at.ieais) as the)se stated for a chemical reaction (page 220 ). 
In l'ae*t, e*he*mical re'ae*tions oftem ej^'cur be*t w(*e‘n sejlute's in a give*n solvent 
while* ie‘actants anel ]^re)eluct.s re*maiii in the dissolved state. Then the 
value* of (' e)r e)f H in the* above e*quatie)ns must be that of the entire 
syste*m — the* se)lve*nt incluele*d. The'rmodynamics can ne*ver assign a 
^alue* to V (or, in conseeiuence, to H) fen a part of a system which 
e*annot in itself be ce)nsie]ere*d a separate* system with boundarie*s exclud- 
* See Chapter XIII. 
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ing all other mat1('r, for it is only from meaMH'('m(‘n1s of work and heat, 
which are bonndary phenomena, that internal eiuagy <'an hv ('\aInate(L 

In chemistry much importance attaclu (i to t h(' behavior of (At n'lnely 
dilute solutions, as, for example, tiie n'action lH'i\\(‘eii dilute hydroeliloii(‘ 
acid and dilute sodium hydroxid(‘. Tlie int{‘rnal (au'rgy oi‘ specific vol- 
ume of a unit mass of eitlier of thes(‘ solutions would differ so slight l\ 
from th(‘ sam{‘ values for Hie pure soKaait that only oy (airrying a 
numbc'i- of signifi(‘ant figur(\s unwarrant (‘d by th(‘ })r(H‘ision to which th(' 
quantity is known could tln^ diHenaua' lx* mad(‘ to appear. 

This diffitaihy is avoid(‘d by nuams of tlu' i)aiiial property, wdiicT 
is defimal by th(‘ t'xpnvssion 

Px = (^~) > 1120 ] 

when' is a pr()p(‘rty of th(‘ sysU'in eom])risiiig mass('s ini, nio, etc., of 
substan(‘es 1, 2, (‘tc., and P] is tlu' corrc'sjKmding partial tirojX'rtv of 
substaiKH' 1 in tlu' sysb'in. For ('\ampl(', the partial \'ohime of sodimn 
cliloride, in an aciueous solution of sodium ehloMd(>, is the rate of increase 
in tli(‘ voluiiK' of the solution with n'sjxxd to its 
contfait of sodium cliloride at 
p('ratun‘, prf'ssure, and mass of s 


(.7'. 'Hi 

where subscript 2 ix'fc'is to llu' 
script 1 to th(‘ w^ati'i’. Tlu* (pu 
be thought of as a dillenaitial 
as tin' iner(‘as(‘ in V(jlum(‘ of 
large amount of solution wIh'U 
solid (‘ is addl'd at constant })r('s 
peraturi'. 

As aji exampF' of the usi' of a p: 

W(' shall di'rive an extiression for tlu* heat ol 
solution at constant t('mp(*ratur(‘ and ])ressure 

of a salt in an aqueous solution of that salt. ( 'onsidi'r a mass of solution 
and an elementary mass of the .soluto (huo to conslituti' a systian (fig. 
115 ). The enthalp3" of the vsystem in this initial sta1(' is (// -f //« 
w’hi're H denoti's the enthalpy of the solution and //« thi* (‘utlialpy ol unit 
mass of thi' solid solute. If the solid is added to th(' solution and 
allowed to dissolve at constant pri'ssure and temperature, the final 
enthalpy of the system will be (II Hz i/a/ 2 ); and the incri'ase in 
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enthalpy of the system between initial and final states will be 

(^2 - fis) dm 2^ 

By 1116] this is the heat received by the system during the process. 
Th(i h(iat of solution is, therefore, 

-dQ = Qu - Th) dm2. [ 121 ] 

Since the term “ heat of solution is undc'rstood to ref(‘r to t he proc- 
(iss of solution at constant ternpea-ature, the quantities //« and 772 must 
ref(‘r to the same temperature as well as to the same pnvssure. 

If the amount of solute added is finite the heat of solution can be 
stated in terms of the integral of [121]: 

rmi" 

— Q = hs(m2 — — I f'h dm 2 , 

J mi' 

where denotes the initial amount of solut(‘ in solution and vh^ the 
final amount. (An alternative (‘X[)r(\ssion for —Q which includes no 
unn'solved iiit(‘gral is given by [127] Inflow.) 

Basic Relations Involving Partial Properties 

Any syst('m whi(‘h is het(‘rog(‘n(‘ous in composition and state may be 
considered to consist of a numi)er of p/a/.se.s, ea(*h of which is homogemanis 
in composition and sta1('. If the system ('xjxahaua s a change of state, 
matt(*r may transler from oiu* i)liase to anothei*. Tims tlie state of a 
phas(' may be altered by a change in its comi)osition as w(‘ll as by a (*hang(‘ 
in its jm'ssiire and tem])erature. If it is uiiintiu(‘nc(‘d by motion, gravit y, 
capillarity, ('hadricity, or magnetism, the valiu‘ of a property P for the 
phas(' nniy be ex])r(\ssed in the form 

= /(7^ U ffhy • •), [122] 

when' P d(‘notes tlu' propeudy in (question, / a functional relation, p the 
pn'ssure by which the phase* is constrairuxl, t the* temperature at which 
it is maintaiiH'd, and aq, m 2 , et-c,, the masse's of substances 1, 2, etc., 
which it compris(‘S. 

This point of view impli(*s that a phase is to lx* considered an open 
system — that is, a system whose boundaries are* pene'trable to matter 
as well as to work and h<*at. Ittshould be rememlx'ied that the* First 
Law cannot bo applic'd din'ctly to such a system * Nev(‘rthelt*ss we can 
without reference to the* First Law derive c(*rt.ain relations between the 
projx'rties of such a s>'stem and the corrt*sponding pariial propc'rties. 
When either of th(* Laws of Thermodynamics are to be applied, we shall 
employ only closcxi systems. 

• See footnote, page 33. 
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We may write for the change in any property P of a phase during a 
small change of state 


dP - 




dt + 

nil, Wj • • • 



cinii + • • • , 

in^ • • • 


[123] 


which is a differential sfat(‘ment of [122]. If 1h(‘ cfiange of state occurs 
at const.ant pressure and temperature [123] sim]^lifies to 


dP — (hfii -h dni2 + 

dm I dnh> 


or, by virt^ue of the definition [120] of a paiiial ])roperty, 

dP - Pi dm^ + P2 H . [124] 

The maqnitwie of onij partial propertij cor re.s ponding to the defimtion 
[120] 7 .S dependent on the prcf^sare, temperature, and relative compo.sition 
of the phase and not on its size. To verify this staioineni, (‘onsider two 
hoinogeiK'ons syst('ins at the sanif‘ teni])(‘ratnre and pn'ssnn* and ha\ nig 
identical ndativc' compositions, in IIk' first of whicli tin' mass of ('ach 
coiniionent is twice* that, in tlu' se'cond. If w(' add a mass dm^ of sub- 
stance* 1 te) the first syste*m at eanistant pre'ssnre* anel te'mpe*ratiire', the 
incre'ase* in veilume*, for instance, will be* twiea* tliat e)f the* se*ce)nd syste'in 
when it receive*s the mass \dm\ of the saanc substance*, feir the* se‘ce)nel sys- 
tem re*])roduces the tn'liavior of the* first at one'-half scale. 'Fhe* ratiei 
e>f the ine*re*ase' in vedunu* te) the* mass aelele*el is the* same* in e*ach instance*. 
Tlu'refore tlie* partial ve)lume*s e)f sn))stan(*e' 1 in tlie two syst(‘ms are* 
iele*ntical. Similar re*asoning will result in the* same* e‘e)nclusion cone*e'rn- 
ing any e)the*r ))artial ))re>perty. 

A system of any e*e)mi)ositie)n may be* incre*ase*el in size* without change in 
its cojnposition by aelding mas.s(*s dm^ dnoi, e'te*., of subs1ance*s I, 2, e‘tc., 
if d///], dm 2 , etc., be*ar the* same* relation te) each ot]ie*r as do the* mass(*s 
of these substance's that are* alre*ady jire'sent in tlie syste*ni, that is, if 

dm I : dm 2 : • • • - mi : m 2 : • • • . 

In this fashiein a sy.ste'in may be* built up at con.stant pre'ssure*, tempe'ra- 
ture, anel relative composition fre)m a total mass oi z(‘ro to any de'sire'd 
finite total mass. To each step of this i)roe*e*ss we* may apply the general 
equation for the change in a pro})ert y* 

dP - P, dmi + P 2 dm 2 H . [124] 

Each of the partial pre)pe‘rtie‘s, acceirding to the principle stated above, 
is constant throughout the pioce*-,*- d1ie*r(‘fore, u{K)n integration we find 
the value* of the* prope*rty to be* re'late‘d te) tlu* \'alu(*s of the partial prop- 
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f'ltics ill the following .simple way: 

P Pitiii -h + * • * . [1251 

A n'latioii hetwcK'ii tlu' partial proportios which does not involve the 
<orjvspoii(hng propi'rty can lx* d(‘riv(‘(l from 1124] and [125]. From [125] 
w(‘ get by diftcnaitiation 1h(‘ .^tati'im'nt 

dP = T\ dw^ -t wx dPi + P 2 dP2-\ . 

IVe^aously, howev(‘r, it was found that 

dP — Pi dm I "b P 2 d,}ti2 “b * ' * J [124] 

so that by .subtraction we g(T 

n/i dPi + m. dPo + • • • = 0. [12()] 

Ah an example' of tlu' iis(' of [Fib] consider a two-component system, 
tor which tbc' relation rt'diu'i's to 


If, tlu'ii, P\ incr('a.s(‘.s with a c(‘rtain change' in cornyiosition, Po mu.st 

(l('cr(‘a.H(' during that change'; and Pi is a. maximum for the composition 

for which Py is a minimum, 

;xtkI viev ve'i’sa (Fig. 1 It)). 

Eop tPe ]nir(' solve'iit (that 

o is, for fUo = 0) the' rate e)f 

^ , ^ 

^ / e'hange of Py with re\sp('(!t 

^ I p u SO4 .solute is infinite' if 

’^^00 1/ of e'hange e)f Pi 

A . / . is finite', and the' rate* of 

^ M /| change' of Po be' finite' 

S ~ change 

^ A/ _ “ \ e)f Pi is zero. 

fo — ('oiiside'P a .syst.e'in corn- 

prising two .seilutions of 

different magnituek' and 


Mole per cent H 2 SO 4 


of the same two com- 


Fig. IK). Partial Molal ISpe'e'ific Heats eT H-O ponemt substances 1 and 2. 
and H2SO4 in Aqueou.s .Sulphuric A(‘id If the tavo are luixe'd at 

I rom Tht'rnioihjjitimic'i. Lewm arnl Haiiclall, McGraw-Hill COIlStantpre'SSUre'andt.e'm- 
(I'JL'.e. p. s7. 

IK'rature a lU'W he)moge'iU'- 
e)us solution is forme'd eiiife're'ut in composition from c'ither of the original 
.solutions. The heat of the' proce'ss is 

-Q - “ JP', 




RELATR^K PARTIAL ICNTHAl.PY 


2:T3 


whore //" denotes tlu' enthalpy of (lie entire ni,‘U'..s in ith tinal .st it(‘ and 
Zn' denotes the sum of th(‘ entlialpies of tlu^ iwo solution^ in lh(‘ir 
respeetive initial states. If \\(‘ um' suhsei-ipts I and 2 to rcTer to coin- 
pomaits 1 and 2 and suLsenpls <i and h to n'h r (‘ach to oni' of the oiij;- 
inal solutions, tlaai the laait of solutiiai of a in h may, hv \ irtue ot 11251, 
be expr(\ss('d as 

— Q = miaHia + ^^f2aH2a + + fff2lJJ2h 

— — [}N2n -f [f-"] 

Relative Partial Enthalpy 

It is sometimes desirable to (‘xpK*ss the valui' of a })artial propm'ty 
of a solution as the exe(\ss ovi'r its valiu* at soiih' jiri'sei’ilx'd eomiKishion 
of tlu' solution. This (juantity is ealled a »’</r/b>e partial propi'i'ty. 
Thus, th(^ rdatn)e partial rathalpn, Li, of siibstanei' 1 in a solution may 
be defined by tlu' equation 

L, /7, - //?, 

wliere 7/° denotes the partial (‘iitlialin of substanei' 1 in an infinitely 
diliiti' solution at the sana^ pri'SMin* and tiaupta-aluo' as (Ik^ solution in 
(|U(‘stion. Similarly, th(‘ relative ]>artial ladhalpy, L 2 , of subs1anc(‘ 2 
in th(' solution is given by 

Li = /? > - ul 

Using the superseript o to n‘f(*r to the intinit(‘ly diluti* solution and 
eonsidcuing substanei' 1 to Ix' tlu' M)lv»‘nl, \\v have' 

- 0, II - 0, 

and 112K| 

H\ - 

where /q denot(\s the (‘iitlialpy per unit mass ot jiun^ solvent. More- 
ov(T, it can readily be shown that (he heat of solution of a mass d//q 
of solvent in a solution is given by 

~(IQ =- " /vj (lm\, 

and that the heat of solution of mass d///j oi solub^ is gixiai by 
-dQ ---= -[Lo " ^^ 2 ! 

wUere L 2 denotes the relative partial enthali>y of th(‘ soluti' in pure soluti^ 

— that is, /12 ~ ri 2 - It oan also be .showm that th(‘ (‘Xjin'ssion 1127] 
for the heat of solution of a in 5 wall still hold if tlu' eorr(‘sponding nUi- 
tive partial enthalpy is substituteal for (‘aeh {lartial (ailhalpy in the equa- 
tion. 
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Chemical Reaction and Solution in Steady Flow 

In Hie field of ch(‘niieal enginecTirig, processes arc often encountered 
in which material in a stream of fluid r(‘acts wdth or dissolves in a sub- 
stance in anothea- strcaim. These processes may be analyzed with the 
aid of [oa], whi(*h may be expressed in the expanded form 

'^liwh) +^i“T h2i(tc2:) = +122 h 

j:2(irz) -Q+W, [129] 

where indicates a summation for all tlu' entering streams and for 
all tlie leaving st.reams, 'ir (haiotes the mass late of flow of a stream, h 
its (iiithalpy })er unit mass of fluid, V its vcdocity, z its luaght , Q th(‘ heat 
cut, (‘ring ttK‘ apparatus jjer unit time, and Wx the shaft work kaiving it 
per unit tim(\ If a stream consists of a solution its (‘iithalpy may })e 
(‘xpress(Hl in terms of partial (uithalpic's as iudicat.(‘d in [1251. Of course*, 
most, steady-flow proc(vss(\s encount,ered in ch(‘mical (engineering may be 
analyz(ed by iiK'ans (jf a simpka- form of [1291, as 

El ("’/') = E2M') - Q- 

Applications of the Second Law 

Consider a h(‘t(‘rog('n(‘()Us systvm in tenip(‘ratui‘e (‘(juilibrium with a 
large surrejunding nuedium (a constant-temperatui‘(‘ bath). For each 
step in a chaiig(‘ of stat(‘ occurring in th(^ system we may writer by [2] 

dW = (IQ - dE. 


In the course of t he proof of the j:)rinciple of incr{‘ase of entropy (Cha])ter 
VllI) it was shown that 


dQ 

dS > ~~ • 

- rj. 


[1()J 


Therefore, if we substitute T dS for dQ in the expression for dW given 
above, we get 

dW < T dS - dE, 

Then the maximum amount of work that the system can do as it changes 
from a state corresponding to >S atid E to one corr(‘sponding to {S + dS) 
and {E + dE) is (‘qual to 

TdS- dE, 

Moreover, this is the w’ork done by the system in a reversible change 
from the first stat(* to the second, because in a rev(‘rsible change dQ 
and T dS ar(‘ identical. 
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For a process at constant temperature the maximum possible work, 
dWmy niay be expressed in th(^ forms 

dWm - -d{E - TS) = 

where denotes the property {E - TS). The maximum possible work 
corresponding to a finite (‘hang(^ of state at. constant temperature is 
therefore the decrease in the value of thus, 

Wm = vf'i - [130] 

where subscripts 1 and 2 n'fer resid'd iv(‘ly to th(^ initial and final states. 

The decrease in 'F is not only t h(‘ maximum work whi(*li tlu' system can 
produce whik^ changing at constant t.canperatun' from st.at (' 1 to state 2; 
it is also the maximum work which the syshan can i)roduce while chang- 
ing from state 1 to stab' 2 wluai no hc^at r('s('r\a)ir is used otluT t han the 
constant-tempc^rature medium. L"or, if a ]:>roc(\ss could be f ound between 
stat es 1 and 2 in whicli th(' syst.cari pro(luc(‘s work iii (‘xcess of the d('crease 
in ’F, tlial process could Ix' madf^ part of a (*y(*k‘ of wliicii a reversible 
change at constant t.(‘mp(a*atur(‘ fronj 2 to 1 is th(' otiau’ j)aid. This 
reversible change would r(‘(|uir(^ an amount of work — ^^ 2 ), and the 
direct chang(' woidd i)roduc(*, by assumption, luoiv than this amount. 
T}u'r(dor(‘, work could b(‘ prodmaxl continuously at the ('X])ens(' of lieat 
from th(' medium only, Sinc(' this conclusion contravcau's the S('Cond 
l.aw, it follows that /hr ntaxi^mun (nnoind of irork inhicJi o system, can 
produce when it changes heticccn two stales in each of vddch it is in tempera- 
ture equilibriuni with the s<nne large environment is e(jual to the decrease in 
the value of ^ far I he system. 

This maximum amount of work may lx* (‘itla'r gn'ater or less than 
zero, depending on the dinniion of t.h(‘ pro<‘ess. Wiaai it is l(\ss than 
zero we can say that, the minimum amount of work that must b(‘ delivered 
to the system in order t o caus(* th(‘ chang(; of stat.(‘ is equal to th(‘ incR'ase 
in the valiu' of 

For complete equilibrium with th(‘ medium the system must assunu' 
a fixed pressure as well as a fixed temp(*rature. llien the work delivefed 
to the medium by tin* system is at least 

p(V2 - nu [131] 

♦Gibbs used and to denote the properties (E - TS) and (H - TS) n.spec- 
tively. present ronventiojis, we shall use llur lower case to denote the 

value of the property for a unit system an<l capitals for systems in general. 

t By inducing motion within a medium further work might be transferred to it; 
but, if the medium is initially at rest and unable; to act upon the system through 
electrical, gravitational, (a* capillary effects, then />( 1 2 “ i 1) b the hjast work which 
can pass from system to medium. 
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where V 2 and Vi dcaiote respectively th(‘ final and initial volumes of 
1h(‘ syst(‘m and p d(‘notes the pressure of the medium. The maximum 
work which can be ob1 aim'd from the process for useful purposes — 
that is, for purposes otlier than displacement of the medium — is there- 
fore 

vki — ^^^2 — ~ 

in accordance' with IKIO] and [b^l]. Since p is ideaitical with t-he initial 
:md final pn'ssure's of th(‘ systc'm, w(‘ may write for the maximum useful 
woi'k of the process 

II u (Ti + pi^' i) — ('k2 + 2) 

= Zi - Zo, [132] 

whore Z deaiote's the prope'iiy + pV) whicli is also (// — TS). It 
follows that the maximum amomit of useful ivork 'which a system can pro- 
(luce ivhen it changes between two states in each of which it is in temperature 
and pressure eguitibri u in with the same large envt ronment is equal to the 
decrease in the value of 7 j for the system. When th(' maximum amount of 
usc'ful work is l(‘ss tluin ze^ro, w(' can say that tlu' minimum amount of 
work t liat must I x' providc'd by t hings otlu'r t han the surrounding medium 
is e(|Ual to t lu' incix'ase in th(‘ v’alu(‘ of Z. 

Since' idniost, all of man’s attx'inpts to ])roduc(' useful work begin with 
a system in [)r('ssur(' and teanpc'rat.ure equilibrium with tlu' atniosjdu'n' 
of th(' (‘arth, and ix'e'd eiot b(' abandoiual unt il a similar (“quilibiium is 
ree'stablislu'd, th(‘ foix'going ]ii’inci])h' is of great s(‘r\'ice in pix'scribing a 
limit, t.o t he use'fuhu'ss of such i)n)C(‘ss('s. For example, the electrical work 
which can be i)roduc('d by a k'ad storage ct'll as it discharges cannot 
exceed the d(*cr(‘as(‘ in the value of Z bet ween the chargc'd and discharged 
conditions. Similarly the work which can l)e dc'liven'd by a mixture of 
fuel and air to tin' flywlaad of an intc'rnal-combustion engine' cannot 
('xce('d th(' decrease in Z for tlu' fu(‘l-air systc'in bet ween it soiaginal st ate 
and that, of the prodinMs of combustion at the tempc'ratun' and pn'ssure 
of th(‘ atmosph('re. In practi(‘C‘ the work obtaiiual fioiu the most ('ffi- 
(‘ient. int('rnal-(*ombust.ion (‘ugiiu's scarcx'ly exceeds one-half of this maxi- 
mum valiK', although llu* work oi)tained from a lead storage' cell may 
n'ach DO per cemt of the maximum value. Further discussion of the 
problem of the production of work from a chemical reaction will be 
found in Chapter XVI. 
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PROBLEMS 

The symbols (a’), (/), aud (g) dcnoto solid, lujuid, and gaseous states respectively. 

1 . Calculate the heat transfer rmd its din'rf.ion for the rea('tion 

PhS (a) 4- 2PhO (.s) 3Pb (n) 4- SOo ig) 

ni 1 at iiiosi>h(Te and 20 (' troiii LIh' following heat.s of fonnation jier grarn-inolc; for 
tli(' stinu' })r(‘ssuro and tenijxa-alurc- 

P})0 (a) 50,300 cal; PbS (s) It), 300 cal; SOo ig) 70,2(X) vixl. 

2 . d'hi' h(^{d' of combustion at. 20 (' and 1 atiuosplu'n* for d(‘can(‘ ((h()ll"‘z) i^^ 
1013.8 kcal/g mole; for pentane. (CrjHji?), 83-1.)) kcal/g inoli^; and for piaiUan' 
(C5H10), 804.4 kcal/g moka h^stimati' lh(‘ heal given olY when decane is cranked to 
form jientaiK' and ]>eiit.(‘ne. 

3. kind tlu' luait that must b(' translern^d m forming an mlimtely dilute solution 
of oiu' mol(‘ of zinc chlorid(‘ m wat.(‘r at 1 atmosjihi'n- and 20 (t starting Irom Zn (n), 
Cl (f/), and IbjO (/) at (lie sam(‘ pn'ssure and tenijKa’a.turt‘. Cse the following infor- 
mation for 1 at inosjihei'f' and 20 ('; 

H(‘al. of formation of one gram-moh' ol 11(4 (f/), 22,000 (lal, 

Ifeali of solution of oiu' gram-mok' of IKdl {g) in a large, quantity of water, 17,300 
cal. 

Heat given otT ^ d 3-1,200 eal in the reaction 

7ju (s) -(- 211(4 X) \<j - ZnCdo co Acj 4- H‘j (f/)- 

4. 44i(' h( at of combustion of carbon at. constant voIuiik' to ( 4 )._> is 04,250 (;al/ niole 
t>f cai’lioii if tlu‘ initial and final tcmp('rat.urcs am both 25 ( ' 

hind th(‘ lieat of comlaislion at consianl })r<'ssum. (AsMime tliat, 1h(' volumi' 
initially (Maaijned l»y the carbon is negligible, and lliat ili<' gases involvt'd an' pcrfi'ct. 
gases.) 

I'diid tlu^ lieat of eombust.ioii in steady flow and al. constant pn's.surc' at 25 (4 

6. Th(' heat of combustion at. constant, volume of a c('rta.in (al is ] 7,070 Btn/lb 
at 20 C if no li(|Uid is ]>res(;nt. In th<' jiroducis, 'Tlie eo/nposition of tlu' oil is 

'Cll-M,,, 

vvhen^ // is a nnmlx'r. I'dnd the ('orrt'sj)ondmg constant.-firtissun' lu'at of combust, lorr 
(Neglect the initial volume of the oil. As.'-^uiik' that th<‘ ( libbs- Dalton Law holds ior 
ih(; final mixtun^ of gas(*s A.ssiimc that ils' ga.ses mvaiKa'd are ]>erlect gases, and 
that tlu' gas constant i,s t.t)8() BtU;lb-moIe E.) 

6 . Assume that in a k'ad storage cell lh(' reaction is 

]»|,(), .4. 2H‘>S(), - 2PbSO.i 4- 211'/). 

(a) Find the heat evolved while one mole of Pb is dissolved in the cell at 1 
atmosphere pressure and at 18 C temperature if the change takes plac^e while the 
battery is on the shelf and not connected elei trically to any e.xt(‘rnal devi(;e. 

(h) A series of sixteen such ccdls is ojierating a 32-volt motor whicli delivers 
I hp and operates at 90 per cent efficiency. Estimate the heat evolved by the 
batteries per horsejiower-hour of work performed, assuming the temperature of the 
batteries to be constant at 18 Ck Vor (‘adi gram najk' of kiad dissolved in one 
cell 193,000 coulombs (ampere-seconds) of electricity flows through the cell 
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Heats of formation at 18 C and 1 atmosphere in kilocalories per gram mole are as 
follows: 


PbOa 

(crystalline) 

65.0 

ITiSO.! 

(liquid) 

193.75 

PbS()4 

(crystalline) 

218.5 

11 2 D 

(liquid) 

68.37 


7. Justify the following staUunents as tney appear on page 233: 

- 0, - 0, Hi - hX 

~<IQ - L\ and —<i() — — (T 2 ““ dm^ 

8. Justify the statement that [127] still holds if an L is substituted for each H. 

9. By analogy with [1251 lot us define the rdative enthalpy of a solution in terms 
of its relative partial enthalpies by tlu; equation 

L — m\L\ -f W2L2 T • * • . 

Show (hat the relativ(‘ enthalpy and the partial relative enthalpy are related in other 
r(‘spe(‘ts in the Sana' manner as any property and its corresponding partial property. 


In the following table the subscripts 1 and 2 nder to water and sulphuric acid 
respectively, tn (haiotes mass, and L the relat ive partial enthalpy in calories per gram 
at ISC and 1 atmosphere. 


+ W12) 

0 

0.1 

0.2 o.;r 

0.4 

O.f) 

0.6 

0.7 

0.8 

0.8.5 

0.9 

0.95 

1 

Ja 

0 

-1.:. 

-ri.5 -12 

-21.5 

-36 

-60 

-106 

-187 

-278 

-355 

-415 

-4.55 

Z2 

0 

ns 

;is 

77 

97 

120 

14.5 

173 

189 

200 

205 

206 


10. What is th(‘ relative' enthalpy of a solution of 1 grams of sulphuric acid in 
() grams of water at 18 ('? 

11. ( ailcuhite the heat of solution at constant pressure and temperature (18 C) 
for the following cases: 

{(i) ()n(‘ graiii of sulphuric acid is added to an indefinitely large mass of aqueous 
sulphuric acid in whicli tlu‘ sulphuric a<‘id is 40 j)er cent by weight. 

(/>) OiK' gram of sulphui ic acid is added to 1 gram of water. 

(r) Five grams of sulphuric acid is ad«led to o grams of aqueous sulphuric acid 
in which the sulphuric acid is originally 20 per <‘ent by weight. 

(d) Five grams t)f vNat('r is added to 5 grams of acjueous sulphuric acid in which 
the suli)huric acid is originally 20 per cent by weight. 

(c) Ten grams of atpietuis sulphuric acid, 20 per cent sulphuric acid by weight, 
is added to 40 grams of a^pieous sulphuric acid which is 70 per cent sulphuric 
acid by weight. 

12. Show by an approximate calcvdation that the change in the tabulated value of 
between valmxs of ni 2 {fni + m 2 ) of 0.7 and 0.9 is consistent with the tabulated 

valuCvS of Tj 2 between those limits. ' 

13. When I gram of sodium chloride is added at constant temperature and pres- 
sure to a large mass of sodium chloride solution containing 31 grams of water per 
gram of solute 15 calories of heat is taken from the surroundings. The solution in 
question has the following partial relative enthalpies; 

Li - 0.05 cal/g; I 2 = —2.43 cal/g. 

Find the relative enthalpv of solid sodium chloride. (See problem 9 ) 
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14. Show by reference to a pressure-volume diagram (a) that the minimum work 
of compression and {b) that the maximum work of expansion of air between t\vo states 
at the same temperature are both given by the change in provided that heat is 
exchanged only with a single reservoir whose*, temperature is the same as that of tlie 
air in its initial and final states. (Show^ how the work can be more than the minimum 
or less than the maximum.) 

16. Show that the maximum useful work (work in addition to that necessarj^ to 
displace the environment) that can be obtained by changing from saturated liquid at 
the pressure and temperature of the enviixunnent to saturated vapor at tlie same 
pressure and temperature is zero provided that the eiuuronment is the only iieat 
reservoir employed by the system. 

16. Steam is sometimes found to exist as a, vrtpor at pn^ssures higher than the 
saturation pressure corresponding to its tempera, tun*. Such steam is said to be 
supersaturated. 

(а) If steam (vSuperheated or .sup(‘rsaturat(‘d) at 1.50 V can be assumed to be 
an ideal gas, com{)ute the change in enthalpy and entropy b(‘t,ween th(* saturation 
state and a supersaturated state at the same tenqx'r.d me* and at 10 Ib scj in. a()s. 
Find from these changes the values of enthalpy and (‘iitropy for the sujM'rsaturafed 
state. 

(б) Find the maximum possibles useful work that c<mld be obtaiiual in an 
environment at 10 Ib/scj in. al)s and lot) F by changing I lb of sui)ersaturat,ed 
steam in pressure and teinperatun* eciuilibriutn with th<* environment to licpiid 
water in pressure and teinperatun* equilibrium with tin* environment. No heat 
reservoir other than the (uivironment is to be (unploved. 

Can you devise a prociess by whii!h this work could he realized? 

17. If a mixture of carbon dust and oxygon in the correct proj)orti()ns is burned in 
steady flow in a (‘alorimeter, 14,1 10 Btu of heat must be transfc'rred out per pound of 
carbon introduced if the stre.am is to enter at 77 and to l(*ave as pure (X)^ at 77 I'. 
The entropy of the product of combustion at 77 h is 0.002S lU.ud* liigber than Ihc* 
entropy of the carbon-oxygen mixture at 77 B |)er ])ound of carbon presfad. 

How much wa)rk could be obtained at 77 k from a iev(*rsibl(‘ electrolytic coll in 
which the sole net efT(;ct wa.s the reaction of <‘arbon with oxygen to form ( '( > 2 ? (Cove 
the quantity of work piu' pound of carbon consumed in the cell. i dlie cell is to ex- 
change heat only with an atmosphere at 77 k. 

18. (a) It is desired to separate atmospheric air into its conFXituents: nitrogen 
and oxygen, kind the minimum work that must be (*x])€a)ded if 1 Ib of air at a 
pressure of 1 standard atmosphere and at a temperature of 70 I’ is to }>e separatixl into 
0.768 lb of nitrogen and 0.2.42 lb of oxygen at th(* sanu* pressures .and temperature. 
Assume that the Gibbs-Dalton Law^ holds. 

(b) If the air were .separated into two volumes, each ecjual to the original voiiinu* 
and each containing only one of the constituents at the original temperature, what 
would be the minimum amount of work necessary to bring each of these constituents 
to a pressure of 1 atmosphen*? 

(c) Compare* the miiiiinum work of (u) with that of (b). Wdjat is the minirruirn 
amount of work nece.ssary to separate the air into two volumes, each of|ual to the 
original volume and each containing only one of the constituents at the original 
temperature? 
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19 . A galvanin r(^ll can bo constructed in which a lead electr()d('. is in contact with 
solid lead chloride* and a. mercury electrode is in contact with mercurous chloride 
and th(*s(' electrod(5S are immersed in a liejuid electrolyte. 

If at» ele(*tromotive force of 0. 5:^)7 volt is app!i<‘d across the electrodes at 25 C no 
rc'action u ill o(‘cur. If this eh'ctromot iva* force* is slightly redueed the reaction 

Fb 0) -h 2llg(1 (O - FbOl. iO f 2llg (/) 

proce(!(ls from left to right ; if the* (^leed.romotive force* is slightly increased the* reaction 
proceeds from right to left. 

For each mok* of lead that ent(‘rs into combination (or that forms fre)m the* dissoci- 
ation of FbChj), F.l2,9SS coulombs {ami)('r(‘-seconds) of (*Ie(*tricity flows into and out 
of the cc'll Assume* for each c)f the proce\ss«*s re'ierred to be*low that tlie te'mjierature* 
of the cell is 25 (' initially and finally. 

fu) Find the magnitude* and eliree'tioii e)f the e-hange* in Z in the above reaction 
pe*i mole* of haul cousume'd. 

'File e‘iilhalpy deuTeaise's by 22,750 e*aI/mole of k'ael e*ejnsumed m this reaction. 

(h) Find the dii-(‘ction and magnituele* of the heat flow pe*r mole of l(‘ad consumed 
wheai the emf is 0.5557 volt. 

If a large* c'urrent is allowe'el to flow frmn the* e*e*ll, the* inte*)’nal r(*sistance* to the* How of 
c'k'ctricity causes a decrease* iti the* emf at the* e*le*ct ?‘od(*s. Ilowevc'r, the- number of 
coulombs transport.e‘d p<*r mole* of le*ael rc'inains the* same*. 

(c) Find the dire*ction anel magniteide of the* flou of he^at ))e'r mole of k*ad con- 
siimeal if the e*mf acro.ssthe electroeles is O. l volt. 

The reaction will ])i-oce‘e'd fj-om k*ft to right at a slow lade if the cc'll is le-ft in storage 
with no electrie*al conductor joining the two electrodes. 

{(i) Finel the elire'ction and magnitude* e)f the* flow of heat per mole* of le*ad con- 
sum(*d in the* proce*ss of dete-rioration in storage*.. 

(c) Find the* change*s in e*ntre)[)y of the cell at 25 C in the })roce“Sse*s e*emesf)emding 
to (k), (c), and (c/). 
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(i, 5, etc. 

A, B, etc. 

c 

C 

E 

h 

U 

n 

L 

m. 

m, n, etc. 
M, N, etc. 

r 

P 


numbers 

units of reactants 

spe'cific lieat at constant pressure per mok* or gram 

speeifie beat at. const aiit j)ressure 

internal en(*rgy of a system in general 

enthalpy per unit mass 

enthalpy 

partial enthalpy ^ 
relative jiaiiial enthalpy 
mass 
numbers 

units of products 
pressure 

property of system 
corresponding partial property 
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Q boat to sy^teiu 

N enliopy 

t tein]H']atuie 

T ahsoliito IcanpfTcjtun* 

U inU'rnnl enei^^ of system in ttic ab'-enco of motion, gravity, etc 

V vobnno, \ clout y 

\ f)artial ^ olume 

IV mass r.itc oi bov; of a slicam 

\V woik 

\]\ sbaft work pel unit time 

U ,, useful work 

: beigbt 


(lllELK LLTTLlito 

{u- Ts) 

4/ {E - TS) 

C (// - VVs) 

Z (II - TS) 

1 ' summation 


SunsrniPTS 

k 2 

m 

P 

s 

t 


initial and final states respect n el\ . component substances 
maximum 

const 1 rit mass (>t snbst am <> 1 , substanc(‘ 2 , • 

constant ])ie^suie 

solid solute 

('oiista 111 tcmpeiatuie 


SuPURSCruPT 

o infinitely dilute solution 
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CHAPTER XV 


REFRIGERATION 

A refrigerating machitic is a vv}ii(‘h operates in cycles and 

receivers heal at one tcanperature and rejects heat at a higher tem- 
perature. Any rc'versihle engine which n^ceives hr^at revfTsibly at one 
t('m})erature and rej(‘cts lu^at reversibly at a lower tcanperature will 
si*rve as a refrigerating machine when revers('d. Thus, the Carnot 
(‘iigiru' has Ikhmi i)roposed in previous disciissions of the corollaries of 
the S(‘Cond l^aw as a device which may be employ (‘d either as an engine 
or as a refrigerating machine — the idealized regen(‘rative heat engine 
of F)ag(‘ 184 would s('rv(' as w(41. 

A Carnot cych* which is confined to states in the vapor phase has in 
practice' 1 wo graA o de'fects: first., ih(‘ quantities of w^ork involved in the 
wirious pro(X‘ss(‘s are* large compan'd with tlu' net. work, so that small 
degn^e.s of irr(‘V('rsil)ility n'sult. in large dt'creases in net work; sec- 
ond, isothermal compr(\ssion and expansion can be only approxi- 
mated at any reasonable rat(' of opi'ration be(*ause only low rates of hc'at 
transh'i* can be attaiiu'd. On th(' otlier hand, a Carnot- cycle in a. 
r(‘gion of two-phast' states is not at all im])racticable. The transh'i- 
of lu'at at constant temp('ratur(‘ occurs in constant-pressure process(‘s, 
which an* easy t.o r(‘aliz(‘ in st (*ady flow. Moreover, the work of com- 
pression is not greatly in ('X(‘(‘ss of the net work of the cycle because the 
work of expansion is small. 

To illus1-rat(', a Carnot cycle in two-phase states is shown in Fig. 
117 on a ])r(*ssui*(‘-volum{‘ diagram and on a temperature-entropy 
diagram. vSatiirated liquid in a vstate a at. temperature Ti is expanded 
rev(‘rsibly and adiabatically to state b at t(*mp('rature 7*2. In steady 
flow the work d{'liv('red to tin* engine shaft in this process is the decrease 
in th(‘ enthalpy of the fluid, which is in turn the area la621 on the 
pn'ssurc'-volunu* diagram. (For we may write 

Tds = du -f pdv = dh — vdp, 
which is equivalent to 

dh — vdp 

when ds = 0.) At the lower tempe^rature, T 2 , heat is received by the 
Huid at constant prc'ssure, as it flows along in thermal contact with the 
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thing to be cooled, until it reaches a state c which has the same entropy 
as the saturated vapor at the higher temjK^rature Ti. N(‘xt, the fluid 
is compressed at constant entropy to state r/, the saturated-vapor state. 
The shaft work that must enter the sleady-flow apparatus during this 
proccwss is measured by the area b/c21 of the pn^ssiin'- volume diagram. 
It is large compared with the (expansion work and, eonst'qmmtly, of the 
same order of magnitude as the net flow of work to tin machine. At 
the higher temperature, Ti, heat is rejected by the fluid at constant 
pressure as it flows along in thermal (‘ontact with the heat sink. 



The reversed regeiKTative process is indieaied in tig. 117 by th(‘ 
figure labeled a'adcl/a. Since both this and the ('arnot cycle an^ 
completely reversibk^ and both re(*(‘iv(‘ and n'je^t lu'at r(‘\(‘rsil)ly and 
isothermall}", they have the same ratio of h(‘at rc'ceived to lu'at reject ( hI. 
for the definition of the absolute s(*ale of 1(‘m])(‘ratiirf‘ n‘quir(‘s that 

qi ^ T, ^ 
q2 7^2 

where qi and q 2 are respectively th(‘ h<‘at receiv('d and th(' heat rejected 
for cither cycle. The regenerative cyck' has the sinalkT ratio of work 
of compression to net work, and, thendore, it would be aflcvted less 
by irreversibility; but th(‘ great (t simpiicit}^ of lh(‘ mechanism of the 
Garnot machine more than offsets tliis advantage'. 

Heat engines are commonly used to produce work for a large number 
of services or operations (‘a eh of which consumes a relatively small 
portion of the work from the engine; that is, engines are, in general, 
relatively large central devices whiedi meed t he power d(‘mands of any- 
thing from a small factory to a larg(' state. Refrigerating machines 
are usually much smaller d(*viees, b(‘eause their product is of more lim- 
ited application. Thus th(‘ net work (‘mployed in a refrigerating cycle 
is generally small. Tin* positive' work of the eyck' (for example, area 
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]ab2l of Fig. 117) is oven smallor, and it is for this reason that the 
positive work is seldom large eiioiigli to justify economically the cost of 
the equipment nec(^ssary to obtain it. 

The alternative is to drop the temperature from Ti to T 2 by an 
irreversible expansion through a throttle valve. In Fig. 118 the cycle 



s s 

Fui. 118 


with throttling cil/^cda is compared with the C'arnot cycle ahcda on a 
temperature-entro]\v diagram and on an (aithali)y-('ntropy diagram. 
Th(‘ process ah" is sliown as a line of constant ('uthalpy and reprc^sents 

thi' seri(‘s of states that 



would b(‘ assumed by tlie 
fluid in flow tlirough a porous 
plug of infinite fiiuaiess. 
(In How tlirough a throttle 
valv(' th(' seri(‘s of stat(^s 
assumed is more lu^ai-ly 
represent('d by th(' lines 
ahb" y the process bh" being 
an irr(‘versil)l(^ decrease in 
velocity. Of course, when 
the fluid is in non-homo- 
g(aieous stat (‘s, such as those 
assumed wliik* its v(‘locity 
is decreasing irreversibly, no 
series of points on the dia- 
gram can rcq^resent th(' 
process.) Figure lit) is a 
diagram of a machine that 


employs tlie cycle ab"cd. 

The compression proc(‘ss cd is executed in practice as nearly nu^rsibly 
and adiabatically as possible. Most commonly a displacement (or 
n'ciprocating) type of compres.^or is used, though the turbine type 



COEFFICIENT OF PERFORMANCE 


245 


could be justified for vei’y large machines. When large volumes of 
low-pressure vapor must be (‘ompressed, as in machines employing 
water vapor, an ejector is often used because the alternative is an extremely 
large and expensive compressor of either the reciprocating or the 
turbine type. 

Coefficient of Performance 

The coefficient of performance of a refrigerating machine is analogous 
to the (efficiency of a heat engine. It is defincxi as the ratio of the heat 
received by the machine from the body that is being cooled to the net work 
received. 

For a Carnot machine or any other revcavsible macliiiK; which receives 
heal- reversibly at the lower tcanperatun* T 2 and rejects lieat reversibly 
at th(' higher temperature Ti the coefficient of pei'formance may be found 
from the definition of tlu' absolute' scale of temperature. Thus, if is 
the heat rejected at tc'mpe'rature Ts and r /2 i« the heat receive(i at 
temperature T 2 , the definition of th(' temperature scale requires that 

92 T 2 

By the First Law, the net work of th(' cycle, W, is given by 

W qi - q2, 

so that the coefficient of performaiK^e, c.p., becomes 

<h - T, -T.' 

Unlike the (*fficiency of a heat engine, iho coefiicicmt of performance 
may exceed unity, and in fact it approachcis infinity as the temperature 
interval approaches zero. 

By the usual reduction to ab- 
surdity method we shall prove' that 
710 refrigerating machine can have a 
higher coefficient of performance than 
a reversible machine operating between 
the same levels of temperature. 

Assume a machine can be devised 
(I, Fig. 120) to work betweem tem- 
peratures Ti and T 2 that has a high('r 
coefficient of performance than a reversible machirK' operating between 
the same levels of tempe^rature. Let a r(‘versible machine (/2, Fig. 120) 
op(‘rate between th('se levels, and let both madiines 7 and R receive 
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from the lower level the same amount of heat q 2 . Since, by assumption, 

<l2 Q2 
Wn 

where W r and Wi denote respectively the quantities of work received 
by the reversible engine and the assumed engine, it follows that 

Wji > Wi. 


Now, if the reversible machine be reversed the heat source at lower 
temperature may be replaced by a conductor, and the reversible machine 
will supply sufficient work for the assumed machine and a surplus. 
Then the two macdiines in combination constitute a perpetual-motion 
machine of the second kind, which is impossible. Therefore, no machine 
can be devised to work between tempcu'atunis Ti and T 2 that will have 
a higher coefficient of performance than a reversible machine. 

Refrigerants 

All the refrigerating machines discussed above absorb work, receive 
heat from a body at low tempcjrature, and deliver heat to a reservoir at 
higher temperature, which is usually the atmosphere or a body of water. 
Such a machine is called a compression machine io distinguish it from 
other types which will be discussed subsc'quently. 

The working fluid of a refrigerating machine is called th(^ refrigerant. 
A large number of refrigerants are available to compression machines. 
Air has sometimes been used because it is free, abundant, and non- 
poisonous ; but the' coefficient of performance of air cycles is not favor- 
able because constant-pressure processes are usually substituted for the 
impracticable isothermal xirocesses of the Carnot cycle. An ideal vapor 
for use in a refrigerating machine would have among other character- 
istics a moderate vapor pressure at each limit of temperature in order 
that, first, the volume of the desired amount of fluid shall not be exces- 
sively large and so require large and expensive equipment, and, second, 
the stresses in the restraining walls shall be moderate. 

Water, in view of these requirements, is barely acceptable over a 
narrow range of temperatures: say, between 35 F, where the density of 
the vapor is only 0.00034 Ib/cu ft, and atmospheric temperature. In 
this range it may be used, at least in small installations, if some cheap 
substitute is found for the more expensive parts of the machine. Thus, 
we find water-vapor refrigerating machines (Fig. 121) being used for 
the limited range of refiigeration required for air conditioning. A 
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compressor for such a machine would be extremely large and expensive ; 
therefore, an ejector is used, despite its low efficiency, to compress the 
vapor. 

For refrigeration to temperatures below 32 F many vapors are avail- 
able and new ones, usually organic compounds, are continually being 
discovered. The important propc^rties of some of those commonly used 
or proposed as refrigerants are given in labl(‘ III arid their vapor 



From h-p boiler 

Liqu id to 
be cooled 


Cooling 
water 70 F 


To h-p boiler ^jrpfl/?s/on [ ^ 
yalire 

Fig. 121. Water-Vapor Refrigerating Machine 


pressures are shown in Fig. 122. All would yi(‘ld the same coefficient 
of performance between any two temperatunss for a ('arnot cycle; but 
irreversible expansion, or throttling, affects th(‘ coefficient to different 
degrees with different fluids. For example, the co(‘fficient of perform- 
ance of a Carnot cycle operating betw(‘en 5 and 8h F is 5.74 ; for a cycle 
with irreversible expansion it is 4.85 for ammonia, 4.1 for water, and 
2.56 for carbon dioxide. In this respect ammonia is suixu’ior to carbon 
dioxide as a refrigerant. 

A practical refrigerant must yield a satisfactory coefficient of per- 
formance, have a freezing point below the lowest temperature in the 
cycle, have a moderate vapor density at the lowest temperature, be 
relatively stable chemically (that is, it must neither decompose nor 
react chemically with available metals), and, for household refrigeration 
in particular, be non-poisonous. Some of these requirements are met by 
a given fluid for one range of temperature but not for another. Thus 
we find that ammonia, though satisfactory for refrig(‘ratiop to 0 F , will 
freeze at -108 F. Freon (CCI 2 F 2 ), on the other hand, will not freeze 
above —247 F and therefore may be used to lower temperatures than 


ammonia. 
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TABLE III 

Properties of Refrigerajtts 


From Refrigerating Data Book, A.S.R,E., 1939, p. 99. 


Name 

Boiling 

Point 

F 

Freezing 

Point 

F 

Critical Point 
pressure tempcr- 
Ib/in.^ ature 

F 

Specific 
Heat of 
Liquid 
5-86 F av. 

Specific 
Gravity 
of Liquid 
p = 1 atm 

Ammonia, NHs 

- 28.0 

-107.8G 

167)1 

271.2 

1.12 

.684 

Butane, C 4 II 10 

33.1 

-211.0 

529.0 

308.0 

.54 

.586 

CaH)on dioxide, C( )o 
Carbon tetrachloride, ’ 

-109.3 

- 69.9 

1069.9 

87.8 

.77 

1.56 

(^CU 

Dichlorodifluoro- 

170.2 

- 9.4 

658.5 

541.4 

20 


methane, CT^l 2 F 2 
Dicliloroethylene, 

- 21.7 

-247 

582.0 

232.7 

.23 

1.48 

C 2 H 2 C 32 

Di(!hloroinonofluoro- 

118.0 

- 70.0 

i 

795 

470.0 

.268 


methane OIICI 2 E 
Dimethyl ether, 

48.0 

-196.6 

744 

353.3 

.24 

1.348 

(CIl3)2(> 

- 12.8 


765 

260 

.56 

.72 

hlthanc, 

-127.7) 

-278.0 

718.0 

89.8 

1.1 

.547 

Ethyliimiiie, C 2 Hr,Nll 2 

61.0 

-117).0 

815 

362 

.63 


Etliyl bromide, Call^Br 

100.4 

- 182 


447.0 

.216 

1.43 

EtiivI chloride, 

f)4.4 

-217.7 

764.0 

369.0 

.428 

.87 

Etliylene, (- 2 H 4 

-17)4.7 

-272.0 

749.0 

49.5 

1.35 

Ethyl ether, (C2H5)20 

94.2 

-177.34 

521.0 

382.0 

.53 

.72 

Hexane, (VJIh 

17)5.9 

-138.0 

434.0 

460.7) 

.60 

.613 

Isobutane, C^dHo 

14.9 

-229.0 

557.1 

272.7 

.62 

.549 

Methane, (TT 4 

-27)8.9 

-297.0 

672 

-115.7 


.308 

Methyl chloride, CH.jCl 

- 10.6 

-144 

969.2 

289.6 

.38 

1.002 

Methyl formate, ^Oo 

89.3 

-147.7) 

607.0 

418.0 

.51 

.982 

Methylamine, Cl 1 3 NH 2 
Methylene chloride, 

20.3 

-134.5 

1082.0 

314.0 

.75 

1.291 

(HT2("l2 

103.7 

-142 0 

640.0 

421.0 

.33 

Pentane, Cr,H ]2 

97.1 

-203 

485 

387.0 

.60 

.610 

1 

Propane, 

Propylene, CsHo i 

- 48 

- 7)2..^ 

-309.8 
-301.0 i 

632 

660 

204.1 

196.0 

1.357 

Sulphur dioxide, S ( >2 
Trichloroethylene, 

13.6 

- 98.9 

1141.5 

314.8 

.34 

(^2HC1, I 

'Frichloromethane, 

190.2 

-124.3 

728.0 

520.0 

.33 

1.47 

CHCI 3 

Trichloromonofluoro- 

142.2 

- 82.3 

807.0 

500.0 

.23 

methane, CFC^ls 
Trichlorotrifluoroethanc 

74.66 

-168.0 

636.0 

388.4 

.21 

1.468 

CoCl-jFa ; 

117.9 

- 31.0 i 

499 

417.4 

.21 

1.559 

Water, Il 2 () 

212.0 

32.0 

3206 

705.4 

1.0 
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Absorption Machines 

The aminonia absorption machine operates on the same cycle as the 
ordinary compression type of machine except that for compression of 
the vapor a group of three processes is substituted: first, absorption of 
the vapor into liquid water by the process of solution; second, com- 
pression of the solution to the higher pressure of the cycle; and third, 
generation of the vapor f rom the solution by heating. The simplest form 
of the machine is shown diagrammatically in Fig. 123, where the lines 
labeled Tqj Ti, and T 2 represent, heat resciwoirs that are respectively 
above the temperat ure of the atmosphere, at the temperature of the 

ro 


Tf 


T2 

Fkj. 12 a. Absorption Refrigerating Machine 

atmosphere, and below t,h(‘ temperature of the atmosphere. Thus T 2 
represents the body tliat is being refrigerated, T\ the cooling water that 
is available, and To a vsupply of steam. 

It has been shown that the work of isentropic compression in steady 

P' 

flow is given by / V dp* where V denotes the volume of fluid to be 

JjK 

compressed and pi and P 2 denote respectively t he high and low pressure's 
of the cycle. Now the volume of an ammonia solution which contains 
a certain amount of ammonia is a small fraction of the volume of that 
amount of ammonia when it is in a vapor state at. the same pressure and 
tem{)erature. Therefore, the work of compression of the solution is a 
small fraction of the work of compression of the vapor. In fact, if a 
solvent could be found that had ^n indefinitely high density, the work 
of (compression would be vanishingly small. 

However, where the work of compression is dispensed with, something 
equivalent to it must be provided to take its place. In the ammonia 
absorption machine it is a supply of heat at high temperature to the 
generator and a rejection of heat at atmospheric temperature from the 
* See page 242. 
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absorber that takes the place of the work of compression. For it is well 
known that saturated ammonia vapor at atmospheric temperature will 
dissolve in water if the opportunity presents itself, and it is only by 
heating the solution well above atmospheric temperature that the 
ammonia vapor can be driven out of solution. Moreover, when ammo- 
nia dissolves in water the temperature of the liquid rises and the capacity 
of the solution for vapor thereby decrease's; theu'efore it is only by 
cooling the solution that it can be nuKle to absorb vapor again. 



Fig. 124. Example of an Ammonia Absorption Cycle 


Example of a First-Law Analysis of an Absorption Cycle. In Fig. 124 
is shown an ammonia absorption machine like that of Fig. 123 except that an 
exchanger and a rectifier are added. The exchanger heats the strong liquid 
going to the still as it cools the weak liquid returning from the still to the 
absorber. It exchanges no heat with any reservoir outside the fluid stream. 
The rectifier is a device which removes water from the vapor leaving the still, 
so that virtually pure ammonia vapor passes to the condenser. The purifying 
process is based on the fact that, when the mixture of vapors is cooled, more of 
the less volatile constituent — the water in this case will condense out than 
of the other. Moreover the liquid condensed out of the purer vapor 
will be colder than the less pure vapor entering the rectifier and may 
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therefore be used to condense water out of tlie incoming vapor. Thus, 
in the rectifier, part of the vapor is condensed by rejecting heat Qr to the 
cooling water or lieat sink and the condensate is returned to the still, 
flowing counter to the vapor. 

The following assumptions are made: 

The strong solution leaving the absorber (5)* is 20 per cent NH 3 . 

The weak solution leaving the still (S) is 13 per cent NH 3 . 

The pressures in exchanger, still, rectifier, and condenser are identical and 
are equal to 180.6 lb /sq in. abs or 165.0 lb /sq in. gage. 

The temperature in the evaporator is 10 F. 

The vapor leaving the rectifier (1) is pure Nils and is at the saturation 
temperature corresponding to its pressure. 

The vapor leaving the still (9) has the eciuilihrium concentration correspond- 
ing to the liquid leaving the still (8). This is e(]ui valent to assuming such 
extreme turbulence within the still that the liquid inside is (iverywhere of the 
same composition as that coming out. 

The condensate leaving the rectifier (10) is in eiiuilibrium with the vapor 
entering it and is therefore of the same composition and in the same state as 
the solution leaving the still (8). 

The liquid leaving the condenser (2) is saturated li(iuid at the pressure and 
temperature of the condenser. 

The vapor leaving the evaporator (3) is saturated vapor at the temperature 
and pressure of the evaporator. 

Solution enters the absorber {4a) at 100 F and leaves (5) at 80 F. 

First, let us find the rate of flow of weak and strong solutions in terms of the 
rate of flow of pure ammonia to the condenser. Let Wn denote the mass of 
liquid or vapor tliat crosses the section labeled n in Fig. 124 for eacli unit mass 
of ammonia that crosses section 1, where n denotes any one of the labels corre- 
sponding to the sections of Fig. 124. Then we have for steady-fiow conditions 


and 


Wi = I 


= ws 4 - 1, 


im 


because the amount of material stored in the still and rectifier does not change 
with time. For the flow of NH 3 , we may write 


X7U)7 = XbWs 4 - 1 , 


[134] 


where x„ denotes the mass of NH 3 per unit mass of liquid or vapor at section n. 
Substituting the assumed values for xj and xs and solving [133] and [134], we 
get 


and 


lOj = 6.44 


ws = 4.44. 


* The numbers in parenthesis refer to the sections correspondingly labeled in 
Fig. 124. 
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Next, let us find the amouid of vapor lenviuR the still (0) and the lunount 
of condensate returning to it (10). Eciuat ing flows into anti out of the rectifier, 
we have 

+ 1 . [ 135 ] 

For the ammonia alone, we have 


Xgn'o = .rioirio + 1 . [130] 

By assumption, .no is identical with .r.s, which is 0.13. The concentration Jo, 
on tlie other liand, is that of vajKir wliitT is in efjuilibrium with a 13 per cent 
solution of ammonia at the pressiin* exislin^ in the still. To find it wc must 
employ tables of the i)roperties of ammonia and of ammonia-water mi.xtures. 
For tlie former we shall choose the Bureau of Standards tables,* and for the 
latter the tallies by Jennings ai\d Shannon. f From the Burniu of Standards 
tables we find tliat tlie pressure of saturated ainmoiua vapor at (K) F is ISO.B 
lb /s(| in. abs. This, llien, is the pressure for sections I, 2, 4, 0, 7, S, 9, and 10. 
From tlic tables of Jennings and Shannon we find that vapor in Oijuilibrium 
with a 13 per cent solution at a |)ressure of ISO.ti lb/s(( in. abs has a concen- 
tration, of ().()U2. Only /r<) and c’ki remain unknown in [135] and [130], and 
these are found, upon solving the e(Hlalion^, to be 


and 


ir, = 1.S43 


w^, - 0.843. 


Now wo may tabnlati' tlie proper! i(‘s of the streams of fluid crossing the 
various section^ and their rc’lative rates ot flow, d'he values of the properties 
given ill Table are found from 1 Im‘ two t:i)4('s cited above. It should bo 
noted, however, that the labh's ol .lemiings and Shannon give no values for 
liijuid states other than saturat('(l slati*.^. It would be accurate enough to 
assume that the entlialpy of a li(|uid is tlu' same for a givim tempiuature tind 
concent ration regardless of tlu* pres-iire. N(‘vertheless, in the data given 
below tlic enthaljty was increased l>y 0.3 Btu /lb foi (^aidi 100 Ib/sp in. in excess 
of the ])rcssur(’ over tlu* saturation pressure. Moreover, it was assumed that 
no change in temperature occurs across the pump. 

Across any jtiece of apparatus thi' f irst Law may ])e slated in the form of the 
energy ciiiiation of steady flow, Avhic h simplifies to 

Q = [ 137 ] 

where Q denotes the heat transferred in, enthalpy of all the 

fluid that flows in, and ^iwli)oM of all tlie fluid that flows out while unit 
mass of ammonia crosses section 3. 

* TaUeii of Thermodynamic IVopcrtirs of Ammonia, Circular of the Bureau of 
Standard-s, No. 142, 1923. 

t 7V?e Tiurmodynainics of Ah.Horjdmn llcfriycration, 1 he American Society of 
Refrigenitiiig I'mgiuecrs, lf)3<S. 
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TABLE IV 


Section 

Phase 

1 - liquid 

V = vapor 

Pressure 
Ib/sq in. 
abs 

Temperature 

F 

X 

Btu/lb NH 3 

w 

1 

V 

180.6 

90 

1 

554 

1 

2 

1 

180.6 

90 

1 

05 6 

1 

2a 

V + 1 

38.5 

10 

1 

65.6 

1 

3 

V 

38.5 

10 

1 

537 

1 

4 

1 

180.6 

100 

0.13 

25.5 

4.44 

4a 

1 

38.5 


0.13 

25.5 

4.44 

5 

1 

38 5 

80 

0.29 

-40.5 

5.44 

6 

1 

180.6 

80 

0.29 

-40.1 

5 44 

7 

1 

180.6 

236 

0.29 

134.1* 

5.44 

8 

1 

180.6 

305.3 1 

0.13 

239 

4 44 

9 

V 

180.6 

305.3 j 

0.602 

890 

1.843 

10 

1 

180 6 

305 3 

1 

0.13 

i 239 

0 843 


* Krom the energy e<juation of gteiwly flow; see below. 

t \’ulues from the Bureau of Standards tables have been reduced by 77.9 litu/Ib to put them on the 
same base us those of Jennings and Shannon. 


For the heat exchanger as a whole the value of (J is zero; therefore, [137] 
becomes 

0 = W7/i7 + — We/ic — u'shs, 

in which /17 is the only unknown. Solving, we get 
/?7 = 134.1 Btu/Il). 

For other pieces of apparatus only the value of Q is unknown, and the solution 
of [137] for each piece gives the following: 


Appakatus 

Condenser 

Kvaponitor 

Absorber 

Still 

Rectifier 


Q 

-488.4 Btu/Ih Nn .3 
471.4 

-870.5 “ “ “ 

1770. “ “ “ 

-885. “ “ 


The Electrolux Refrigerator 

The Electrolux refrigerator is a machine in which the required amount 
of work has bfH'ii reduced to zt'ro without the aid of a solvent of infinite 
density. Its design is bavsed on tlie familiar fact that, when a volatile 
liquid is exposed to an inert atmosphere which contains little or no 
vapor of the liquid, the liquid wil^ evaporate rapidly and its temperature 
will fall. For instance, physicians have long used a spray of liquid 
ether on local areas of the body to anesthetize those areas by freezing 
the tissues. In the Electrolux machine liquid ammonia is exposed to 
an atmosphere of hydrogen into which it evaporates while its terafjera- 
ture falls. This pari of the cych‘ is analogous to th(‘ throttling operation 
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in the other eycles discussed above; in the throttling process the pressure 
of the fluid stream drops and evaporation occurs as the temperature 
falls, whereas in this process the liquid ammonia is exposed to a low 
partial pressure of its own vajxir so that e\'aporation and cooling occur 
even though th(^ pressure on the walls of tht' container is the same on 
either side of the point wlu're the ammonia and hydrogen mix. The 
ammonia, being extremely soluble in water, is readily separated from 
the hydrogen by bringing the mixture in contact with water in an 
absorber. The solution passes to a generator in which the ammonia 
vapor is formed. The vapor, in turn, is condensed and returned to the 
evaporator where it mixes with the hydrogen coming from the absorber. 
The small pressure diflerence n(.‘cessary to the circulation of the fluids is 





Fig. 125. Tlic Electrolux Refrigerator 

obtained by a heat pump or “ p(‘rcolator '' in th(^ generator. In Fig. 125 
the arrangement of the parts of th(‘ machine relative to the three neces- 
sary temiieratun? levels is shown diagrammatically. 

The heat sourcti at To is a gas flame in the dom(\stic refrigerator of 
this type. If the condiaiser and absorber an^ air-cooled then the refrig- 
erator need be connected only to the supply of gjis when it is installed. 
Its great advantage o\'(‘r th(‘ compression tyjx* of machine lies in the 
complete absence of moving parts, wliich mak(‘S for economy and 
d(^pendability. 

Silica-Gel Adsorption Machine 

The attractive forccis applied Viy a solid or liquid body on a surround- 
ing gas or vapor cause a dense layer of gas or vapor of minute thickness 
to form immediatc'ly adjacent to th(i sui’face of the body. The material 
in this layer is said to ])(‘ adsorbed on the surface of the body. If a solid 
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body is so finely divided ilijti it has an exir(‘m(‘ly larg(' amount of sur> 
faee it can adsorb under somr^ conditions I'clatively large amounts of 
vapor. At any one f)rc\ssur(' of tla*. va])or it will adsorb num^ at low 
Ic'inperaturcs than at high; and .at any oth' tempca-at-uro it; will adsorb 
more at high i)i(*ssures than at low. Thus, a solid which has adsorbed 
a vapor can be made' to giv(' off the vapor by luaiting; and a solid from 
which the' vapor has bcaai drivtai off can be made to adsorb \'apor again 
by cooling. 

A refrig('rator has Ixa'n dewised which employs this principle. It 
comprisces two massc's of .silica gel, an extrernedy porous, sandlike form 
of silicon dioxide. Dining t.h(‘ operation of th(^ refiigm at-or oiu' of these 
mass(‘s is cooled by air or water so that it will adsorb sulphui* dioxide at, 
a low i)i-(\ssure; tlie other, which has becai previously chargi'd with 
sulphur dioxidi', is heati'd so that it will give off the vapor at a higher 
j>i'(‘ssur(‘. The va})or so giaK'rated j>ass(\s to a condenser, and the liipiid 
from the condensiT (‘xpands through a throttle valve to the lower 
})r(‘ssure maintained by th(‘ adsorbing mass. The cold li(|uid coming 
from the throttle' providers refiigi'nition whili' it (waporates, and tluai 
its va.])or jiasse's to th(‘ cold silica get whca’i' it is adsorbt'd. When tiie 
hot g(‘l is fri'c^ from adsoilx'd vapor and th(‘ cold get is diargc'd with 
^■apo]' till' functions of tlu' two ar(‘ ('xchanginl by cooling tiu' first and 
h(‘ating tlu' s(‘Cond, whili' by suitable' control of valves the geaierate^d 
v.‘i|)oi' is caused to How thmugh tlu' same' path as bedore. 


Zero-Work Machines and the Second Law 

The pe'rformance of a ze'ro-work machine', of which the Ek'Ctrolux and 
the silica-gel machine's are' e'xainfile's and whie'h the ordinary arnmonia- 
a])se)i'ptie)n machine' a]i})roximate'S, is limited liy the Second Law just as 
the' pe'rformance of a conpm'ssion machine is limited. To find this 
limitatiein let us conside'r a machine which re'e'e'ive's no work anei delivers 
none', but whie*h take's in lu'at go at a low te'mi)erature' le'vel To and heat 
r/i) at ti high te'inperature' le've'l To, and re'je'cts heat qi to an inte'rme'diate 
te'mperature^ le'vel Tj which for the machine's in que'stie)n re*presents the 
atinosphere. Now, sue*h a mae'hine^ might consist of a heat engine 
we>rking be'twee'n tempe'iature's To and Ti and a refrigerating machine 
weirking betwe'cn te'mjx'rature's To and 7\, the' re'frigerating machine 
absorbing all the work ])roelue*e'd by the' heat, e'ngine'. If be)th parts e)f 
the e'ombiiiation ai’e revei'sible, then, by virtue of the definition of the 
absolute scale of t.e'mperatures, we may writ.e for the work of the 
reversible heat engine 




LIQUEFYL\G AIR AND OTHER GASES 


257 


and for the work Wr of the refrigerating machine, 




- g2 



Since, by assumption, these' two quanHli(\s of work are equal, wo get for 
the ratio of the heat recf'ived from tlu' cold body to the heat received 
from the hot body 


go ^ 
<J2 


[1381 



X ..i 

ill 

0 




1 



-To 

Tj f atmosphere) 




Wo shall proven next that of all possible' machim's that work betwenai 
any thn'e temperature levels, 7\), 7'i, and 7Y, wit hout flow of work to or 
from tile (‘iivironment., a reversible' machine' }i;js the' minimum value of 
the ratio of the h(‘at ree-e'ive'd at, the' higli te'inpe'ratui’e, t-o the heat 
receive'd at the' low te'mi)e'rature, e/o. 

Assume! that a maeliine' can lie' 
devise'd (7, Fig. 12()) of the' type' 
de'seribe'd Unit will have! a le'sse'i* value' 
of go/g2 than a re'Ve'rsible' mae'hine' 

(R, Fig. ]2()) using the' same' le'Ve'Is 
e)f te'mperatnre. Le't, the* he'at flow 
at le've'l T 2 be', the' same' feir be)th m.achine'S, anel le't 1h(' reversible enigine 
R be re'verse'el. I'he'ii, by assumjit.ieHi, the' he'at- e/o de'live'rc'd by engine! 
R at te'mperature 7o exeve'ds t-iie lu'at- e//, re'e'e'iveei by engine I at the! 
same t-e'injx'rature'. Sine-e' a (*e)ndue*te)r earn l)e' substitute'd for the! 
rese'T'voir at 7b, the ceanbinatioii e>f maeliine's / anel R e'.emstitutes a se'lf- 
aeting devie'e whie:h cause's he'at t,e) fle>w frean k've'l to le'vel To. With 
such means iit our ceaiimand we* e!an re'adily de'vise a perpe't.ual-motion 
machine of the se'e-oiiel kind. But this is impeissible. Theij-e'fore, no ma- 




Fi(i. 126 


chine of this tyix! can have' a le'.sse*r value of (io/q 2 than a reversible 
machine, and the right, -hand member of [138] will always be less than 
the value of qo/cj'z for any actual machine. 


Liquefying Air and Other Gases 

It is entire'ly possible' to lieiiu'fy air by means of any of the types of 
refrigerating machine' describe'd above pre)vid('d that- the liquids and 
vapors employe'd in the machine do not solielify at, temperatures above' 
the cemde'nsatiem te'mpe'rature' e)f air, name*ly, —812 P. Most of the 
fluids that, me'ct this nieiuin'me'nt- have critical te'inpt'rat-ure's that are 
below the t-em[)erature eif tlie available heat- sink, so that rejeictiejii of 
heat cannot occur both at constant piessure and at e'onstant t(!mpera- 
ture. But, even if a refrigerant we're' feiunel that was satisfactory in 
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these respects the apparatus necessary to economical production of 
liquid air would be complicated in design and awkward in operation. 

Another possible method consists of using air as the working fluid in 
a compression type of refrigerating machine and expanding the air in a 
reversible adiabatic engine from a sufficiently high pressure so that it 
will partially condense. The liquid may be separated out and the 
remaining vapor recompressed to its original pressure. This cycle is 
shown on the temperature-entropy diagram of Fig. 127. The net work 
of this cycle would not be exc(‘ssive if the work of (expansion could be 
utilized in the compression process; but the consequent saving in power 

would be too small to justify 
the cost of an efficient expan- 
sion engine except for very 
large proj(H*.ts. 

Essentially isentropic expan- 
sion can l,)e r(‘.aliz(‘d without 
the aid of an engine in the fol- 
lowing maniu'r: A chamber, 
with walls that are noncon- 
ducting to heat and low in 
heat (aipacity as compared 
with the fluid which fills the 
chamber, is charged with fluid 
at high pr(\ssiire. The fluid 
is allowed to expand through a valve to the atmosphere or a low- 
pr(\ssur(' region. The fluid in the chamber does work on the gas passing 
into th(' valve just as it would do work on a piston moving in the same 
direction. 

This process has been used in the liquefaction of gases, but it yields 
liquid only if transfi'r of heat from the chamber walls does not too gravely 
influence the stab' of the fluid. It is therefore particularly effective with 
fluids of high density. For example, it is a conv(‘nient way to solidify 
a liquid which would be dense enough to absorb the heat transferred 
from the walls of a well-designed chamber with little effect. In fact it 
is only nec(‘ssary to use a good vacuum pump on liquid water in a Dewar 
flask t.o cause the water to freeze. In the same way liquid air or liquid 
hydrogen can be solidified by pumping vapor from a Dewar flask which 
contains the liquid. ^ 

The usual method of liquefying air, hydr»n, or any of the more 
IK^rmanent gases for laboratory or industria® purposes is the Linde 
regenerative process. The gas is first compT»ed and (tooled to the 
temperature of the atmosphere or of some otl#r available heat sink. 
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Now if the fluid were allowed to expand through a porous plug or an 
expansion engine the temperature of the fluid issuing from the expansion 
device would be somewhat lower than that of the fluid entering it; and 
if the issuing fluid were allowed to exchange heat with the entering fluid 
in counterflow the temperature of the fluid approaching the expansion 
point would be lowered. Therefore, a device similar to that shown in 
Fig. 128 can be used to cause a localized temperature deiiression in a 
stream of gas. (It should be noted that if a porous plug is used the 
Joule-Thomson coefficient for the gas must be greater than zero.) If 
the heat exchanger is made long enough, part of the gas may condense 
in the course of the expansion. That part, may be drawn off as a liquid. 



The idealized Linde pro(‘ess is shown on the temperature-entropy 
diagram of Fig. 128. Gas at atmospheric pressure and temperature, 
state 1 , is compressed isentropically to state 2. In the cooler its temper- 
ature falls to that of t h(’ atmosphere (state' 2a) at constant pressure'. Next 
it enters the exchange'r where it is cooled to state 3 by the^ gas issuing from 
the expansion device. It is expanded from state 3 to state* 4 in a rtwc'rs- 
ible adiabatic engine oi* from state 3 to state 4^ in a porous plug. Ihe 
liquid is separated in state 5, while the vapor in state 6 enters the 
exchanger and issues from it in state 1. 

The following analysis gives the work require^d pc^r unit of liquid pro 
duced in the idealize'd throttling process: Assume that resistance to the 
transfer of heat in the exchanger is so low that the temperature of the 
fluid leaving it in state 1 is only infinitesimally less t han the temperature 
of the fluid entering it in state 2a. U't the mass of liquid produced p(ir 
unit mass of fluid pumped be m, and let the pressure rise across the 
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pumj), and the pressui*e fall in the expansion, b(^ dp. Now we may 
write the energy equiilion of st('ady flow Ix'tvvf'en sc^etioii 2a on the one 
hand and sections 5 and 1 on the oilier. We get 

/^2a = (I - m)hj + rr///5, 

where h denotes the enthalpy of unit mass of fluid, and the subscripts 
to thc^ sections and stat(\s of Fig. 128. Solving the last equation 
fur ai, we get 


which for small values of 5p may b(‘ written 


where Ci denot(\s (dh/dp)i^ tlu^ constant-temperature coefficient at 
st ate 1 . The work recjuiri'd to compress (aich unit mass of fluid entcaing 
th(‘ ]}ump for small vahuvs of dp is given by 


If = Cl dp, 

wh(*re ri denotes the specific volunu' of th(‘ fluid at section 1 . The work 
of (‘ompression pei‘ unit mass of lieiuid produc(;d is, (herefoiv, 


IT 

7n 



[13fl] 


For liqu(‘fying air at 70 F the work \)vr pound of liquid is 4.9 X 10^ ft-lb 
l)y 1139].*' 

Tins same analysis may be applied to large valiums of dp to show 
tliat th(‘ work pea- unit mass of liejuid decreases with increiase in the 
i’ang(' of compression and (‘xpansion until the pressure is approached at 
which tfie coefficient, c change's sign. 

In the liepK'faction of helium, whi(‘h occurs at 4.3 K, it is usual to use 
liquid hydrogen at 20 K as the heat, sink. In the licjuefaction of hydro- 
gen, liquid air may be used as tlu' he'at sink, but it leaves an unusually 
large range of temperature, 20 to 82 K, for the refrigerating proc(‘ss to 
span. It is therefore sometimes advantageous to cool the hydrogin 
first in a preliminary process in which the adsorbed phase of hydrogen 
on charcoal at temperatures above thc! ci'itical tempc'raturc' is used in 
place of the liquid phase of air. By expanding the gas which surrounds 
the charcoal the temperature of the system is decreased. It is now 

* Approximate values for the quantities in [1891 ^ire as follows: iq = 13.35 ft^/lb- 
ihx - hi.) = 177 Btu/lb, a = -0.1020 Btu, lb atm. 
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possible to transfer a relatively lai-ge amount of heat from the hydrogc'ii 
to be cooled, to the expanded hydrogen and its adsorbed phase, as the 
latter evaporates off the surface, without mueli lise in the temperatun* 
of the charcoal and its hydrogtai. TIk* cliarcoal may cliarged again 
at the sink temperature when gas is returned to it under pix^ssure. 

Fractional Temperatures on the Kelvin Scale 

The expansion of h(‘lium to atmospheric pressure may reduce th(‘ 
t('mperature to the normal boiling point of helium, 4.3 K. A ternpcn- 
ature of about 0.8 K* has been achieved by expansion to 1 /GOOO of an 
atmosphere. Further* n^fi-igeration by this mt'thod is impracticable for 
ordinai-y laboratory operations; and since helium has the highest known 
vapor pressure at these temperatures we may (X)n(*]ude that refriger- 
ation by expansion of liquids and vapors cannot ]>e extende'd appreciably 
below 1 K. Nevertheless, it is desirable to have means of n^frigerating 
to even lower temperatures for scicaitific purposi's. Fortunately, most 
substances, metallie; and non-metallic, ])e(*on)(‘ magix'tic to some degree 
at these very low temperatures, and refrigc'ration ('an be accomplished 
by a cycle of magn(‘tization, for il. is well known that most magnetic 
substances rise in terajx'rature whcai magn(4iz('d and fall in temix'rature 
wluri demagTK'tized. In order to ivfrig('rate a magiK'tic solid, tlurefon*, 
it is only n(x*essary to cool it to the t('mpei*atur(' of tlx' sink (say, liquid 
helium) after magnetizing it in a strong magiuhic fi(4d, and then to 
reduce the magnetic field. For this purpose magiic'ts have been devised 
that will produce extremely high magiuitic fx'lds, and with tlieir aid 
temperatures of the order of 0.01 K have bcuai attained. 

PROBLEMS 

1 , A “ warming engine ” which is to be used to heat a house consists of a cycle of 
processes each of which is carried out in steady flow. The working fluid is 1120. It 
receives heat in an evai)orator at 35 F from the outdoor atmosphere. Saturated 
vapor at 35 F is compressed reversibly and adiabatically to 2 lb, sq in. abs. Upon 
leaving the compressor it is introdiK^ed into radiators in the house, where it gives up 
heat until it is reduced to saturated liquid at 1 lb/s(i in. abs. Mnally it expands 
through a throttle valve into the evaporator. 

(a) Find the amount of heat supplied to the house per kilowatt-hour of work 
supplied to the warming engine. 

(b) Compare the cost of heating the house by means of the warming engine with 
the cost of fuel for direct heating from the combustion of coal. Assume that 1 kw-hr 

* From existing evidence it appears that helium has no vapor-liqiiid-solid triple 
point, and that it can be solidified only by means of pressures well in excess of 1 
atmosphere. Therefore, the liquid cannot be solidified at atmospheric pressure by 
pumping off vapor. 
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ot electrical work costs 4 cents, 1 ton of coal costs $10, and that 14,000 Btu of 
heat can be obtained for each pound of coal consumtui. 

2 . In a refrigeration cycle, saturated water vapor at 40 F is compressed reversibly 
and adiabatically to the pressure corresponding to saturated vapor at 80 F. Find 
the temperature, enthalpy, and specific volume of the vapor at the end of compression. 
It may be assumed that the specific heat of superheated water vapor at constant 
pressure is constant and equal to 0.45 Btu/lb F. 

3 . Consider a refrigeration cycle with H2O as the refrigerant that will receive 
heat at 40 F and rejec't heat at 80 F (minimum). Saturated vapor is withdrawn 
from the evaporator and is compressed in a reversible adiabatic compressor. Satu- 
rated li(iuid is withdrawn from the condenser and is expanded through a throttle 
valve 

(a) Describe the state of the fluid where it issues from the compressor and that 
where it issues from the throttle valve. 

{b) Find the amount of heat received by each pound of H2() at 40 F. 

(c) Find the coefficient of performance. 

Find the coefficient of performance of this (!y(4e after it has been modified by : 

(d) substituting a reversible adiabatic engine for the throttle valve; 

(e) compressing reversibly and adiabatically to a saturated state instead of from 
a saturated state ; 

(/) making the substitutions prescribed in (d) and (e) simultaneously. 

(g) Find the coefficient of performance of a Carnot refrigerating cycle which 
operates between the same temperature limits. 

4 . In the preceding problem, substitute NH3 for H2f) and answer questions (a) 
to (gr). or the cycle without modification compare the volume of saturated ammonia 
vapor received by the compressor per Btu of heat received at 40 F with the corre- 
sponding volume of water vapor. 

6. A compression type of refrigerating machine which employs ammonia as the 
l efrigerant delivers saturated vapor at the temperature in the evaporator to a revers- 
ible adiabatic compressor. Liquid leaving the condenser is expanded through a, 
throttle valve to the pressure in the evaporator. The temperature in the condenser 
depends upon the temperature of the available cooling water. For an evapiorator 
temiierature of 5 F plot the cw'fficient of tx^rformance againfet temperature in the 
condenser for temperatures ranging from 40 F to 120 F. 

For a condenser temiierature of 60 F plot the coefficient of performance against 
tenqx^rature in the evaporator for temperatures ranging from -40 F to 32 F. 

I’or a (condenser temperature of 60 F plot the coefficient of i^erforinance if the work 
of compression is 25 per cent in excess of the reversible work (the compression process 
being adiabatic, though not reversible). 

6 . An air cycle consists of recei)tiob of heat at constant pressure, isentropic com- 
pression, rejection of heat at constant pressure, and isentropic expansion. The tern- 
txjrature of the body that is being cooled is constant at 0 F, and heat is to be rejected 
to cooling water at 60 F. If the pressure of the air is 1 atmosphere where it receives 
heat, what is the minimum permissible pressure where it iasue.s from the compressor? 

7 . Assume that the absorption cycle given in the example on page 251 is modified 
by increasing by 50 per cent the flow of ammonia solution through the pump. The 
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maximum temperature in the still is to remain unaltered; that is, state 8 is unaltered. 
The assumptions regarding the states 1, 2, 3, and 4a and the temperatures in the con- 
denser, in the evaporator, and at 5 are to remain unaltered. Prepare a table for this 
problem similar to that given in the example, and calculate the various heat 
quantities. 

8. If the temperature To in the absorption cycle shown in Fig. 124 is to 
be decreased by 30 P without alteration in the temfxjrature in the condenser, what 
alterations would be necessary in the values assumed for that cycle? 

9. Using the data given in the footnote on page 260 verify the figure given on that 
page for the work per pound of liquid air. 

10. Analyze the problem of determining the work per pound of liquid air produced 
for finite values of (Ignore the difference in composition of the vapor at 6 as 
(compared wnth the va])()r at 3.) .\.ssu!ning r to be constant and equal to —0.102 
Btu/lb atm, calculate and plot the work per pound of liquid air against bp, 

SYMBOLS 

c constant-temperature coefficient (dh ldp)t 

c.p, coefficient of performance 

h enthalpy per unit mass 

m mass 

p pressure 

q a positive number representing a (juantity of heat 

Q heat to system 

s entropy per unit mass 

T absolute temperature 

u internal energy of unit system in the absence of motion, gravity, etc. 

V volume 

w mass rate of flow 

W net work of cycle 

Subscript 

f constant temperature 
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CHAPTER XVI 

HEAT AND POWER FROM COMBUSTION 

Most of lh(^ means by which work is produced for industrial and domes- 
tic purpose's are bast'd on a process called combustion, which is a chemical 
reaction betwt't'U oxygen in the air and a fuel. In a steam powt'r plant 
the fuel is usually coal or heayj^ oil; in an internal-combustion plant 
it is commonly light, oil. The're is an (‘ssential differt'rice between the 
sU^am power })lant. and the internal-combustion plant in that the former 
includes within it a d('vic(.‘ which is a lu'at engine in tlie thermodynamic 
sense and th(' latte'r do(‘s not. The \vorking fluid in tlu' heati engine of 
11 k' sU'am powt'r |)lant passt's through a cycle.* The efficiency of this 
cych' in the* [)ro(luction of work is corn])arable to (b\it cannot ('XC('ed) 
that of a Carnot cycle. The working fluid of the internal-combustion 
plant, on the otlier hand, mwer returns to its initial state; therefore, 
its performance cannot b(' directly compared with that of a (J'arnot 
(‘ugine. 

Combustion as a Source of Heat 

Inside the ordinary central-station steam powcT plant is a heat engine 
comi)rising a stream of water which passes through a cycle of changes 
of state' and dc'livers woik. The air and fuel which enter such a plant, 
and l(.'a,ve as products of combustion serv^e merely as a source* of hejat 
fe)r the' hc'at, (aigine. Le‘t us de'termine the maximum eiuantity of heat 
that can be nnule to (low from this semrcc to the* heat e'ngine. 

The* air-fuel stn'am enters the plant prae^tieally at \\m pressure' and 
t(*mp(‘ra1ure' of the* atme)sphe*re and leave's it at the pressure of the 
atme)sphere. During its progress through the plant it is cooled by con- 
tact with parts of the he'at eaigine*. The lowe'st temperature of any pai-t 
of tlie heat e'ligine is the temperature of llie atinosphe'ie — or, what- is 
approximate'ly the' same', the' temperature oi the* water available for 
cooling. In the limiting case, ther('fe)re, the air-fue'l stream would be 
cooled to the te'inperature e>f the atmosphere be'forc' bi'ing re'jected. 

* The* steam power plant is considered here to operate condensing. The water 
eniplewcd by a locomotive, for example, does not pass through a cycle of operations, 
thougii for purposes of comparison it is sometimes assumed that the cycle is closed 
by an imaginary condensation process. 

2t>4 



COMBUSTION AS A SOURCE OF HEAT 


265 


The process experienced by the air-fwl stream when it aer\^es as a 
source of heat is a steady-flow^ process in whi(‘h no work crosses th(' hound- 
ari(‘s of the stream, however much flow work may be done at the ent rance 
and exit of the apparatus. It is shown diaftrammatically m Fig. 129. 
For such a process the heat transferred outward is gi\'en by 

Ho- Hu 


Fuel 




Air/ 




@ 


L 



Products 


/ Peat 
Fio. 129 


where Hq denotes the enthalpy of a given mass of the compound stream 
entering and Hi the enthalpy of the same mass of the singk' stream leav- 
ing. In order that —Q should b(‘ at a maximum value the temperature 
must be the same at 1 as at 0, as explaiiunl in the preceding paragraph. 
It is also necessary, however, that 
the (aithalpy at 1 be the minimum 
possible enthalp)^ corr(‘sponding to 
the pressure and temperatun^ of 
the atmosphere — the pressure and 
temp(U’ature that prevail, by as- 
sumption, at 0. For the combus- 
tion of coal or of any of thc^ common typ(‘a of hydrocarbon fuels the 
condition of minimum enthalpy corresponds closely to the condition 
of (;ompl(‘te combustion:* the condition for which carbon appeal's 
only in the combined form CX )2 and hydrogen only in th(^ combim'd form 
H 2 O. The maximum possible transfer of heat can, thcax'fore, b(‘ deter- 
mined by iTK'ans of an apparatus such as that shown in Fig. 129 from 
which the products would leavt^ in the coinpk'tely burned state. 

The excess of the (mthalpy of a givcai mass of fuel and air over the 
minimum possible enthalpy of that mass at- the; sa-nu^ pnissure and 
temperature may be used as a rational critenion by which th(^ quality of 
performance of any stc^am g{aierator oi' stenm powca- plant may be judged. 
A rational efficiency rjg of a steam generator is, therefon^ given by 


where g denotes the heat, transferred to the H 2 t) system in the time re- 
quired for unit nuiss of fuel in tlie air-fuel stream to enter the appa- 
ratus, and //() and //mm. denote! respe(!t ively the entlralpy at entrance 
and the minimum i)ossi})le enthalpy of the air-fuel stream per unit mass 

* It also corresponds closely to the condition of minimum Z, which is the condition 
of greatest stability. If this were not so, then it would be possible to carry out an 
endothermic change from the condition of minimum enthalpy to the condition of 
stability. Such a change could be used for refrigeration or for the production of 
work. 
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of fuel. Similarly, a rational efficiency rip of the power plant is given 

i>y 

W 

~ Ho - 

where W d(inotes tlie work produced by the power plant in the time 
re(4uired for unit mass of fuel in the air-fuel stream to enter the appa- 
ratus. 

It is true that the value of this criterion changes with the ratio of fuel 
to air in the stream, but the change is of little consequence unless the 
amount of air supplied is inadequate for complete combustion. This 
condition is seldom encountered in combustion for heating purposes. 

When solid fuels are employed the measurement of (Hq — i/min.) by 
means of a steady-flow process becomes difficult. Since no convenient 
alternative means has been devised, another criterion is used which is 
more readily measured, though less readily justified. This criterion is 
the homb’Calorimeter heating value. It is obtained by measuring the 
heat transferred from a mixture of fuel and oxygen w’hen the system 
(changes to a stable state (which is one of (‘ssentially complete combus- 
tion) at the initial tempe^rature and volume. 

The bomb calorim(‘t(‘r measures a change in internal energy; the flow 
calorimeter, on the other hand, measures a change in enthalpy. If the 
final states of tlu' two process(*s were identical tliis distinction would 
make little difference in the measured values per unit lUcass of fuel. 
The final states differ primarily in that the concentration of water in 
the j)roducts of combustion is much higher in the l)omb calorimeter 
than in the flow calorimeter because of the presence of nitrogen in tin* 
latter. If the fiu'l contains much hydrogen, liquid water may form in 
the bomb calorimeter and not in the other. For this reason the bomb- 
calorimeter heating vahu; is the larger of the two and is sometimes 
called the higher heating value. The difference between the two heat- 
ing values is often large enough to be inqx)rtant. 

Thus, the quantity called a h(*ating value is detc^rmined in an arbitrary 
type of process which involves a unit mass of fuel. The efficiency of 
a power plant which includes a heat engine is often defined as the quo- 
tient obtained when the work produced is divided by the heating value 
corresponding to one of these arbitrary processes; thus, 

W 

’’""FF’ 


where rjp denotes the effici('ncy, W the work produced, and HV the heat- 
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ing value, the last two being expressed in the same units.* The only 
justification of this procedure is that the heating value is an approxima- 
tion to the maximum possible decrease in tlie enthalpy of unit mass of 
fuel in combination w'ith the air that accompanies it as it enters the power 
plant. 

Combustion as a Source of Power 

It was pointed out at the beginning of this chapter that the steam 
power plant is unlike the internal-combustion power plant in that the 
former includes a system which operates in cycles — a heat engine — 
and the latter does not. Nevertheletis, from an external viewpoint the 
two are quite similar. Thus, the diagram of Fig. 130, which shows a 
power plant continuously receiv- 
ing air and fuel, and continuously /r^g/ , 

delivering work, products of com- 
bustion, and heat to the surround- 
ings, serves to represent either type. 

The heat rejection may be of dif- 
ferent orders of magnitude in the 
t wo cases, because the steam plant 
rejects heat in order to condense the working fluid, whereas the internal- 
combustion plant rejects heat to prevent the loss in rigidity and strengt-h 
of its metal part;S through excessive rise in temperature. 

In order to arrive at a rational critcTion by which any power plant 
represented by Fig. 130 can be judged, let us derive^ an expression for th(‘ 
maximum possible work that can be obtained by any nu'ans from tbe 
stream of air and fuel between the time it enters the plant and the time 
it leaves as products of combustion: 

First, it can readily be seen that the maximum work will not be ob- 
tained from a given stream of air and fuel unless its constituent matUir, 
in whatever form, leaves the plant at the temperature and pressure at 
which it enters, namely, the temperature and pressure of the environment. 
For if the pressure were different it would bo necessary to discard the 
fluid in a series of tight containers, and work could he obtained from 
each container by allowing one of its walls to move until equilibrium of 
pressure was established. (The fluid could be discarded as a free stream 
only at atmospheric pressure.) If the temperature were different jt 
would be possible to operate a heat engine between the temperature of 
the fluid and the temperature of the environment and produce work. 

* There is a similar expression for the efficiency of a steam generator: 
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Second, it was shown on page 236 that, by virtue of the statement 

dS>^, [16] 

the maximum amount of useful work that can be obtained from any 
system when it passes from one state at a given pressiire and temperature 
to another at the samci pressure and temperature is the decrease between 
tliose two stat(‘s in the value of Z. This maximum can be realized only 
in a n'versible process joining the two states. 

Third, the maximum useful work that can be delivered by a unit 
mass of the air-fuel stream will, therefore, be the maximum possible 
d('(*rease in its value of Z at the ])ressure and temperature of the envi- 
ronnidit. We may, then, express the maximum useful work as 

Wu = Zo - Z„,,, [140] 

where Zo denotes the value of Z, (// — T*S), for the given mass of the 
air-fuel stream at the pressure and temp(‘rature of th(^ environment, 
and Zmin. the minimum value of Z for that sainci colk'ction of matter 
at the same pressure and temperature. 

It is shown on page 415 tliat a system is in its most stable stat/C* at a 
given pressure and temperat,ure when the value of Z is a minimum. 
Therc'fore, the maximum work can be obtained only if tlu* air-fuel 
syst^em is allowed to proceed to its most stable state. This conclusion 
is in accord with the common obsc^rvation that any d(‘paiTur(' of a system 
from stable equilibrium with its environment repr(\sents an opportunity 
to produce work. 

Th(‘ most stable state of a system consisting of a mixture of air and 
fu(4 at the pressure and temperature of the atmosphere is one in which 
A irtually all the carbon in the fuel is in the combined form CO 2 and 
virtually all the hydrogen in the fuel is in the combined form H 2 O, 
provided only that enough oxygen was present in the system originally 
t o i)ermit the change. For such a state of the system it is possible with 
('xisting data to compute the corn'sponding value of Z, which when sub- 
tracted from the value of Z corresponding to the original state yi(‘lds 
the maximum iLseful work. 

For example, a mixture of pure carbon (graphite) and oxygen in the 
proportions one mole of carbon to one mole of oxyg(m at. a pressure? of 1 
atmosphere and at a temperature o^ 77 F has a value? of Z which is higher 
than that of carbon dioxide at the same pressure and temiperature^ by 
14,140 Btu pe?r ix)und of carbon in the mixture.* It would be possible, 

* Within the experimental error in this figure, the maxi muni heat of combustion in 
.steady flow (// — //min.) is identiiail with it 
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therefore, to obtain from the reaction 

(' + ()2->CX), 

14,140 Btu of work per pound of carbon burned. A good steam power 
plant obtains k^ss than oiuMliird of this amount for each pound of carbon 
burned. 

lj(it us consid('r how this maximum woi k can be realized. The state- 
ment [16], as is shown on page 236, n'duci's to 

M < Zo — Z/, [141] 

wheni Wu denotes the useful work, or work in excess of that necessary 
to displace the environment, and subscripts 0 and / refer to initial and 
final states respectively. The maximum useful work is obtained, then, 
if the sign of (^quality holds in this statement and in [10] as well, that is, 
if the process is reversible. 

In order to change a mixture of reactants (such as C and O 2 ) to prod- 
ucts (such as CO 2 ) r(‘versil)ly, we might first bring the mixtun^ reversibly 
to a state in wliich t he reactants could coexist in stalde equilibrium with 
an infinitesimal amount of the products — that is, a st.ate in which the 
t(‘ndency toward chemical reaction has vanislu'd. Then the mixture 
could be gradually and rc'versibly alt(a*ed in pnvssure and temperature, 
l)y means of motion of a piston and of ivversibk^ exchange of heat with 
the atinospheix^, whik^ it follows a path of most stabk' states of progres- 
sively greater degrees of combination. The r(‘action would be virt^ually 
complete at, atmosplu'ric pnvssure and teinperatun^, and the net w^ork of 
the entire process woidd be (Zo — Z/). 

If it is difficult to attain a stabler state of complete dissociation (as 
it is for C and (> 2 ) it might be iKH^essary to find a chain of reactions in- 
volving other substanct‘s. For examples, the fuel might be combined 
with some third material with which it will react reversibly. If t\n\ 
products of this reaction will unite n^versibly with air to restore the third 
material to its initial state and leave only th(‘ iismd products of com- 
bustion, then the products could be formed n^versibly from fuel and air. 
Yor reversible execution of this chnin of reactions by means of motion 
of a piston and reversible exchange of heat with 1 lie atmosphere-, the work 
delivered w^ould be (Zo — Z/). 

In order that the ('xchangc' of heat wit h t he atmosphere at temperature 
T() should be reversible in these processes, the system at the time of the 
(‘xchange must be at the temperature To, or there must be interposed 
between the system and the environment a reversible heat engine. A 
rise in temperature of the system may, therefore, be caused by heat 
which is pumpc'd by the heat engine from the atmosphere, or by reversi- 
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ble adiabatic compression of the system through motion of the piston, 
or by both heat and compression. Similarly, a fall in temperature may 
be caused by transfer of heat to a hcnit engine, or by reversible adiabatic 
expansion, or by both. Regardless of the details of the process, the net 
useful work delivered will be (Zo — Z/). 

The reactants in a process may be changed reversibly to the products 
of the reaction by anotluu' method whi(‘h does not involve high tempera- 
tures. In this m(‘thod, which may be illustrated by the ordinary lead 
storage cell, the reactants arc first brought into (‘(piilibrium by applying a 
difference in electrical potential between them which annuls the tendency 
toward chemical reaction. If the difference in potential is reduced 
slightly by allowing a small electric current to flow from the side of high 
potential through a reversibk; motor to the sid(^ of low potential, the 
reactants will combine until a new equilibrium is established correspond- 
ing to the new value of tlu^ difference in potential. During this process 
the electric motor can be made to raise a weight. The process is 
evidently reversible, bc'cause an infinitesimal increase in the mag- 
nitude of the weight would cause th(‘ WTight to fall, the current 
to flow in the reverse direction, and the })rodu(^t.s of the reaction to 
dissociate. 

If the reactants wert' brought into equilibrium in a C(‘ll and a minute 
electric curremt wen' withdrawn, the rc'action would proceed reversibly 
while heat would bo exchang<'d reversibly with the environment. Tlu* 
electrical work deliveied outside the system would then be equal to the 
maximum possibk? work, whi(R is in turn equal to the decrease in the 
value of Z, or (Zo — Z/). Such processes have been realized, essen- 
tially, for many chemical reactions, but a practicable electric cell for 
combining carbon and oxygen has not yet been devised. When it is 
devised the work obtained from a })ound of coal will be from two to 
three times as great as at ])r(‘sent . 

The Intemal-Combustion Engine 

The internal-combustion ('ngine is a special case of the combustion 
power plant. Since, in a thermodynamic sense', no transh'r of lu'at is 
necessary to its operation, the large heat-transfer surfaces employed by 
heat engines are dispensed with. Therefore, it is a compact power 
plant. 

When a fluid is raised in temperature by means of a t.ransfer of heat 
the highest temperature attained by it must always be less than the 
highest temperature that the restraining walls can sustain, because 
transfer of heat requires that the walls should be hotter than the fluid. 
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If the fluid is raised in temperature by other means (such as compression 
or combustion) its temperature may exceed this limit, because the walls 
may be kept cooler than the fluid. Thus the fluid in the internal-com- 
bustion engine may attain higher temperatures than the fluid in a heat 
engine, and these higher temperatures result in high efficiency in the 
production of work. 

The Otto Engine 

The commonest type of internal-combustion engine is known as the 
Otto engine. It is the type used in virtually all automobiles and air- 
planes. The processes t hroiigh 
which the air-fu(‘l mixtun' 
passes in an Otto engine are 
illustrated in Fig. 131 and ^ 
may be described as follows: 

ab. A mixtun' of air and 
fuel is drawn into the cylin- 
der througli an open valve 
as the piston moves out- 
ward. 

be. The mixture is com- 
pressed, all valv('s being ^ 
closed, as the piston moves 
inward. 

cd. The mixture is ignitx^d by means of an ('lect ric spark when the 
piston is near the inward end of its stroke^; combustion occurs and the 
mixture of air and find Ix'coines a mixt.un' of products of combustion 
at a higher pn'ssure and a high(*r t-iunpcTatun*. 

de. The prodiud.s of combustion are (‘xpand(‘d as the piston moves 
outward. 

ef. They expand into the exhaust passage wh(‘n the exhaust valve 
opens near th(' outward (‘nd of the strok(\ 

fa. The fluid rcmiaining in the cylind(T is puslu^d through the ex- 
haust valve as the piston mov(‘s inward. 

The analysis of these processes is sufficiently involved to encourage 
the application of simplifying assumptions of varying degrees of reality. 
The first simplifleation that we shall consider, the air-siandard cyckj 
consists of the substitution for the internal-combustion engine of a heat 
engine with an indicator diagram that r(\sernbles that, of the actual 
engine. 



I Atmospheric 

I 


id. UP. Indicator Diagram of an Otto 
Engine 
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The Air-Standard Cycle 

Consider a heat engine consisting of a mass of air confined in a cylinder 
by a piston. Let the air pass through the cycle of operations illustrated 

in Fig. 1 32, which may be described 
as follows: 

fc. The air is compressed re- 
versibly and adiabatically. 

cd. It is lu'ated at constant 
volume. 

de. It is expanded reversibly 
and adiabatically. 

e/. It is cooled at constant 
volume to its origirnil state. 



Fig. 132. The Air-Standard Otto Cycle 


Th(' indicator diagram fcdef of 
Fig. 132 differs from that- of Fig. 131 
only in that the iK'gat.ive loop of suction and dis(“Large fab has vanished 
and the rounded corners of the nanainder of the diagram have becai 
sharpened. The first of the^se differences would not e^xist if in the) actual 
engine the^re were rie) throttling in the ports, and the' sc'cond would ne)t 
exist if in the actuiil eaigine e‘oinbustie)n and (H}ualizatie)n e>f the pressures 
on two side's of a valve' e'enild be' acceanplislu'el instantaneously. 

Let us determine the e'fficiency of the* air-standard Otto cyc'le. If 
we assume air t o be* a perfect gas, t hen the heat- added from the source 
per pound of air is given by 

gi == c^,(^d - Tc), 


where denotes the specific heat at. constant volume for air, and T the 
absolute te'mperature of the) state indie'ate'd by the subscript and the 
correi^ponding Ltter in Fig. 132. Similarly, the heat q 2 rejected to the 
sink is give*n ])y 

e/2 - c„(Te - Tf), 

The efficiency is then 


7] = 


Qi - 
Qi 


= 1 - 


Te-Tf 

To' 


The reversible adiabatic i)re>ce)sse)s de anel fc can bo represented by the' 
relation 

pr' ^ e‘e)nstant, 
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where k is a constant and equal to 1.4. Therefore 



where r denotes the com]:)ression ratio v/fvc or the expansion ratio 
vjvd. It follows that 



The variation of the efficiency of an aii*-standard Otto cycle with 
compression ratio as givcai by [142] is shown by the upix^r curve in Fig. 
133. (-omparison of this curve 
witli the corresponding c\irve 
for an internal-cajinbiistion Otto 
engine', which is also shown, in- 
dicatc's that th(' air-standard 
analysis gives (‘fficiencic's well 
in excess of those of the actual 
(uigiiK', though in other char- 
acteristics the curves resemble 
each other. 

The Diesel Engine 

If the compression ratio (vf/va 
Fig. 132) is too great in an in- 
ternal-combustion ('iigine th(‘ 
fiu'l may ignite as a result of 
the rise* in temp(*raturc that 
accompanies compression. In 
ordei’ to delay ignition it may 
be nc'cessary to withhold intro- 
duction of the fuel until the 
stroke is nc'arly completed. 

Then the rate at which fuel is 
introduced will govern the rise 
in pressure that ac(*ompanies 
combustion, and it may even be 
made to eliminate that rise if 
the pressure at. the end of com- 
pression is the maximum de- 
sirable pressure. In that (‘vcait 
the indicator diagram would 



Comftression ratio 


Fig. 133. CompariHon of the Air-Standard 
Cycle and the Otto Engine Process 

The nieaaurecl valuen were obtained in the Sloan 
I.aburatory of M. I. T. and tire presented through 
the courtesy of ProfewBor C. F Taylor. 
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b(^ as shown in Fig. 134 and the engine would be called a Diesel 
en^ne. 

The corresponding air-standard cycle Ls shown in Fig. 135. The 
efficiency of this cycle cannot be expressed in terms of compression ratio, 
U1/F2, alone, because the expansion ratio, F4/F3, can be altered indepen- 



p-- constant 



Fig. 134. Indicator Diagram of a Fig. 13"). I'lu* Air-Standard Dies('l 
Diesel Engin(‘ Cyc]t> 


dently of the compression ratio. Letting Tc denote' t lu' (‘ompressioii ratio 
and r <5 the expansion ratio, we get for the (‘fficicany of the air-standard 
Diesel cycle 


’’ A’L (1A<) - \\/>\) _ 


1143] 


An equivalent expression in terms (jf the ratio of expansion during heat- 
ing (or combustion), ri — I’.t/l 2 - 


n = \ - 





4 - 1 

k(n-i) 




[144] 


Figure 130 compares tlie efficiei 



Compression ratio 


Fig. 136. Comparison of Efficiencies 
of Air-Standard Cycles 

From Taylor and Taylor, The I nternal-Com- 
btistion Engine, International (1938), p. 12. 


cie.s of the Diesel and the Otto air- 
standard cycle,^. The value of r/, 
for tbe Di(‘sel cycle was found at 
tlu' various compression ratios by 
assuming a heat flow betwet'n states 
2 and 3 (Fig. 135) of 1000 Btu per 
pound of air. For any given com- 
pression ratio the Otto cycle is tin* 
more efficient ; howt'ver, since j)re- 
ignition limits the compression ratio 
of the Otto engine but not that 
of the Diesel engine, the Diesel 
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engine is commonly operated at such high compression ratios that its 
efficiency is greater. 

The actual Diesel engine has another important ad\^antage over the 
Otto engine; namely, it can operate with lower ratios of fuel to air. 
This, in combination with high compression ratio, accounts for its 
high efficiency. 

Analysis of Simplified Otto-Engine Processes 

The air-standard cycle can yield only a limit(‘d amount of information 
about the non-cyclic, intern al-combustion-engine process. A study of 
the internal-combustion-enginc^ process its(‘lf requires more elaborate 
data, but it can be justified by the closer approximation of its results 
to the performance of the engine. 

Let us consider t he simplified Otto- 
engine processes illustrat(‘d in Fig. p 
137. Process 1-2 is a reversible 
adiabatic compression of the charge 
of fuel and air mixed with a small 
amount of products from previous 
operations. Process 2-3 is a con- 
stant-volume; change of state rcvsiilt- 
ing from combustion. Pjocess 3-4 is a , , 

reversible adiabatic expansion of t he 

produces of comlnistion. Process 4-5 is a change of state' corrc'sponding 
to relc'ase of some of the mixture of produ(;t.s from the' c'ylinder while 
the piston remains st-ationaiy. Ih’occ'ss 5 ti is an c'xpnlsion of most of 
the remaining gas from the eylindc'i- at constant. ]>rc'ssurc‘. Process 6*T 
is a mixing at constant piessurc' of fresh charge' of fuc‘l and air with the 
gases remaining from the previous stroke*. 

For each of these processc;s we may write I2ci] in the form 

Q = H- If. 

Ignoring exchange of heat with the cylinder walls, wc gc;t for the first 
three processes the following: 

1- 2. A process at constant entropy. 

If 12 El- E2. 

2- 3. A process at constant volume. 

E^ = ^ 2 * 

3- 4. A process at constant emtropy. 

W[i4 — E‘i — E 4 . 
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The net work Wn of the entire series of processes l-2~3-4-5-6~l is, 
therefore, 

Wn — E\ — E 2 E:i — E^j 

which is also equal to the area enclosed by the indicator diagram and to 
the change in enthalpy of the charge admitt(‘d in process 6-1 between 
its state in the inlet duct and its state in the ex};aust duct.* 

The remaining processes yield information concerning the composi- 
tion and state of the fluid at 1 . 

4- 5. The gas remaining in the cylinder at 5 may be assumed to 
have expanded reversibly and adiabatically as it expelled the gas 
flowing out through the valve. This process is a cont inuation of the 
constant-entropy process 3-4 to a spc'cific volume cornvsponding to 4' 
at the pressure of state 5. The ratio of the mass of gas in the cylinder 
at 5, ms, to that at 4, m, is given l)y 

^ _ V4 
7)1 1 ^4 

where and Vi demote the volumes corresponding to states 4 and 4' 
of Fig. 137. 

5- 6. The specifier volume of th(‘ gas in the cylinder at 6 is the same 
as at 5, whicli is in t urn the same as that corresponding to 4'. There- 
fore, the ratio of the mass of th(‘ unpurged gas at 6, m©, to the mass 
in the cylinder at 1, 2, 3, and 4 is given by 


Vo 



It follows that the ratio of the mass of fresh charge, rrif, introduced in 
process 6-1 to the total mass present in processes 1 -2-3-4 is given by 

!!!Z _ 1 _ 

771 rf 

6-1 , The mass of fresh charge rn / is mixed with tbe mass of unpurged 
gas 771q at constant/ pressure. From the First Law the sum of the en- 
thalpies of these two massc's before mixing is equal to the enthalpy 
of the resulting mixture. Thus, 

7)i/hf -f- 7n^[ = m/ll, 

where /i/, /i/, and /?i denote n'spectivcly the enthalpies of fresh charge, 
unpurgcxl gas, and resulting mixture, (‘ach jK'r unit mass. 

* As is evident from the energy equation of steady flow if kinetic energies at inlet 
and exhaust are negligible. 
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Properties of the Fluid of the Internal-Combustion Engine 

The preceding analysis is of little valium unh'ss we know the magni- 
tudes of the properties employed, and these iii turn require eornplet(‘ 
knowledge concerning the various stat,es of the fluid. To evaluate ihv 
change in internal energy (Eh - E 2 ) \\v must know the proportions of 
the gases (and liquid, if any) that constitute th(‘ mixture, Iht' propei1i('s 
of the constituents in terms of pressure and density, and the rule 
(Dalton’s Law, for instance) by which iho propeutievs of the mixture 
may be detcirmined from the propeulies of the' constituents. 

The identification of state 3, howev('r, intr()duc(‘s some luuv (‘onsidera- 
tions. The density and internal energy of t,h(‘ fluid at 3 niv, identical 
with those at 2, though all otlun pro]X‘rti('s — pressun', temperatun*, 
etc. — are different as a result of a chemical rea<*i ion. Mon'over, eveay 
point on the line 2-3 denotes a state of th(^ sanu' mass peu’ unit, volunu' 
and t.lie same int ernal emu-gy^ as st ates 2 and 3. State 3 must, thenton', 
be selected from amoTig an infinite^ number of states, all of which satisfy 
the requirements for density and inhu’ual energy. 

For analytical puri)oses it. is usually assuuK'd that, stat(‘ 3 is the most 
stable of all possi])le stat(vs of the sysban t.hat satisfy tla; other req\iir(‘- 
nuait.s. To identify the most, sta])l(' stat e wt must know the eqviiibrrinn 
constants for the various r(\‘ictions that can occur, as explaiiK'd in 
(3iapt(‘r XXVI. The stat(\s along the lin(\s 3 4 and 4 4' are treatcH 
similarly. 

From the values of the eq\iilil)rium constants it is found that for the 
most stable states combustion is most compltici at. low t.(‘mperatui‘(‘s; 
at high temperatures tlien' is an appr(‘r*iab](‘ d(grt‘e of dissociation. 
Therefore, in the process 3-4 an appn^ciabk' amount of combust icjii 
occurs. 

Various studies have been made of internal-combustion processes by 
the methods just outlined. A notable (‘xampk‘ is the work of Oood- 
enough and Baker,* who obtained among othc'r things the relaticm 
bctwc'cn work, compression ratio, and air-fiu'l ratio for the simplific'd 
Otto engine. 

More recently Hershey, Eberhardt, and Hot telf have prc'pared charts 
giving the properties of mixtures of air and octane gas and of th(3 sanu; 
material in its most stable stat.es. These charts ixTinit one to mak(‘ 
calculations analogous to those of Ooodcaiough and BakcT with relative 
ease. 

* “ A Thermodynamic Analysis of Internal-Combustion Engine Cycles," Vniv. of 
Illinois Eng. Exp. Eta. Bull. 160, 1927. 

t “ Thermodynamic Properties of the Working Fluid in Internal-Combustion 
Engines," S.A.E. Journal, October 1936, pp. 469 424. 
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The chart of internal energy against entrop}^ given by Hershey, Eber- 
hardt, and Hottel for a rich mixture coiitmiiiiig 85 per cent of the air 
required for complete combustion is shown in Fig. 138, and the corre- 
sponding chart of most stable states is shown in Fig. 139. The fuel-air 
mixture of Fig. 138 consists of octane vapor, and air. The 

products in the most stable states of Fig. 139 consist of (X) 2 , II 2 O, N 2 , 
(> 2 , CO, H 2 ; OH, H, O, and NO in the pro])oi1ions indicated for each 
state by measured values of the equilibrium constants for the various 
reactions involved. At lower temperatures tlu^ produ(*ts of complete 
combustion, CO 2 and H 2 O, will predominate'; at higher ti'inperatures, 
where dissociation sets in, the other molecular species listed above will 
be present in appreciable quantities. 

In evaluating the properties of these mixture's it was assumed that 
the internal energy and the entropy of the mixture would be the sum of 
the internal energies and the entro})i(‘s of (‘ach of th(' constit uents exist- 
ing alone at the temperature and volume of the mixt un', as required by 
the Gibbs-Dalton Law. The internal energy of any mixture was 
reckoned from that state of the same maUaial in which il consists 
only of the species CO 2 , H 2 O (vapor), O 2 ,* and N 2 , each existing sepa- 
rately at 60 F and 14.7 Ib/sq in. abs, at wlh(4i state' tl)( value of zero 
was assigned. Th(‘ entropy of the mixture was reckonc'd in precisely 
the same way. 

The quantities E., and Ss shown on the charts are respectively the 
internal energy and entropy n'ckoned from a reference state in which 
each of the constituents of the mixt.un* f'xists sc'parately at 14.7 lb/s(( 
in. and 520 F abs in the same stab' of cln'mical aggregation as in th(' 
mixture. The internal energy E may be found from Es by adding to E^^ 
the decrease in internal energy when the system changcis at 60 F and 14.7 
Ib/sq in. abs to a composit ion consisting only of GO 2 , H 2 O, O 2 , and N 2 . 
The entropy may be found froni <8, by a corn'sponding addition. 

By employing the quantities Eg and Sg it is possible to n'prcsent in a 
single chart. Fig. 138, the properties of a relatively large range of 
mixtures of air and fuel with unpurged products of combustion. The 
values of Eg and Sg are affected verv^ little by change in thi) unpurged 
fraction of the mixture, though the values of E and N an^ affected appre- 
ciably. The value of E may be found from Fig. 138 by adding to the 
value of the ordinate the “FJ of combustion, which is given by 

1507 (!”/) + 300/, 

♦ “ The fact that the O 2 content of a rich mixture at this point is negative in 
immaterial, since the E of O 2 at the base temperature is by definition zero.” Hershey, 
Eberhardt, and Hottel, footnote, p. 411. 
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where / denotes “ the weight fraetiori of the charge left in the clearance^ 
volume.” No exprevssion is given in the original pape^r for the S of 
combustion.” 

Application of the Charts to an Otto-Engine Process 

Th(‘ following exam[)le is taken from the paper by Hershey, Eberhardt, 
and Hot tel: 

Assume the following: 

85 per cent of theoretical air. 

Com{)ression ratio = 0. 

Intake and exhaust manifold pressures = 14.7 lb/s(| in. ahs, the fuel-air 
mixtun* lenv(is th(i carburetor completely vaporized and at 90 F. 

Temperature of the mixture of fresh charge and unpurged gas in the 
cylinder at, 1 (Fig 187) == 190 F or 050 F abs. 

Fraction of tlie gas from the preceding cycle left in the cylinder at 6 
(Fig. 137) - 0 05 - /. 

The last two assumptions may be verified at the end of the calculation. 

Process 1-2. Isentropic compression of the charge. 

Pi = 14.7, Ti = 050; from Fig. 188 - 20, == 0.112, n - 10.8. 

El = 26 + 1507 (1 - 0.05) + 800 X 0.05 = 20 + 1447 = 1473. 

Then V2 == Pi /6 — 2.8, and *S’«o = 0.112. From Fig. 18S, 

P2 = lt)0, - 1158, 7^,2 - 188, E2 = 188 -F 1447 = 1585. 

W12 = El - E2=^ E,i - Es2 = “ 112 . 

Process 2-8. Constant-volume burning. 

- r2 - 2.8, E3 - E 2 - 1585. 

From Fig. 189, ^83 ^ 0.570, ps = 770, En 4990. 

Process 8-4. Isentropic expansion. 

r, == r, - 10.8, N4 - S, = 0.576. 

From Fig. 189, pi = 80, 7h = 8800, Ea 1010. 

11^4 - Ea - Ea = 1585 - 1010 = 575. 

Process 4 -5. The gas remaining in the cylinder at 5 is assumed to have 
(ixpanded isentropically to atmospheric pre.ssure. 

p5 = 14.7, = 0.570. 

From Fig. 189, cs = r4 = 00, T5 - 2800, /i's == 728, II, ^ - 010. The values 
of V, E, and H, for this state and all other states are for a mass of mixture 
corresponding to 1 lb of air. F\)reach such unit of material in states 1, 2, 3, 
and 4, only the fract ion lu /V5 0.255 of a unit remains in the cylinder at 5. 
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Process 5-6. Expulsion of the fraction V,/V, of the remaining gas at 
constant pressure. The fraction of each unit remaining at 6 is, therefore, 
I 6 where V denotes the volume of the confined gas. For each unit present 
in states 1, 2, 3, and 4 the volume at 6 would be 

Fe - r.2 = 2.S. 

Therefore, the unpurged fraction /at fi is 2.8/66 or 0.0424, as compared with 
the assumed value 0.05. 

Process 6-1. Mixing of the unpiirgcd fraction / with the fraction (1 - /) of 
fresh charge at constant pressure. This is a constant-enthalpy process; 
that is, the enthalpy of the mixture at 1 will be the sum of the enthalpies of 
the unpurged gas and fresh cliargc before mixing. Since no chemical combina- 
tion or dissociation occurs during the })roc,ess the enthalpies may be reckoimd 
from a reference stat(' at which the chemical ('omposition is the same as in the 
state in (luestion. Such an enthalpy we shall (hmote by //«. Then 

/-fftl - ///.sG -f (1 ~/)//,swi. 

where II sm denotes the enthalt)y of a unit of fresh (‘liarge in the state in which 
it is supplied: 14.7 Ib/s(i in. abs and OOF (550 1' alis). From Fig. 138, 
H»m = 43; from Fig. 139, //«c = ILu = 610. Then 

Hsi - 0.0424 X 610 -f 0.9576 X 43 - 67. 

Moreover, 

px - 14.7. 

From Fig. 138, 7\ - 640, n - 16.5, /<;«, - 23, - 0.105. 

dlie value assumed for 7\ at the beginning of th(' (‘alculation was 650. 
With the new values of 7\ and / tlu^ processes may be recahadated to obtain a 
closer ajiproximation to the correct value's. llf)wcver, the values found above 
are good ('iiough for our present, purpose. 

The net Avork of tlie operation, IF, is given by 

\V =■■ Wi 2 + IF;s 4 -112 4 575 - 4()3 Btu 

for that mass of gas whicth (corresponds to 1 lb of air and to 0.0782 lb of fuel. 
The di.splacement volume (jorrespondiiig to this much fluid is (^4 — eo) = 14 
cu ft. The mean effective pressure is, therefore, given by 

mep = 463 X X 144 — 17s Ib/stj in. 

14 

Only the fraction (1 — /) or 0.957() of the (juantities of air and fuel in the 
cylinder during th(' Avcjrking strokes Avas iritroduc('<l during one set of opera- 
tions: 0.9576 lb of air and 0.0749 lb (»f fuel. 4'h(' work done per pound (jf fuel 
supplied is, therefore, 

- = (il!)0 Blu. 

0.0749 

To obtain an efficiency we may divide the work by the maxirnuni possible 



282 


HEAT AND POWER FROM COMBUSTION 


work (Z — Zmin.) for fuel mixed with the air required for complete combus- 
tion. For this quantity we may use 10,800 Btu per pound of fuel.* The 
efficiency 77 is then 

7} = = dl.2 per cent. 

10,800 

A more conventional efficiency is that corresponding]; to the efficiency of a 
heat-engine power plant: the ratio of work to a heating value of the fuel. If 
we select a heating value measured in a flow-type calorimeter with sufficient 
air mixed with the fuel to insure no condensation of water in the products, the 
denominator becomes the // of combustion per pound of fuel. From the data 
of Fig. 138 the heating value is 1504/0.0782 = 19,240 Btu /lb. The efficiency 
is then 

yj ~ = 32.1 per cent. 

19,240 


The difference between this and the preceding figure is not of importance; 
and the performance of internal-combustion engines could be compared ade- 
(piately on either basis. Since a heating value is more readily measurable than 



Fig. 140 


the decrease in Z, the second method is 
usually preferred. 

Analysis of an Indicator Diagram of 
an Internal-Combustion Engine 

Let us analyze the processes in an 
actual Otto ('ngine corresponding to 
the indicator diagram of Fig. 140. 
At 1 the exhaust valve cdoses and 
the inlet valve opens; at 2 the inlet 
valve closes; at 3 the exhaust valve 
opens. 


If we assume all processes to be aHiabatic we get for the process 1-2 


by familiar methodsf 


{jUf -b 7nr)e2 - rrifh^ ~ = -A 12, \a] 

where itir denotes the mass of the residual or impiirged gases at 1, W/ 
the mass of fluid introduced in the process 1-2, cthe internal energ}' per 
unit mass, /i* the enthalpy pcT unit mass of the fluid in the intake mani- 
fold, and A 12 the integral of p dV for the process 1-2. A similar analysis 
yields the equation 

(nif + wirXfs - <2) = -A23. [b] 

* See footnote p. 418, Hershey, Eberhardt. and Hot tel. 
t See the nnalysi'? of an open system, page 32. 
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From these equations and the conditions 


. ^2 Fa 

nif + = — = — [c] 

t>2 

it is possible to compute the magnitudes inj, and the propeili(‘s 
corresponding to the states 1, 2, and 3, provided that the state of the 
mixture in the intake manifold is known. 

To do this we shall first assunu^ a valu(‘ for th(' t(anperature ^i. From 
tx and the value of pi obtained from tlu‘ indicator diagram the state 1 
may be identified on a cliail of propertk's of products of combustion. 
Values of e\ and vx may be obtained from the chart. Then is given by 

TYlr = * [d] 

Vi 


Combining [a], [c], and [d], we get 


C2 


— i 4 i 2 + {V 2/1^2 ~~ 
F2/C2 




The only unknowns in this equation are 62 and V2] therefore, we may 
plot a curve of eo against V2 corresponding to equation [e]. The chart 
of propeiti(\s permits us to plot, another curve of C2 against V2 corr(‘- 
spoiidiiig to th(‘ pressure p2 which may be takcai from the indi(*at.or 
diagram. Tlie stat(' 2 is that corn‘sponding to th(‘ intersection of tla^se 
two curv(\s. With the ^'alue of vo at the intersection we may compute 
(nif + nir) from [c]. 

Solving [b] for we get 


^3 = 


nif + nir 


+ Co. 


With this value of C3 and with taken from th(‘ indicator diagram, W(‘ 
may enter the chart of ])ropert,i(‘s of tla^ product, s and obtain V3. 
According to [c] the value of F3/r3 should be identical with that of 
F2/C2. If it is not, a new value of /i must, be assumed and the calcula- 
tion repeated. The solution is compl(^t,e when a value of tx is found 
for which 

V 2 C3 

* Any other state of equilibrium, between 2 and 3 could be substituted for state 3 
in this analysis. 
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An equation similar to [a] may be derived for the adiabatic exliaust 
process 31. It may be stated in the form 


he = 



1 

nif ' 


where he denotes the enthalpy p(a- unit mass of the fluid in the exhaust 
manifold when it is homogeneous in state. With this value of he and 
a iTK'asured value of th(‘ pT‘(\ssui‘e in th(‘ exhaust manifold we may enter 
the chad, of properties of the products and find tlui state of the fluid in 
th(' exhaust manifold. 


The Internal-Combustion Engine and the Steam Power Plant 

In Chapter XII it was pointed out that the eflici(‘ncy of a steam power 
plant is limit(‘d by the maximum temperature attained by the st(‘am, 
and that this maximum is in turn limited by the characteristics of the 
metals from which Restraining walls can be made. Thus, there is 
imposed a metallurgical limit whicti today is a t(anj)erature slightly 
less than 1000 F. 

In the ('xample givcai abov(', the t('mp('rature of the gases in an 
int(‘rnaI-(*ombustion eiigiiK* reach(‘s 4900 F abs or about 4500 ¥ at state 
3. T(‘mj)(‘rai,ures of this order of magnitude have been mcasuR'd in 
actual (‘iigiiK's. Since' th(‘ rise in temperature in an internal-combustion 
engine is not the R'sult of f ransh'r of heat through nutal walls, the 
limiting temperature for succx'ssful opc'ration is far higher than that of 
the steam hc'at ('iigine. Th(' work produced from a i)Ound of a given 
fuel is theiefoR' gn'aUa- (other things b('ing equal) in an internal- 
(‘ornbustion engine than in a steam i)ower jdant. 

We might wi'll incpiin' tlu'n into tlu' nxisons why the steam power 
plant remains the major source of powi'j- for eveay purpose except 
transportation. The first of tlu'st; is 1he fact that the intm’iial- 
combustioii engiiu' can operate succ(‘ssfully only on a relatively refined 
and expensive liciuid fu(‘l. Th(' stc'am power plant, on the other hand, 
can readily employ solid fiu'ls as W(‘li as the cheapevst licpiid fuels. 
Since the difference in i)iice geiu'rally exceeds 50 per cent, the ('fliciency 
of the internal-combustion engine must be approximatt'ly 50 per cent 
greater than that of the steam plant if it is to be equally economical. 

The second reason why the steam power plant continues to flourish 
is that it can be made in units of larg(‘r capacity. The reciprocating 
1 y})e of mechanism employed in the internal-combustion engine can be 
built in unites hardly in excess of 10,000-kw capacity. The steam power 
plant with its turbine type of mechaniwsm can readily be made for capac- 
ities ten to fifteen times as great. Many of the losses or irreversi- 
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bilities of a power plant vary in importance almost inversely as the 
capacity of the plant; therefore, the large steam power plant approaches 
very closely a realization of its full possibilities. Moreover, the cost, 
of manufacture of a large steam power plant is small per unit of 
capacity as compared with that of the relativc^ly small internal-combus- 
tion engine. 

Many other considerations, of course, enter into the s(‘l(‘ction of the 
type of power plant for any specific purpose. Thus, in short-haul 
marine traffic the simplicity and ruggedness of the steam plant outweigh 
considerations of efficiency; in an airplanes the small amount of heat- 
transfer surface required by the internal-combustion engine outweiglis 
almost all other considerations. 

The Internal-Combustion Turbine 

In the preceding section it was stated that the turbine type of 
mechanism makes it possible to build stcaim powin* plants of gr(‘at 
size. Let us consider the probl(‘m of adapting lh(‘ turbine type of 
mechanism to the internal-combustion engine. 

To maintain high efficiency in an intt'rnal-combustion ('iigine it is 
necessary that tlu* air and fuel be compressed b(h()r(' ignition. In th(' 
reciprocating engine this is accomplished in a nearly rev(‘rsible manrua* 
by the compression stroke of the piston. In a turbiia' dc'vice of large 
capacity it would be accomplislnd by nuains of a cent rifugal compres- 
sor. Only at veiy large capacities would tlu' cemt, rifugal comf)ressor 
attain the degree of reversibility realized in the compression st.roke of 
the piston of an engine of moderate size. Similar comiiKuits might Ix' 
made concerning the ex{)aiision process, though it is i‘asi(;r to make an 
efficient turbine than it is to make an efficient- centrifugal compr(\ssor. 

The steam power plant employs an expansion turbine and, sometimes, 
a centrifugal compressor in the form of a h'»'d pump. But here th(‘ 
work of compression is so small compared v^ith the work of (‘Xpansion 
that the efficiency of the compressor is of no gi (‘at cons(Hpienc(\ The 
compressor might absorb twice the work of revfa'sibk^ coin{)ression with 
small effect on the peiformance of th(' cycle. A similar condition in an 
internal-combustion plant might well reduce the (efficiency luaii ly to zero. 

Another consideration of first inRioilance is that it is difficult 
to maintain all the metal parts of a tuibin(e tcmiperatunes b(‘low 
1000 F where the temp(erature of lh(e ga,s(‘s streaming by is 4000 F. 
Ihiless means can be found to accomjilish this, the internal-cairnbustion 
plant will be subject to the same limitations in t(‘mi)(Tatur(* as the 
steam plant, and then the st(*am plant will b(‘ distiiu;!-!}^ superior. 
Various attempts have been made to solve' this problem. 
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Today there are in existence only a few internal-combustion engines 
of the turbine type, because this kind of engine has not yet been per- 
fected to a degree that would make it of general utility. When it is 
perfected it will have cert.ain of the advantages of the internal-combustion 
engine and the steam power plant in combination ; in particular it will 
be low in cost per unit of capacity, economical in fuel consumption, and 
independent of the large supply of cooling water which is necessary 
to the steam plant. These last two considerations are of military 
importance in a region exposed to attack from the air. 


PROBLEMS 

1. Lewis and Randall in Thermodynamics give 

Z — Zmin. = 94,260 cal/gram mole of C 

for iho n'.act.ioii C -f- (>2 C ()2 at 298 K and 1 atm. For th(‘ same reaction to the 

same end stat-e, they giv(‘ for the d(‘er(‘ase in 11 94,250 cal gram mole of C at the 
same tem|K^niture. 

(а) Find the maximum possible useful work per pound of C. 

(б) Find the heat that can be transferred per pound of C from a steady stream 
of C and O 2 as a result of combustion whi(?h proceeds to the state of maximum 
stability. 

(c) Find th(^ change in entropy per pound of C which results from reaction to 
the state of maximum stal)ility. 

(d) Find the maximum useful work per cubic foot of products of combustion 
at 298 K. 

(e) Find the heat from the steady stream per cubic* foot of products of com- 
bustion at 298 K. 

2. Demonstrate: (a) that for any chemical reaction the condition of minimum // 
at a given pressure and temperature is not the condition of stable equilibrium; 
(h) that the change of state from the state of minimum 11 to that of maxirnuin stabil- 
ity must be endothermic. 

3. Consider the combustion of octane, CgFlig, from an initial temperature of 
70 F to a final temperature of 70 F at one standard atmosphere. Assume tliat the 
most stable state is that corrcsiMmding to complete combustion to CO 2 and H 2 O and 
that Dalton’s Law of mixtures holds for the j)roducts (sec C4mpter XIII). 

(а) Find the ditTerenco fx‘r ])ound of octane between tlu* (‘hange.s in enthalpy 
for combustion in the presence only of the minimum oxygen, and for combustion 
in the pre.sence of so much air that no liquid w’atcr is formed. 

(б) If the change in enthalpy is 19,24b Btu/lb of octane for combustion to all 
vapor, find the enthalpy changes for combustion in the jiresencc of the minimum 
oxygen, and for combustion in the presence of air containing the minimum oxygen. 

(c) If all the remaining water vajx^r could be separated from the mixture and 
condensed und(‘r a pressure equal to its partial pressure in the mixture, find the 
change in entlialpy for this cjise. 
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4 . Show that the change in Z as the result of a reac^tion is almost exactly the same 
v/hether the H2O is assumed to he all liquid or part liquid and part vapor at the final 
temperature. 

6» Compute the efficiency of the air-standard Otto cycle for a compression ratio 
of 6, using water vapor {k = 1.3), air (k = 1.4), and helium (k = 1.58). 

6. Draw the air-standard Otto and Diesel cycles on a 7 -.s diagram. 

7 . For an air-standard Otto cycle, find expressions for ((r) the ratio of maximum 
temperature to minimum (atmospheric) temperature, and (b) the ratio of the mean 
effective pressure to the minimum (atmospheric) 
pressure in terms of the compression ratio, the heat 
added per pound of air, and the minimum tem- 
perature. 

8 . For an air-standard Diesel cycle, find the 
expressions corresponding to (a) and {h) of the 
preceding problem. 

9. The accompanying sketch shows an air- 
standard cycle known as a limited-pressure cycle. 

It consists of an adiabatic compression 1-2, heat- 
ing at constant volume 2-3, heating at constant 
pressure 3-4, adiabatic expansion 4-5, and cooling at constant volume 5-1 It can 
be seen that the Otto and Diesel cycles are special (;ases of the limited-pressure cycle. 

(а) Show that the efficiency of this cyi'le is given by the expression 

1 

(« - 1) -hkaifi ~ 1)J' 

where r denotes the compression ratio, a the pressure ratio P8/P2* a^^d the 

volume ratio F4/K3. 

(б) Show this cycle on a T-s diagram. 

10 . Justify the statement on page 281 to the effect that 

//«1 =///«6+ (1 

11 . In the example given on pages 280 to 282 change the (jompression ratio in 
turn to 4 and 8, keeping other things the same, 'riien find the properties of the 
various states, the unpurged fraction, and the efficiency. Plot the efficiency against 
compression ratio. 




SYMBOLS 

Cv specific heat at constant volume 
e internal energy of unit system in general 

E internal energy of system in general 

E, internal energy reckoned from a special reference state 

/ unpurged fraction 

h enthalpy per unit mass 

H V heating value 

k isentropic exponent 
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m mass 

ff pressuir 

7 a positive numlx'r repiosontin^]: a quantify of heat 

Q heat to system 

7 (ompression or expansion latio 

S, eiitrojiy reckoned from a sjiecial relerence state 

S entropy 

T absolute temperature 

e volume of unit mass 

V volume 

11 work 

ir„ useful work 

Grllk Letters 
T] efficiency 

Z (II - TS) 

Suns( RIP1S 
r compression 

( expansion, exhaust 

/ final slate, fresh charp;e 

7i net 

e initial state 

l> power pLint 

) lesidual gase^ 
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CHAPTER XVII 
AVAILABILITY 

The First Law states that in every cyclic process cither w'ork is con- 
verted into heat or heat is converted into work. In this sense.' it makes 
no distinction between work and heat exce'pt to indicate' a means of 
measuring each in terms of eeiuivalent units. Once this teciinique of 
measurement is establish (*d, work and lu'at become (mtirely equivalent 
for all applications of the* First Law. 

The Second Law, on the other hand, marks tlie distinction Ix'tween 
these two quantities by stating that lu'at from a single' source whose' 
temperature is ujiiform cannot be eaimpletety e'onve'iled into work in 
any cyclic process, where'as work freau a single soure'c can always be 
completely converted into he^at. The' e^fforts of the' e'Ugine'e'r are very 
large'ly directed toward t he' contreil of iiroce'sse s se) as te) jiroduce' the' 
maximum amount of weiik, or so as to consume' the minimum amount 
of it. The sue;cess of the'se efforts can be' me'asure'd liy e'omparing the 
amount of work produce'd ii] a give'ii jiroe'e'ss with the maximum possible 
amount of work that could be produce'd in the' e'enirse' eif a change of state 
identical with that which occurs in the' jiroe^'ss. In the' folle)wing para- 
graphs we shall sliow how this criterion can be' de'fine'd anei e'valuated as 
a consequence' of the Se'cond Law. 

Any system e*mployed by the' e'ligineer must operate' wit hin an environ- 
ment, an atmosphe're of inde'finite e'xtent, wliieti we* shall te'rm the? 
medium. We shall assume that this me'dium is in its most stable? state?: 
all parts of it are at rest relative to eae*h (jthe*r, it, is lieime^ge'neous in 
temperature and composition, and it, is unifeam in pie'ssun' at, any le?v(?l 
in the gravitational fu'ld. The'se conditieiiis are? ne?ce'ssary to insure 
that the medium alone, without the aid e^f a nem-cyclie* })ie)ce‘ss in a 
separate system, cannot serve as a semiTc of work.* We shall assume 
further that any system employed will always re'inain distine?!, from tlie 
medium; that is, it must not eliffuse into it, dis.solve' in it, or (?nter into 
ehe'mical re'action witli it .f 

* Work could be? {iroduced from motion by ;i wiiidmill, from eJiffeirence? in tciri- 
peratiire by a heal, engine, from differences in composition by a diffusion engine, etc. 

t Thi.s condition does not exclude the j)o.'<sibility of diffusion into or ehemicnl 
reaction with a limited quantity of air, as in humidification of air or (lombu.stion of 
coal. In such instances the necessary amount of air wmuld be included in the de- 
scription of the system. Unlimited diffusion into or combination witli the entire 
medium must be excluded if any pnictii'al result is to be obt aim'd. 

2Sf) 
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If a system within this medium is at rest relative to the medium and 
is in equilibrium with it as regards pressure, temperature, electricity, 
and magnetism, then there is no possibility of obtaining work from 
interaction between the system and the medium. If we further specify 
that t he system itself is in a state of stable equilibrium — that is, there 
is no tendency toward a change of state that can be made evident by 
any kind of disturbance — then there is no possibility of obtaining work 
from the system, from the medium, or from interaction between the two. 
This state of the system within the medium we shall call the dead state. 

If the system is in any state other than the dead state it will spon- 
taneously change its condition (given sufficient disturbances) toward 
the dead state, and this tendency to change spontaneously will vanish 
only when the dead state is reached. Since the change from any given 
state to the dead state is spontaneous, no work need b(‘ supplied from 
ari}^ source external to the system and medium in order to cause the 
change. Therefore w(' may write for a change in the state of the system 
to the dead state that the maximum value of the work which can be 
produced by the system and medium is not l(‘ss than zero, or 

> 0 , 

where TTmax. denotes the maximum useful work — that is, the maximum 
work which can be delivered to things other than the system and 
medium. This useful work is not necessarily a product of the system 
alone, but is the net work produced by the system and the medium. Its 
maximum value corr(;spouding to any {state of the system we shall call 
the availability corresponding to that state. The availability may there- 
fore be defined as the maximum work which can result from interaction of 
system and medium when only cyclic changes occur in external things except 
for the rise of a weight. We shall prove that the availability correspond- 
ing to a state of a system for which its energy is E, its volume T, and its 
('ntropy *S is given by the expression 

{E -+• po\ — TqS) — [Eq + PqVq — To*So), 

where po and To denote respectively the pressure and temperature of 
the medium (and also the pressure and temperature' of the system in 
the dead state), and Vo, and *So denote respectively the energy, 
volume, and entropy of the system iij the dead state. 

It is necessary first to prove that, when exchange of heat- can occur 
between system and medium only, the maximum work which can be 
delivered beyond the boundaries of the medium when the system 
changes from one state to another is the work which is delivered when 
the change is in every respect reversible. 
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Assume that there is a process by wliich the change in state can occin 
wmch results in more work tlian a reversible process. By definition, 
there is a process complementary to the reversible process in which all 
the effects of the reversible process (including the change of state of the 
system) can be undone. In this complementary process the system 
will receive an amount of work equal to that it delivers in the reversible 
process. A cycle can be executed in which the complementary process 
is the work-receiving part and the assumed process the work-delivering 
parti. By assumption, a net amount of work will be delivered to things 
other than the system and medium. Since the system can receive heat 
from the medium only, it follows that it constitutes a machine which 
can continuously deliver work at the expense of a single source of heat, 
namely, the medium. According to the Second Law, such a machine is 
impossible. Therefore, no process which can be executed between two 
states will result in more work than 
a reversible process. It can be shown 
in similar fashion that all reversible 
processes bctw(‘en the same two states 
will deliver the same amount of work. 

Next let us determine the amount of 
work delivered in the course of a revers- 
ible process during whic*h the system 
changes from state 1 to state 2. Let 
(IQ denote the h(‘at that flows to the 
system during any infinitesimal step in 
this process {dQ being greater than zero if heat flows to the system 
and less than zero if heat flows from it ). For this flow of heat to be 
reversible without the interference* ol any substance that, suffers a 
jx*rmancnt change of state, it is ne^cessary to interpose a reversible en- 
gine, working in cycles, between the system and the* medium (Fig. 141). 
The work delivered by this engine for this st(‘p in the process is 



where T denotes the temperature of that part of the system which 
receives the heat dQ and Tq the temperature of the medium. The 
rj' — T ”I 

quantity — dQj is always greater than zero because dQ and 

(To - T) must be both greater than zero or both less than zero. The 
work delivered by the engine is not, however, the only work delivered 
during the step in question. The system may do work by virtue of 
motion of its boundaries, change in area of surfaces of separation, flow 
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of (‘lociricity tlirough a potential difference, etc. However, any change 
<IV in the voliiin(‘ of tlu^ syst(‘m is resisted by the medium with the 
pressure po. lliei-efore, of the work done by the system the amount 
whicli can b(‘ r(‘(‘('iv(Ml by tilings other than the medium is given by 

dW — podV, 

wh('re dW denotes the total work of all kinds done by the system. 

Now the n(‘t. work delivered is 

+ ,,w - p^dv, 

Substituting dE for {dQ — dW) in the expression for the net work de- 
livered, we get 

-dE - PodV+n 

or, since the process is reversible, 

— dE — podV + TodS, 

In (‘ach st('p of a proe(\ss, then, the maximum possibh' amount of work 
that can be deliv(‘r(‘d is (‘(jual to th(‘ decrease in the ciuantity 

E + Po V ~ ToS, 

It follows that for any state of the systcan the availability is the 
maximum possible' deau'easc' in the quantity (E + poV — T^S) if the 
sysb'm ('xehangt's h(‘at with the' medium alone. It was shown above 
that when the systean change's from aii}^ state' to the dead state the 
maximum amemiit of use'ful work from the proee'ss is never less than 
ze'ro, and may be gi’eater than ze'ro. Therefore, the maximum 
])e)ssible usc'ful work will be realize'd if the system changes reversibly 
to the de'ad state, feir, if the change should ci'ase^ at any other state*, 
tlu're might still be the jieissibilily of adding to the^ work (and there 
is no possibility of subtracting from it) by proceeding leversibly to 
the dead state. Employing the subscript 0 for properties of the sys- 
tem at the de*ael state, we g(‘t for the availability corresponding to a 
state of the system for which its energy, volume, and entropy are E, E, 
and S respectively 

{E -h poE - To.S) - (E^ + poEo - To^o).* [145] 

* From the preceding discussion it follows that + poFo — TtySo) is the lowest 
possible value that the property {E -f- PoF — PoS) can have. This proposition is 
proved again in Chapter XXIV. 
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If we apply [145] to a process in which the state of the system clianges 
from 1 to 2, we get for the increase in availability 

(E 2 + PqV2 — T 0 S 2 ) — {El + P()T^ ~ ToSi)y [14()] 

a quantity which will be less than or equal to zero unless work or heat 
is supplied to the system from some source other than tlu' nuMlium. 

The quantity (E + jjqV — T^S) is evidently a pro])(‘rty: its value ih 
fixed by the state of the system for any given ^^alu(\s of //(, and 7o. It 
should be noted, however, that E denotes the intiMaial eiuagy in its 
most general sense and comprises kiiudic (‘lua-gy, ])otential energy in a. 
gravitational field or in an (dectrical fi(‘ld, capillary en(a*g>^ etc. 

Evaluating Irreversibility 

The work done during any process by a system wliicdi is enclos(‘d in a 
medium is the sum of the useful work of that pi‘oc('ss and tlu' work 
expended on th(‘ medium. For any infinitesimal ch:uig(‘ of state during 
which the volume of the systcan increase's by (/]\ tiu* work (‘xpended on 
tlie medium is podV, l^etting dWu d( not(' the useful work for this 
change of state, we may, theretbre, write' [2] in the form 

dQ = dE + po d i dWu> 

Transposing, and subtracting To dS from both side's of the equation, 
we get 

{dE + podV - To dS) ^dQ- To dS - dWu, [147] 

which is an expression for the increase in the availability when the wejik 
dWy, is delivere^d to things other than thei syste'in and mebium.* 

The quantities dQ and dS in [147] are redated through the Clausius 
inequality, 


which when substituted into the right-hand membe'r of [147] yields the 
inequality 

dE + podV - To dS < dQ - dW^. [148] 

The sign of equality holds, as in the Clausius inequality, for reversible 
processes; the inequality for all others. 

♦ Of course, dWy may be considered in the algebraic sense; thus, -dWu denotes 
work received from things other than the system and medium. 
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It appears from [148] that when the heat dQ is delivered to a system 
at temperature T while the system delivers the useful work dWu the 
increase in availability may be equal to or less than the quantity 


dQ 



- dWu. 


This quantity is, therefore, the maximum possible increase in avail- 
ability for the process in question, and it is identical with the increase 
in availability if the proc(‘Ss is reversible. The amount by which the 
maximum possible increase in availability exceeds the actual increase 
may be used as a quantitai.ive measure of irreversibility. Thus, we 
may write 


d (Irreversibility) = — dW^ — d[E + poV — TqS] > 0. [149] 

In the integrateai form we have 

Irreversibility = dQ - - A[E + p^V - TqS], [150] 


wh('re A denotes an incrc'ase (in the algebraic sense) in the quantity in 
parenthesis. 

In the above d(M'ivation the inequality [148] is obtained from the 
equality [147] by introducing th(* iiu'quality 

dQ 

TodS > To ~ • [151] 


It follows that the departure from eciuality in [148] must be identical 
with that in [151], so that we may write 

d (Irreversibility) = T^dS — Tq ^ 

= d(T^S) - To 
and 

Irreversibility = AiToS) - [152j 

V 

This last expression is simpler than [150] and is sometimes easier to use, 
but it. does not show so clearly the nature of the quantity called irre- 
versibility. 

If we apply [150] to an adiabatic process, we learn that the irreversi- 
bility is the excess of the work received from things other than the 
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m^ium (-TF„) over the increase in availability. (If useful work is 
delivered .astead of received, than the irreversibility is the exceas of th^ 
uGCieasG in availablity over the useful work ) 

If heat is supplied to the sy.stcm and ir„ is zero the irreversibility i.s 
the excess of [{T - T,)/T] dQ over the increase in availabilitv for the 
corn«pondmg step in the process. A flow of heat dQ to the system at 
temperature r is entirely equivalent in this respect to a flow of useful 
work equal to the work that would be produced from the heat dQ by a 
reversible cyclic engine working between T and Tg. 

Availability in Steady Flow 

The conclusions rc'achcd above can be applied to problems in steadv 
flow, t^onsider a steady stream of fluid entering an apparatus in a 
state in which its (aiergy, volume, and entropy per unit, mass are ci, Vi, 
and Si respectively and leaving it in a state in which tlie magnitudes of 
the same properties are C 2 ) 

V 2 , and S 2 . 

The availability of each 
unit of mass of the entering 
stream with respect to an 
infinite medium at pres- 
sure po and temperature Tq 
is now augmented by the 
amount of work which could 
be delivered by virtue of the 
flow: that is, the displace- 
ment work pivi less the work which must he expended on the atmos- 
phere For, if one imagines the apparatus following section 1 

(Fig. 142), corresponding to subscript 1, replaced by a piston closing 
the passage with pressure po exer1x‘d outside and pn^ssure pi inside, then 
for each unit of m^iss which passes section 1 the amount of work p^vi 
is done by the fluid on the piston. Of this work the amount, 
(pi ~ Po)^^i can be delivered to things other than the m(;dium. The 
unit mass is still in the state corresponding to cj, oi, and si and may be 
r('moved in an appropriate container and caused to deliver at most 
the amount of work 


Direction of flow 


-Po 


Fio. 142 


(^1 4- Po^l — To6‘i) — (Co + poVo — To6’o). 

Addition of these quantities ^ves the maximum work which a unit mass 
of fluid in steady flow can deliver, namely, 

C] T piTi — To, Si — (Co 4 'Po^’o ~ T{)So), 
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If the kinetic energy, corresponding to motion relative to the environ- 
ment, is expressed as F?/ 2 { 7 , per imit mass of fluid, then 

vl 

er = u,+-, 


and the expression for maximum work becomes 

y2 

hi — TqSi + ■“ — (ho — TqSq)* 

^9 


or 


where 


T1 

6i+--bo, 


b — h — TqS. 


The effect on availability of position in a gravitational field of constant 
st-rength g can })e iiiclud(‘d in the expression for the steady-flow case. 
If tlie st ream passes from 1 to datum 0 reversibly and adiabatically 
(tluit is, is(‘ntropic‘ally) it can b(‘ restored at the new levt‘l to a state 
i(l(‘ntical with that at 1 by an isent ropic change in a reversible and 
adiabatic engine' or coinpix'ssor. According to the energy equation of 
st(‘ady flow [6) the work d(*livered by the system will be (zi — 2o) if ^ 
unit forc(i giv(‘s a unit, mass the acceleration g corr(\sponding to the 
stix'ugth of the gravitational fi(‘ld. Now the fluid may be removed 
from the steady-flow syst(‘m and brought into equilibrium with its 
environment. By addition the availability is 

r? 

+ r (bo -|- 2:0). t 

* 'Tlir iivailafulity in stondy flow may ho iicKativo if tho pressure of the substance 
is loss tlian tho pressure of tho ntmosphoro. lu the more general case of tlio closed 
sysU'rn (whi(’h corrosponds to CJi}>hs’ analysis, ('hapier XXIV) tho availability can 
iK'ver be negative. The reciuirement that steady flow must be maintained does not 
permit ostablishmont of o(iuilibrium betweeai the atmosphere and any part of the 
system without first separating that part from the steady-flow remainder. The 
separation sometimes involves a work input which can result occaisionally in a 
negative availability. 

t A derivation follows which is indoi>ondent of the energy equation of steady 
flow for the (ilb'ct of gravity. Let a unit mass of fluid be withdrawn from the 
steady-flow system at k^v’ol I instead of at level 0. The work which can be delivered 
to things outside the flow' system other than the medium is 

(Pi “ Po>h 

where /)q is the pressure of the medium at level 1. Now the piece of fluid can be 
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The decrease in availability pt'r unit; mass of fluid bet ween section 1 and 
section 2 along the path of steady flow is ovidcaitly 

+ + + + 

The amount by which this d(H*rease exce(‘ds the work d(‘liv(a-ed to things 
outside the steady-flow system is a measure of the irn'versibility of any 
adiabatic process between 1 and 2. 

If two 01 ’ more streams ent(‘r an apparatus, as in a feed-water heater 
of a power plant, the increase in availability is 

12 (^2 + ^2 + - XI 4 - 

where w denotes the mass rate of flow of (‘a-(;h st ream, subscripts 1 and 
2 refer respective^ to inlet and outlet, and X d(aioi(\s a summation 
over all streams. Even if one strc’ain (lissoha\s or partially dissolves 
in the other, or if the stnaims react ch(‘mi(^ally with oni^ another, tiii' 
change in availability can b(‘ found from [154|. Of course* the values 
for h must bo known for the initial and final state’s, and this usually 
means that the values of emthalpy and ent i'eipy must lie* known. 

For engines the ratio of work delivea-e^d to de’cre'ase* in availability, 
Wx/(-^b) (neglecting changes in height and ve'locity), was proposc'd 
by Darriems for purposes of comparisein. Late*r it was ejalleal the* 
effectiveness* to distinguish it frewn tlie (ili(ie*ncy, wliieii is de‘fine‘el as 
the ratio of the work delivered to the* ise iitiopie* de‘(‘re‘a8e* in e’lithalpy, 
WJi^Ahs). 

lifted to level 0 while the amount of work 

-s) 

(in which Va denotes the specific volume of the medium, and vi/va allows for the 
buoyant action of the medium) is delivered to things other than the medium. Ihe 
availability is then 

ei + pqVi — Tosi -f ipi — Pq)o\ -}- {zi — 20) ^1 — ^ ^ — (eo + — ToSo). 

Because of the gravitational field 

, zi - 2 o 

Vo = V^- — 

'a 

Substitution results in the expression given above. 

* Mechanical Engineering, Vol. 54 (1032;, pp. 195-204. 
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Irreversibility in Steady Flow 

By an analysis which parallels that given above for a closed system 
it can be shown that the irreversibility in a steady-flow process is given 
by the expression 

Irreversibility = — ~ — - (IQ — — A ^6 + 2 :^ » [155] 

where A denotes the increase (in the algebraic sense) in the quantity 
in parenthesis between two successive sections across the path of flow 
and dQ dt^notes a heat transfer to the system at temperature T during 
the time retiuired for unit mass to cross one of the sections. The 
integral denotes a summation over all such transfers of heat between 
the two sections. 

Changes in Availability in a Rankine Cycle 

A simple reversible Rankine cycle is shown as ON MO on the h-s and 
6-s diagrams of Fig. 143. The temperature of condensation is, in this 
ideal case, identical with Tq. We shall assume that changes in height 
and in kinetic energy between the various states are negligible so that 
the increase in availability between two states 1 and 2 is simply 

1)2 — hi. 

For any isentropic process the change in h (which is, by definition, 
h — Tqs) is identical with the change in h because the change in TqS is 
zero. Therefore, in the isentropic expansion iVM, the work, TFg, de- 
livered in steady flow is given by both the decrease in h and the decrease 
in h: 

II a — — hja — hi^ — h^. 

If the expansion ('luls within the two-phase region no change in b will 
occur during condensation, because at To the changes in h and in Tqs at 
constant pressure arc' both equal to the heat of a reversible process and 
are, therefore, identical. In the feed pump the process is an isentropic 
compreasion so that the pump work, IFp, is given by 

= hi; - hi ^ 6 '' - 6 ', 

where supc'rscripts " and ' refer to the states at discharge and suction 
resi)ectivel}'. (These states are too close together to be distinguished 
from each other in Fig. 143.) Thb constant-pressure process ON 
which occurs in the vSteam generator results in an increase in h equal to 
the heat added, and a smaller increase in b. 

Since h is a property (for a fixed value of To) the sum of the changes 
in its value is zero for any cyclic process. In this cycle, therefore, the 
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docrease in b in the expansion process is exactly equal to the increase in 
b in the compnvssion and heating processes. 

The same will be true even if the expansion process is irreversible (as 
shown by the dash lines of Fig. 143), provided only that the end of the 
expansion is a two-phase state, for all two-phase states at temperature 
T() have the same value of b. Despite the fact that the decrease in 
availability is in this instance independent of irreversibility, the work of 
the expansion process (which is equal to the decrease in h) is appreciably 
reduced as ihv irreversibility increases. For the irreversible expansion 
we may, therefon', write 

Wc = —Ah< — A6. 

The magnitude of the irrev(‘rsibility could h(^ expressed as 

( — Ah) — We or as To As 

(in accordance with [155] and [152] respectively). 

The efBciency, t}, of the expansion engine or tuibine is defined as 

We ^ 

~~ Ahft 

where - Ah,, denotes the decrease^ in enthalpy at constant entropy from 
N to the condenser pn^ssure. The ('ffectiveness, e, on the other hand, 
is defined as 

JFe 

-Ab' 

For the case in question r? and e are identical. 

Effectiveness and Efficiency of a Turbine Stage 

In Fig. 144 are shown Jt-s and b-s diagrams for two turbine stages: 
the upper diagrams for a high-j)ressure stage, the lower for a low-pressure 
stag(‘. Let us considc'r tlie high-pressun* stage. If we neglect changes 
in kinetic energy across the stage we get for the work delivered to the 
turbine shaft 

TFx = V/i. 

(In this equation and in those that follow wo shall use the symbol V to 
denote a decrease in the property indicated.) If the process were isen- 
tropic (MQ), the work would be identical with the decrease in avail- 
ability because 


Y/f, = 
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In the actual process MP, however, tlilvvork is h'ss than the decrease 
in availability, because the dc'cn'ase in availability is the work that 
would be produced in a revcn-sible change between the end states of the 
actual process. Therefore, 

Vh < \'b. 

Moreover, V6 must be less than Vh^, becau.se in a n^versiblc proees.s, 



Fig. 144. A High-Pressure Turliine Stage Compared with a ].ow-Pressure Stage 


Though the efScienries iifr (he same, the efTeptiveiieusea are quite tlifTerent. The stage, reprwented 
by the broken line between 5()0 lb per sq in. ami liiOO lb per sq in. has (he Baine elYortiveness as the low- 
pressure stage. From Keenan, Mechanical KnutuecrinUt Vol. 54 (11132;, p 19(1. 

PQj some work would be delivtTvd if th(‘ enviroiiinont at T{) were used 
as a reservoir, and the work for the reversible process MPQ must be 
identical with that for the isentropic reversible process MQ. We may 
write, therefore, 


V/i* = > Vh> Vh. 
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Furthermore, 

W, ^ W, 

— r > > 

Vh Vh, 

or 

€ > rj. 

It may seem paradoxical that an irreversible engine operating between 
M and pressure QP causes less loss in availability than a reversible engine 
operating between the same limits. Yet therein lies the basic concept 
of the reheat factor, namely, that by virtue of the irreversibility between 
M and P the availabilities in stages subsequent to P are increased, and 
the change in availability between M and QP is correspondingly de- 
creased. We may say, then, that the effectivcn(\ss exceeds the efficiency 
because the effectivenc'ss includes the so-called ndieat (effect. 

Th(‘ low-pressure stage of Fig. 144 has values of and Vh identical 
with thos(^ of the high-pressure stage. It follows that the quantities of 
work, and also the efficiencies, of the two stages are identical. However, 
1 h(‘ decrease in availability Vb in the actual process is more nearly equal 
to Vhg in the low-pressure stage than in the high-pressure stage, because 
the heat from a reversible cooling process UV would flow at such a low 
temperatun^ that littk' work could be obtained from it. We find, then^- 
fore, that the decrease in availability in the low-pressure stage is greater 
than in the high-pressure stage and the effectiveness is corn'spondingly 
less. The magnitudes of the quantities in question are as follows: 



V/i, 

Vh 

Vh 

V 

t 

Irreversibility 

High-pressure stage 

100 

70 

85.7 

70% 

SI. 7% 

15.7 

Low-pressure stage 

100 

70 

96.1 

70% 

72.8% 

26.1 


From these data it may be seen that low efficiency can be better 
tolerated in a high-pressure stage than in a low-pressure one. By 
working this problem backward it can be shown that the efficiency of 
the high-pressure stage could be reduced to 58.2 per cent before its 
effectiveness and its irreversibility would equal those of the low- 
pressure stage of 70 per cent efficiency. 

As a measure of the performance of a turbine as a whole the effective- 
iK'ss has some advantages as compared with the efficiency. The ideal 
engine implied in the denominator of the definition of the effectivem^ss 
may be considered to work along tiie condition curve of the actual 
engine, whereas that implied in the definition of efficiency works along an 
entirely different path, namely, an isentropic path extending from the 
initial state to the final pn;ssure. Either of these alternatives has a 
logical basis if the fluid leaving the turbine is a mixture of liquid and 
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vapor; but if it is a superheated vapor the effectiveness alone can be 
justified logically. 

In Chapter XI it is shown that the overall efficiency of a multistage 
turbine in which all stages have the same efficiency is distinctly greater 
than the efficiency of the individual stages. On the other hand, the 
overall effectiveness of a turbine in whicli all stages have the same 
effectiveness is identical wit,h the effectiveness of the individual stages. 
Moreover, the overall effectiveness of a turbine having stages with 
various values of the effectiveness is the weighted mean (w(ighted on 
the basis of decrease in availability) of the values of the effectiveness 
for the individual stages; thus 


e 


Vhi Vb2 , 

"ZT »■ ^2 “ 4- • 

Vh Vb 


[156] 


where the symbols without subscripts reh'r io the turbine a whoh' 
and those with subscripts refer to individual stages. 

A corollary of the preceding paragraph is that the condition curve 
of a turbine having uniform stage (effect iven(‘ss is a straight line on tlu^ 
h-s chart and on the b-s chart. 


Second-Law Analysis of a Reheating and Regenerative Steam Cycle 

A power-plant cycle, more complex than the llankine cycle, is ana- 
lyzed in Fig. 145. In this example the availability of the liuicl increases 
as it passes through ft'od pumi)s, economizes, })oil(‘r, superh(‘ater, and 
reheater; and tlie availability of tlie fluid d(‘er(‘as(‘s as it passers through 
turbines, condenser, feed-water lieateu’, valv(‘s, and piping. Only in 
the turbine is the decrease in availability compeaisaied by the production 
of work, and there it is only partly compensaf-i‘d. 

The increases in availability in eeamomizer, boiku’, superheater, and 
reheater are caused by a flow of heat to tho fluid; th(‘ increase in the 
pump, on the other hand, is eaus(‘d by a flow of work and is ther(4or(‘ 
larger per unit of energy supplk'd. The d(‘crease in avaikability in tlu* 
turbine is caused by the production of work and by friction. Th(‘ 
decreases occurring in piping and valves arv, caused pnmarily by friction. 
They have been assumed to Ix^ negligible in this instance. The decn'ases 
occurring in condenser and feed-water Iic‘atei' are caused by transfes oi 
heat across finite intervals of lempeTutui’e. "i he transfer of heat from 
the condensing vapor at 79 F to the environment at 50 F (corresponding 
to To) results in a loss in availability of 7.7 \xir cent of the total increase; 
that occurs in pumps, boiler, siiperheater, and reheater. The transfer 
of heat from extracted steam to f(‘ed wat(*.r results in a loss of 3.0 per cent 
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of the total incicasc. Ihon^ is a further loss du(' to (‘Qiialization of 
temperatures at the point wlicre the drip from the lu'ater joins the main 
feed line, but it is too small to appear in the first d(>eimal place. 

Second-Law Analysis of an Ammonia-Absorption Cycle 

The ammonia-absorption refrigeration cych^ (Fig. 146), which was 
analyz(‘d from the standpoint of the First Law in the chapter on refrig- 
eration, is analyzed from the standpoint of the Second Law in Table V. 
The values of the property b shown in the table wiav obtained from 
charts given by Warburton.* The increase in availability in each piece 
of apparatus was found by means of [154] and the irreversibility by 
ni(‘ans of [155]. 

It will be seen from the table tliat th(‘ larg(\st irr('V('i\sil)ility occurs in 
th(i rectifier. It is in the main the rc'sult. of transha- of laait across large 
intervals of temperature. The next large.st^ oc(‘urs in the absorber and 
is principally the result of the mixing of two streams that are not in 

TABLE V 

Second-Law Analysis of Ammonia-Absorfhon Cycle (Fiu. 146 ) 

The symbols in the column headed Section refer t-o the coiTeHi)(>ndinK sec^tions of 
Vifr, 146 . 

The quantities given below are the number of Btu’s for the period of time required 
for 1 lb of Nils to j)aRs section I 
To = 540 F abs (80 F). 


Section 

h 


Heat 

Work 

Increase in 

Irrever- 

Btu/lb 


Receivtal 

Delivered 

Availability 

nihility 

1 

- 7.7 

Condenser 

-488.5 

0 

-8.5 

-0.4 

2 

2a 

-10.2 

-24.8 

Expansion 

valve 

0 

0 

-8.6 

8.6 

3 

-95.6 

Evaporator 

471.4 

0 

-70.8 

0.6 

4 

-42.7 

Absorber 

-870.5 

0 

-94.3 

•.'4.3 

4a 

-43.1 

Pump 

0 

-2.2 

2.2 

0 

5 

-70.1 

Solution valve 

11 

0 

-0.4 

0.4 

6 

-09.7 

Exchangttr 

0 

0 

-85.3 

85.3 

7 

-49.3 

Still 

1770 

0 

493.5 

27.0 

8 

1.5 

Ret^tifior 

-885 

0 

-226.3 

211.7 

9 

10 

119.3 

1.5 

Summation^ j 

-1.6 

-2.2 

+ 1.5 

427.5 


’ The heat and work BummatioriB ehould be idoniirjiJ. The sunirnaiion of the increases in avail- 
ability should be zero. The total irreversibility should be identical with the summation of ( - ToQ/T), 
The small departures from these conditions are the restiH « of inaccuracies in the uomputations and in the 
available data on properties. 

* T. Warburton, master’s thesis, M.I.T., llrtS. 
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equilibrium with each other (they depart from equilibrium as regards 
temperature and as regards the tendency to dissolve one in the other). 
Irreversibility in the expansion valve is of the familiar throttling type. 



Fig. 14(). Ammonia Absorption Cycle 


Second-Law Analysis of an Idealized Otto-Engine Process 

The processes in an Otto engine will serve to illustrate tlie application 
of the Second Law to problems that are not limited lo conditions of 
steady flow. 

Consider the operation of an Otto engine which is supplied with octane 
(CgHig) mixed with air in the so-called theoretical proportions, and 
make the following assumptions: compression ratio — 6; pressure in 
the exhaust and intake manifolds = 14.7 Ib/sq in. abs; temperature in 
the intake manifold = 90 F or 550 F abs; pressure in the cylinder during 
the suction and exhaust strokes = 14.7 Ib/sq in. abs; isentropic com- 
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pression and expansion between dead-center positions, constant-volume 
burning, states after combustion are the most stable states and corre- 
spond to those on the Hershey, Eberhardt, and Hottel* chart, labeled 
‘^Products of Combustion 1 Lb. of Air with the Theoretical Filer’; 
temperature of the sink (the atmosphere) = 520 F abs. 

The indicator card for this engine is shown in Fig. 147, where the 
numbers denote the states corresponding to the various events. These 
states were identified by computations similar to thos(! of the example 
given by H. E. & H., and restated in Chapter XVI, and the resulting 
values of the properties are given in 
Table VI. The un purged fraction re- 
maining in the cylinder at, state 6 proves ^ 
to be 4 per cent. 

The symbols in the column headed 
State refer to the states indicated in Fig. 

147, except that 6^ refers to the state of 
the fluid in the intake manifold, 5'^ to 
that of the fluid in the exhaust manifold 
which is discharged from the cylinder in 
the process 4-5, and 6^^ to that of the 
fluid in the exhaust manifold which is 
discharged in the process 4-6. For pur- 
poses of analysis it is assumed that the 
fluid discharged in process 4-5 reaches a homogen(‘ous stat(‘ in the 
exhaust manifold before it mixes with fluid that, precu'dc^s or follows it. 
The state 6" is the state of a homogimeous mass comprising all th(‘ 
exhaust from the engine. 

The H. E. & H. chart for the fuel-air mixture before comlmstion is 
based on a reference state in which each of the constituents of the mix- 
ture exists separately at 14.7 Ib/sq in. and 520 F abs in the same state 
of chemical aggregation as in th(^ mixture. The chart for the product/S, 
on the other hand, is based on a reference state in which the entire 
mass consists of the species H 2 O, (^ 02 , O 2 , and N 2 , each (‘xisting sepa- 
rately at 14.7 Ib/sq in. and 520 F abs. In order to compute changes 
in availability it is necessary to have values of the enthalpy and entropy 
for all states relative to the same rehnence state. The reference state 
of the chart for the products was chosen to be the common reference 
state, so that values taken from that chart, were unaltered. In order 
to correct to the same bases the values taken from the chart for the fuel- 

* Thermodynamic Properties of the Working Fluid in Interna) -Combustion 
Engines," S.A.E. Journal, Vol. 39 (1930), pp. 409-421. lii tlic f(41owing paragraphs 
this paper and its charts will be indicated by the initials H. 1.. iSi H 
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air mixt/Urc it was necessary first to determine the changes in internal 
energy and entropy between the two reference states. 

TABLE VI 


Properties of Fluid in Idealized Otto-Engine Process 


State 

V 

r 


E 

/o 

H 


S 

V 

E-\-p()V 

-T^S 


lb/s(i 
in. ahs 

F a})s 

Htu/Ih of tiir 

Btii/F lb of air 

ft’’, U) 

Btu/lb 
of air 

()' 

14 7 

550 

1 


44 ! 

1324 

0,005 

0 010 


1310 

1 

14 7 

040 

24 

1253 

00 

1208 

0,1050 

0.050 

16.5 

1272 

2 

157 

1155 

134 

1303 

214 

1443 

0 1050 

0 050 

2.75 

1345 

3 

740 

5010 


1303 


1730 


0 5320 

2.75 

1004 

4 

IK) 

3580 


788 


1003 


0.5320 

10.5 

550 

5-4) 

14 7 

2500 


470 

001* 

055* 


0 5320 

08 

378 

5" 

14.7 

3130 




800 


0 0135 

87 5 

432 

6" 

14 7 

3010 


013 


840 


0 508 

83 

520 


* 'rhe«e tw(j fiRurep alioiild Ik* uh'ntirJil Then* apiiears to be a ineonsistency between 

otithttlpiea ami internal enerRiea in the chart fur products 


rvBLE vn 


Second-Law Analysis of an Ideylized Otto-Engine Process 


Event 

Avail:il)ility 

1 

l)err(‘as(‘ in j Fst'ful 

Avaihildlity Work 

Irreversibility 



Bin 11) of air 

0 (with o') 

1281 


!) 

0 

9 

1 

1272 

-7:t 

73 

0 

2 

1345 

251 

0 

251 

3 

1004 

__ 1 

538 

538 

0 

4 

550 

32 

0 

32 

5 (with 5") 

524 

1 

0 

1 

6 (with O") 

523 
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The change in internal energy between the reference states is given 
on the H. E. & H. chart (for the unit of mass employed there) as 
1280(1 — /), where / denotes the mass of un purged products per unit 
mass of fluid. It is only necessary to add this quantity to the E* 
or Hs of this chart in order to get the value of E or H relative to the 
reference state of the chart for the products. 

The correction to the Sa of the air-fuel chart, which will yield S on 
the same basis as the S of the chart for products is not given. It was 
necessary, therefore, to compute the value of this correction with the 
aid of the values for the change in H and F (our Z) given in the foot- 
note on page 418 of the paper by H. E. & H. The computation yields 
an approximate value of 132 cal/kg mole for the difference between the 
entropy of the products and that of the air-fuel mixture at 1 atmos- 
phere and 537 F abs. Adopting this value, we get the expression 

,S = - 0.055 

for the entropy of the air-fuel mixture unmixed with products of com- 
bustion. The entropy of a mixture of air and fuel with unpurged prod- 
ucts was found by means of the Gibbs-Dalton Law for mixtures. 

Table VII presents the Second Law analysis. It shows that the 
greatest irreversibility occurs in the proc(‘ss of combustion 2“3. The 
iK'xt greatest (though much smaller) occurs in the unr(\s1rained expan- 
sion 4-5. A small degree of irreversibility rtvsults from mixing fresh 
charge with unpurged products in the proc('ss (i- l, and a still smaller 
from the mixing of exhaust gas(*s in the proc(\ss 5~(i. 


PROBLEMS 

In the following problems assume the temperature t he medium (the atmosphere) 
to be 50 F (say 510 F abs) and its pressure to be 1 standard atmosphere. 

The term merfane in availuhilHy is used below in the general sense; that is, it may 
denote a quantit y either greater or less than zero. 

1. Find the availability of 1 Ib of ILt) under a pressure of 100 Ib/eq in. abs in the 
following conditions: ia) temperature == 1000 F, {h) saturated vajwr, (c) saturated 
liquid, (d) temperature = 50 F, (e) temperature = 32 F. 

2. Find the availability of 1 lb of H 2 O at a temperature of 400 F in the following 
(onditions: (a) pressure = 100 Ib/sq in. abs, (b) saturated vapor, (c) saturated 
liquid, (d) pressure = 1000 Ib/.sq in. abs. 

3 . The availability is the maximum amount f)f useful w'ork that eould be obtained 
from the system in the presence of a stable atmosphere only. Describe a method by 
which this work could be realized for the state (a) of the j)receding problem, 
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4 . Plot a ^-s chart for steam (3 = u + Vov — Tos). Show: (a) the boundaries 
of the two-phase region, the lines of constant pressure for pressures greater than 
and less than the critical pressure, (c) lines of constant temperature for temperatures 
greater than and less than the critical temperature, (d) the critical point, (e) the 
region of the triple point. 

6. Find the increase in availability and the irreversibility corresponding to the 
following processes in each of which the system is 1 lb of H 2 O which is initially at 
200 Ib/sq in. abs and 500 F. 

(a) The system is confined at constant pressure by a piston and is heated until 
its volume is doubled. 

(b) The same as (a) except that the change results from stirring instead of 
heating. 

(c) The system expands reversibly and adiabatically behind a piston until its 
pressure is 100 Ib/sq in. abs. 

(d) It (jxpands reversibly and isothermally behind a piston until its volume is 
doubled. 

(e) It expands adiabatically into an adjacent chamber w'hich is initially evacu- 
ated. The final pre.s.sure is 100 Ib/sq. in. abs. 

(/) It is in motion with a total kinetic energy of 1 Btu/lb. PVictional efTects 
cause it to come to rest. Assume no heat transfer and no change in pressure. 

6. Show that the minimum amount of useful work that must be consumed to 
accomplish a process is e(pial to the increase in availability (in the absence of all 
reservoirs except the atmosphere). Show how the process (a) in the preceding 
problem might be accomplished by nieans of this minimum amount of w^ork. 

7. In each of the following proces.ses a steady stream of Il20 enters an apparatus 
at low velocity and at 200 lb s{| in. abs and 500 F. Find for each process the increase 
in availability of each pound of II 2 O as it passes thro\igh the apparatus, and the 
irreversibility. 

(a) The stream is heated slowdy at constant pressure until its temperature is 
1000 F. 

(b) It expands reversibly and adiabatically in a nozzle to 100 Ib/sq in. abs. 

(c) It expands reversibly and adiabatically to 100 Ib/sq in. abs in a turbine 
which it leaves at low velocity. 

(d) It expands adiabatically to 100 Ib/sq in. abs through a porous plug which it 
leaves at low' velocity. 

(e) It expands isothermally to 100 Ib/sq in. abs through a porous plug which it 
leaves at low velocity. 

(/) It expands adiabatically to 1(X) lb 's(j in. abs through a turbine of 60 per cent 
efficiency, leaving at low' velocity. 

(g) It is compres.sed reversibly and isothermally to 400 Ib/sq in. abs. 

8. Show how the decreases in availability which occur in processes (c), (d), (e), 
and (/) might be realized as useful work if th(^ atmosphere is the only re.servoir. 

9. (a) One hundred Btu of heat is transferred slowly aw'ay from a constant- 
temperature reservoir which is at 150 F and which is exposed to a constant pressure of 
I standard atmosphere. Find the increase in availability and the irreversibility. 

(b) The same as (a) except that —50 F is to be substituted for 150 F. 
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(c) One hundred Btu of heat is transferred slowly from the resc^rvcar of (a) to that 
of (b). Find the increase in availability of the system comprising both reservoirs; 
and find the irreversibility of the process. 

10 . A gaseous system under a pressure of 1 atmosphere and having a constant 
specific heat at constant pressure of 3 Btu/degree F is used to supply heat for the 
evaporation of 1 lb of water from the saturated liquid state to the saturated vapor 
state at a pressure of 1 atmosphere. If the initial temperature of the gas(‘ous system 
is 2000 F, find values of the increase in availability for the gas and for the water, and 
find the irreversibility of the process as a whole. 

11 . A steady stream of steam with a quality of 0.9 and at a tem|X'rature of 80 F 
is condensed in a condenser to saturated liquid at 80 F by means of a stream of cooling 
water which has a rate of flow which is 60 times the rate of flow of wet steam. The 
temperature of the cooling water is 50 F as it enters. 

(a) Find the increase in availability of each pound of steam and each pound of 

cooling water. 

(b) Find the irreversibility of the process experienced by the steam. 

(r) Find the irreversibility of the process ex[>crienced by the cooling wat-er. 

(d) Find the irreversibility of the i)rocess as a whole j)er pound of steam. 

(e) How do you account for the fact that the sum of (b) and (r) is not equal 

to (d)? 

12 . (a) Show that the cfTcctiveness of a turbine of constant stage effectiveness is 
identical with the effectiveness of each stage. 

(b) Derive (156], the statement that the effectiveness of a turbine is the weighted 
mean of the values of the effectiveness for its .stages. 

(c) Show that the condition curve of a turbine liaving uniform stage effectiveness 
is a straight line on the h-s chart and on tlie 5-.s chart. 

13 . Saturated steam at 50 Ib/sq in. abs is fed to a mixing type of feed-water 
heater. Feed water is pumped from a condenser, which it leaves at a pressure of 
1 in. Hg abs and in the saturated state, int.o the feed-water heater. The combined 
streams leave the heater as saturated liijuid at 50 Ib/scj in. abs. Assume the com- 
pression in the feed pump to be reversible and adiabatic. 

(а) How much steam enters the heater for each pound f)f feed water entering? 

(б) Find the increase in availability for each pound of liiiuid leaving the heater. 

(c) Find the irreversibility of the pn^cess. 

14 . (a) A pound of O 2 at 1 atmosphere and 50 F is allowed to double its volume 
at constant temperature. Find the increase in availability. 

(b) A pound of O 2 and a pound of X 2 eacJi at 1 atrtiosj)here and 50 F are allowed 
to mix adiabatically and without change in totfd volume, hind the increase in 
availability and the irreversibility. 

(c) Find the minimum amount of work which would be necessary in order to 
restore the O 2 and N 2 to their respec^tive initial states if no reservoir other than the 
atmosphere is employed. 

15 . A steady stream of air at 1 atmosphere, 50 F, and 20 per cent relative humidity 
is brought into contact with a stream of liquid water at 50 h . I he two are allowed 
to come to equilibrium at constant temperature and at constant preasure. 

(a) Find the amount and direction of the exchange of heat with other things. 
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(h) Find the increase in availability across tlie apparatus and the irreversibility 
of the entire process, both per pound of dry air entering. 

(c) If this process were executed reversibly and the atmosphere was the only 
reservoir employed, how much useful work could be obtained? 

16 . (a) Compute values of the irreversibility for each of the processes in the 
reheat-regenerative process of P'ig. 145. 

(b) Compare the sum of the values of the irreversibility with the sum of the 
increases in availability for this cycle. How should these two sums be related in 
general? 

17 . Discuss the relative significance of the three properties, f = /t — Ta, 
= a + pov — Ti)S, and b = h — Tqs. In what respects are they similar as regards 

utility? Classify problems according to which property would be used in the solu- 
tion. When do pairs of these properties become identical; and when are all three 
identical? 

18 . Employing the II. E. & H. charts and the information on the change in entropy 
resulting from combustion given on page 309, verify the data in Table Vll for tlie 
idealized Otto-engine process. 


SYMBOLS 


b (h- Tq8) 

e internal energy of unit system in general 

E internal energy of system in general 

E, internal energy reckoned from a special reference state 

/ mass of unpurged products 

g acceleration given to unit mass by unit force 

h enthalpy per unit mass 

// enthalpy 

p pressure 

Q heat to system 

.s entropy per unit mass 

S entropy 

entropy reckoned from a special reference state 
T absolute temperature 

u internal energy of unit system in the absence of motion, gravity, etc. 

V specific volume 

V volume 

w ma.ss rate of flow 

W work 

Wu useful work v 

z height 

Greek Letters 

(w + Pou - Tos) 

€ effectiveness 
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q efficiency 

A increase in property indicated 

V decrease in property indicated 

Subscripts 
e expansion 

p pump 

s constant entropy, reference state 
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CHAPTER XVIII 


THE FLOW OF FLUIDS IN DUCTS 

General Equations for Reversible Flow 

In Chapter XI the dynamics and thermodynamics of a stream in 
steady flow are discussed from the standpoint of the designer of tur- 
bines. In the present chapter a som(‘what broader view will be taken. 

Let us consider a stream of fluid in steady flow which has at a section 
a (Fig. 148) uniform values of the velocity, \% the enthalpy, h, the height 
above some datum plane, 2 , and the pressure, p. It was shown on 
page 37 that t.he en(‘rgy equation of steady flow [6] when applied to 
this section and a section b v(‘ry iKuir to it reduces to the equation 

dh + d dz ~ dQ = 0, [tia] 

It was also shown that the equivalent statement for reversible flow is 
Bernoulli’s equation, 

V dp -f- d + dz - 0,* [8] 

which can be derived from Newton’s Laws of Motion. 

For the sake of simplicity we shall confine our discussion to those 
cases in which dz ~ 0, that is, those in which there is no appreciable 
change in level. WIkui change in level and change in density are both 
appreciable the analytical results are interesting but of secondary im- 

* The equivalence was proved above before the introduction of entropy. It may 
also be proved as follows: 

For a pure substance in the absence of electricity, magnetism, and capillarity, we 
may write 

T (is ~ du p du ~ dh ~ V dp. [15] 

For any reversible process 

T ds = dQ. 

Therefore 

dQ — dh — vdp, 
or 

dh — dQ = vdp 

for any reversible pro<*e8s. Substitution of v dp for dh — dQ in [6a] yields [8]. 

31*1 



GENERAL EQUATIONS FOR REVERSIBLE FLOW 


316 


portance, except in meteorology. For the moment \vc shall concentrate 
our attention on the reversible case that is also adiabatic, since for that 
case we can trace the succession of states from tlu' requirement of 
constant entropy. 

Both [6a] and [8] may be applied in this instaiic(\ [Ga] reducing to 


and [8] to 




[661 

[861 


Consider two sections 1 and 2 which cross tht‘ st i*eam a finite distan(‘(‘ 
apart. Integration of [66] and [86] giv(\s tin' (‘(]uations 


and 


(62 - + (^' - ^) = 0 

r 2 -1/2 1^2 


Which of these equations should be employcni in any rcv(‘rsible adiabatic 
case depends upon the nature of the problem. In giaieral; the quantity 
(/?2 61) may be evaluated by taking th(‘ difi’er- 

ence between two quantities hi and 62 sek'cled 
from a table of properties. On the oth(T hand, the 
evaluation of the integral of v dp involv(\s an inte- 
gration which in turn demands a knowledge of all 
corresponding values of v and p betwe^en tlu' limits 
of integration. Nevertheless, the second form of the 
equation is commonly used where the difference 
(62 — 61) is so small in view of the number of sig- 
nificant figures provided in the table that it cannot 
be determined directly with pr(a*i.sion. Such ciuses 
normally occur w^here the change in pressures is 
small and where, therefore, the int,egral of v dp can be dc^termined 


y 

h 


¥ + dy 

h -^-dh 
z ^dz 
p-^dp 


P 

Fig. 148 


readily by making a small correction to the quantity Vi{p2 — Pi). 

A passage through which a stream flow^s without doing work on the 
boundary of the passage is called a nozzle if the pressure falls in the 
direction of flow, and a ddffuser if the pressure rises in the direction of 
flow. For adiabatic flow in a nozzle or a diffuser [66] and [6c] may be 
employed. For reversible adiabatic flow in a nozzle or a diffuser, [86] 
and [8c] are equivalent forms of [66] and [Gc] respectively. 
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The Incompressible Fluid and the Perfect Gas 

liet as consider two cases for which the integral of v dp can be expressed 
in terms of the properties at sections 1 and 2, namely, the case of an 
incompressible fluid and that of a perfect gas. 

For an incompressible fluid we can obtain from [8c] an expression for 
the increase in kinetic energy between sections 1 and 2: 

y2 _ y2 


where v denotes the constant value of the specific volume of the fluid. 

For a perfect gas the relation betweem p and v for an iscntropic chang(^ 
of state is given by the equation 

pv^ = constant, [23] 


where fc is a constant which is equal to the ratio of the specific heats 
(s(^e page 99). The integral in [8c] can therefore be readily evaluated, 
and the result may be expressed in the form 


vl - y'i 

"^9 


PiVi- 


T[‘-(r ] 


[158] 


The condition of steady flow is onc^ for which we may write 
Fa 

— — w — constant. 

V 


If at any section 0 the cross-sectional area of the stream is very large 
then we have 


1^0 = 


WVq 

ao 


= 0. 


Applying [6c] and [8c] to sections 0 and 1 and solving for the velocity 
at 1, we get 





hi) 



V dp . 


The flow through a unit of cross-sectipnal area at any section 1 is then 
given by 
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For an incompressible fluid this becomes 


For a perfect gas it becomes 


omes 

or in terms of vq (since Vi = n)(P()/Pi)^''^''') 


Curves of Velocity and of Flow per Unit Area 

The velocity of a real fluid may be obtaiiu'd by means of [Ge] and a 
table of properties. The flow per unit an‘a is found upon dividing the 



velocity by the spx'cific volume. Iti tli(! teniperature-entropy diagram 
of Fig. 149 arc shown four lypes of reversible adiabatic expansion; 
expansion ab is entirely in the li(inid phase, cd begins in the liquid 
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phase and ends in the two-phase region, ef is entirely in the vapor phase, 
and gh begins in the vapor phase and ends in the two-phase region. 

In Fig. 149 are shown curves of velocity and flow per unit area for 
three of these types of expansion, namely, ah, cd, and ef. The curves 
for the fourth, gh^ have characteristics so similar to those for ef that they 
are not shown separaUfly. The curves calculated for an incompressible 
fluid by m(‘ans of [157] are like tlios(‘ marked ab, and those calculated for 
a perfect gas by means of [159] and [KiO] are like those marked ef. 

The Velocity of Sound 

Both the vapor (ef) and the vaporizing liquid (cd)* exhibit maxima 
in th(‘ curv<‘ of flow per unit ar(‘a. At the section corresponding to this 
maximum the cross-sectional area will be at a minimum. For the vapor 
it is easy to determine' the velocity at this section: The derivative of 
the flow per unit area with respect to the velocity is 

d(V/v) 1 V dv 
dV ~ 

which vanishes when 

^_d_v 

V ~ o' 


This is the condition for which the flow per unit area is a maximum. 
From [He] w(‘ get by differentiation 

^/r = - 

which when substituted into the previous equation yields the expression 

[161] 


gv'^ dv 

~V^^7p 


or 


V - 




,(lp 

dv 


= Vkgjw , 

where k is defined by the equation ' 


fieia] 


k = 


(dp\ ^ p(ln/j)1 


• Vapori7;>t ion in the ( oiirse of !i(iial)ati(' flow is aometiines called cavitation. 
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That is, (-fc) is the slope of the isentropic at the state in question on 
a In p4n v diagram. (Of course, the isentropic netal not he a straight, 
line on this diagram ; that is, it need not be of the form - constant.) 

It was shown by Laplace* that the velocity of an intiniU^simal sound 
wave (an infinitesimal disturlmnce) in a gaseous medium having pressun' 
p and specific volume v is given by 

\'kgpv, 

which is identical with the expression for the ve*Iocit y of a stream at the 
cross section of minimum area. That is, the vi'locity which a stream 
acquires in reversible adiabatic expansion at its cross section of mini- 
mum area is the same as the velocity of a sound wa\'e through vapor 
that is similar in nature and in state to that in the cross sc'ction. 

IVj show further that the two velocities an' identical it is necessary 
first to recall that the expression for the v(‘locity of sound is usually 
derived for a wave comprising an infinit(‘simal rise' in prc'ssuro followt'd 
l)y an infinitesimal fall in pressure moving through a iub(' of constant 
(‘ross-sectional an^a. It is assumed tbat. tlu^ fluid is continuous and in 
a uniform state from wall to wall at any cross sect.i()n at any instant 
(for the pressure is essentially uniform over any cross section and does 
not fall to zero at the tube wall when either part, of tlu^ wave passes). 
Now if the observer were to move with the wav(' so that tlu' wave would 
appear to him to be stationaiy, he would obsei^^o a stn'arn of fluid 
flowing reversibly and adiabatically tlirough a snitill rise* in f)ressure and 
then through a small fall in pressure without any chang(‘ in the cross- 
sectional area of the stream, or in its flow ihm- unit area, of the same 
order of magnitude as tlu' change's in pressiiri'. Such b(ihavior can be 
found only at a stream velocity corresponding to nmxiinum flow pei 
unit area, as will be seen from tlie curve; marke'd vapor in Fig. 149. 
Therefore, the velocity of sound must l)e idc'ixtical with the velocity of 
a stream at maximum flow per unit- area. 

The same rc'asoning will not apply to ihe case* of \aporizing liquid 
where the maximum point, in the curve* of flow per unit- area may be a 
cusp for which the rat(' of change; of area with r(‘sp('ct to pressurf* is not 
zero on either side of the maximum. The velocity of a sound wave in 
a two-phase medium depends upon relative motioji of the* two p}ias{;s. 

According to [J6Il the flow per unit ar(;a of an incompressible fluid 
never reaches a maximum. Ther(;fore the v('locity of sound in an in- 
compressible fluid must be infinite. Since no pure liquid phas(i is in 
fact incompressible, tta* va'locity of sound is in fact never infinite. It 

* See Lamb, Hydrodynamics, p. 453. 
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is, however, very large', and it is the velocity that must, be acquired by 
a stream if its flow per unit arc'a is to reach a maximum. 


The Throat of a Nozzle 

Consider a converging-divc'rging nozzle to which a stream flows 
through a passage of wry laige cross-sectional area (section 0 of [160]). 
If a gas of known characteristics is supplied to this nozzle at a fixed 
pressure po and a fixed specific volunu' Vq th(^ relation between flow p(‘r 

^ unit an^a and pressure in the stream 
may l^e computc'd from [160] and 
plotted as in Fig. J 50. Th(' maximum 
flow that can pass through a unit 
area in any cross sect ion of the pass- 
age is that, gi\a'n by t he highest point 
on th(i curve of Fig. 150. Since this 
statenu'iit holds for the smallest 
section, or throat, of the nozzle, it fol- 
lows that for maximum flow tlirough 
th(^ nozzl(3 t he i)ressure in the throat 
will b(^ that, pt, coiTf'sponding to 
the maximum flow p('r unit area. 
Mon^ovi'r, this is the lowest pressure 
th(^ stream can attain in the course 
of vxmxcvgvuQe. Any furthc'i* de- 
cixaise in j)ressure must be accom- 
panied by div(‘rg('nce of the stream. 

A curve showing tl\t' rc'lation betw('(‘n flow p('r unit area and pressure 
(Fig. 150) may l)e us(‘d to di'termiiK' th(' inininiuin pressure, pt, tliat 
can exist in the throat of th(‘ nozzle. The curve may be basc'd on values 
lake'll from a table' of profie'ities, or on an algebraic relation between 
prope'rties in accordane*e‘ with which the fluid expands. Thus, if a 
frictionk'ss expansion occurs in ae'e*ordance with the relation 

pv^ = constant, 



as in a perfect gas, the ratio of the minimum pre'ssure in the throat to 
the initial pressure can be found in te'rms of /; by (‘Ciuating to zero the 
derivative of the fleiw per unit area [160] with respect to the pressure 
ratio. The result is 


El 

Po 


' 2 — U 


Substituting this value in [158] and [IGO] wo get an expression for the 
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velocity of sound, 




^4 


‘^gpovo 


k + 1 


- Vki 


WtVt , 


[162] 


where Vt denotes the specific volume corresponding to pt, and an 
expression for the maximum flow per unit an\a, (w/a)mf 



Vo k 
Vo k 4- 1 



[1631 


When the pressure in the chamlx'r inio whicli a nozzle discharges 
(which w(‘ shall call the exhaust pn'ssure) is lowc'red to 1h(‘ point when' 
the pressure in tlu^ throat of the nozzle is at its miiiinium value, a 
further decn^ase in th(' exhaust jm'ssure will not alh'r the })r('ssur(‘ in 
the throat. Indt^ed, for all lowc'r valiu's of the ('xhaust pressure' the 
velocity and propcaties of the fluid in the* throat, will remain unchanged. 
Moreover, the* flow will n'lnain unchangc'd ]>(‘caus(‘ no change can 
occur in velocity or spt'cific voluna^ in th(‘ throat 

At sections do^\^tst regain from the throat th(‘ pn\ssure may b(‘ le\ss than 
the throat jm^ssun' and th(‘ ve'locity may (‘xcchhI thi' V(‘locii,y of sound. 
Und(T these' conditions no sound or othi'r disturhaiu'c of tlu' fluid which 
originates in the exhaust chanilx'r could ever pass u]) the' stream into 
the inlet chamber of t he nozzle', t Isboriu' Ihyneilels usi'el this ceaicc'pt te) 
explain why the flow t.hrenigh a ne)zzl(‘ reache's a maximum value' whiedi is 
maintaine'd for all furt.lie'r di'cre'ase' in the' pre'ssure' in t he e'xhaiist chamber. 
He ])ointe‘,d out that a de'e'ix'ase in pre'ssure* we)uld fail to trave*! upstream 
te) the throat, of the neizzle', and, lhere‘foi-e', the' fluid in the' thre)at would 
be unaware ’’ of the change in ce)nelit ie)n>s in the' exhaust chamber. 
Conditions in the thre)at woulel thus remain unchange'd.* 

A steady flow of vapefiizing liepiiel will ])ass through a throat in the 
e'ourse of exj)ansie)n as indicate'el by its eairve of flow pe'r unit area, but 
the V('le)city in the throat will ne>t. be the* ve'loe'ily of se>und. No throat 
appears in an e'xpanding stre'am e)f incompre*ssibl(‘ fluid. 

Since the case's discusse'd abem* are, by assumj)tion, re'versible, the' 
discussion applies eepially we^ll te) a diffusing stre'am as t o an e'Xpanding 
stream. It shemld be note'd that whe're' the' slope* of the* curve e)f flow 
peu* unit area with pre-ssure is ne'gative' (Fig. loO) a nozzle is a ce)nve!rging 
passage and a eliffuser is a dive'rging passage* in the* dire'Ction e)l flow; 
when the slope* is pejsitive* the* re*ve'rs(* is true*. 

♦ This explanation is of limited utility. It fails in show, for (example, why a con- 
verging-diverging nozzle will have within it velo(‘itirs in excess of the velocity of sound 
when the velocities at entrance and exit are w’ell below that f)f sound. 
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Work in Reversible Steady-Flow Processes 

When work is d(‘liverccl 1o tilings outside a steady-flow system we may 
find the magnitude of the work, W^, from [6] ; 

I '2 ^ 2 

X f>l ~ ~ Zi — 22 4- Q. [164] 

If the flow through the apparatus in qin^stion is reversible we may 
substitute T ds for dQ and the work deliven'd becomes 

V? 

= + z, - .2 + / Tds; 

^ Ji 

or, since 

<^Qrev. = 7 " d.S‘ = dll — ?’ dp, 

r](luations [164) and [Kif)] are used in the solution of problems in revers- 
ible flow through (‘Ugines, t urbines, e.ompressors, and similar devices. 


Irreversible Flow (Flow with Friction) in a Stream Tube 

When a stream experience's wall friction or other irreversilfle phenom- 


ena we may still apply the eauTgy equation of steady flow in its genei’al 
form [()] to any two sections along the i)ath of tlu' stream. Fkiuation [6], 
however, is no longer identical with the dynamic eejuation [8]; nor 



Fio. 1.51 

analytical purpose's to consider an e 
For simplicity, 1(4 us divorce the 


should it be, since the First Law 
of Thermodynamics and Newton’s 
Laws of Motion, from which the 
two are respectively derived, are 
not equivalent. 

In irreversible flow the velocity 
in any e'.ross sect ion of a stream may 
be non-uniform in direction and 
magnitude'. Therefoiv, it is best for 
4ement of fluid small in all dimensions, 
problem from the gravitational field. 


ynK' mstnetion to roversih.lity i„ (105] must never lx* ignored. The absurdity 
ol tiie af)f>lientK)[i of (1(15! to an irreversible ciise is made evident by the .Joule-Thom- 
son exporunent for which it reduces to < 


J r dp ~ 0 , 

despite the fact that the p-c relation for tliis ease commonly approximates 


pr - constant. 
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Consider an element of fluid which at some' instant occupies the 
volume a, Fig. 151, and a moment later occupies an adjacent space b. 
The right-hand boundary of a and the left-hand ])oundary of b will 
coincide except for distances of a smaller order than the thickness of a, 
provided that the velocity does not vary discontiniiously at, any point. 
The fluid originally occupying space h will occupy an adjacent space c 
when fluid from the first element has moved to space h. By similar 
reasoning we may trace out a continuous series of elementary volunu's, 
a, h, c, etc., which together constitute a stream tube.* 

In Chapter XI (page 150) a dynamic; analysis is made of flow in a 
stream tube, and the result is the vec’tor (equation 

F + (pa)i - (pa). + (Sa), - (Sa). * - V,^, [58] 

where subscripts 1 and 2 rc'fer to sections a finilc^ distance apart, F 
denotes the vector representing the force which is jipjiied to the portion 
of the stream tube between those two sections b.y fluid outside its 
boundaries, pa a vector representing the normal foi’cc' applic-d at a sec- 
tion by fluid upstn^am from that sc'Ct.ion, Sa a vec'tor repivscaiting the 
sh('aring forc;c‘ applied at a s(‘ct ion by fluid upstivain 
from that section, V a vector rc‘presenting the* veloc- 
ity at a section, w the mass rat(‘ of flow, and g tljc 
acc;eleration givc'ii to unit mass by unit force*. 

Friction in a Finite Stream 

It must be remembered that the* analysis just 
referred to was applied to a stream tube* of such 
small dimensions that the velocity is uniform in 
each cross section, and, th(‘rc;fc)re, u\ F, pa, and Sa arc; innnitc'simal 
in magnitude. We may extend the analysis to (*ov{*r finite streams as 
follows: Consider a stream tube c/, Fig. 152, sarroundc'd by the annular 
tube c, which is in turn surrounded by annular tube /, etc. Now l(*t F^ 
denote the vector which represents the force applic'd 1 o t he fluid in tube ci, 
at the boundary between tubes d and Fe the vc*c:tc)r which rc‘pr(*sents 
the force applied to the fluid in tube e at the ])Oundari(‘s bet w(*en tube e 
and adjacent tubes, etc. The force Fd whic*h is a))plic*d to stream d is 

* Glauert, in Aerofoil and Airscrew Theory (Cambridge, 1930), p. 10, defines a 
stream tube as a ( 3 yliridrif^al surfare formed by tho stream lines which pass through a 
closed curve, and a stream line he defines in turn by the condition that its direction 
at any point is the direction of motion of the fluid element at that point. 1 his 
definition and that given above are identical. It should be noticed that neither 
implies that a fluid element in a given stream tube at one section of the stream will 
at a later time be in the same stream tube at another section a finite distance away. 
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applied solely by the fluid of stream e, so that st ream d applies to stream e 
a force — F^. But the n(‘t force applied to e is Fg. Theu’efore the 
force F' applied to stream c at its oulsid(^ boundary can be found from 
tlie ecjuation 

Fe = F' - Fd, 

or 

F' = Fd + Fg. 

Similarly it can be shown that the force F'' applied to the outside 
boundary of tube f is given l)y 

F" -Fd +Fe4-Ff, 

and, in general, the force applied by any boundary surrounding any 
flnite stream is 



where j d,F denotes the summation of all the net boundary forces which 

are applied to el(‘ment»ary stream tubes. 

We may apply [5S] to a flnit,(* stream by summing up the values of 
each term for all the elementary stream tubes that constitute the finite 
stream. The summation for the term F will be, in vi(‘w of the argu- 
ment just pres{‘nt(‘d, 1]i(‘ vector r(‘pr(\seiiting the force applied to the 
st r(‘am by the boundari(‘s of t he stix'am betw('en sections 1 and 2. The 
sum of each tx'rm pa will be a ve(^tor which is the resultant of all the 
(‘lenuaitaiy vectors corresponding to the normal foices at the section. 
The sum of (*a,ch term Sa will have a similar signifi(;ance with respect 
to shearing forc(\s at the s(H‘tion. The sum of each term {w/g)V will 
be a vector representing t he flow of momentum per unit time across the 
section. 

Letting F 12 , P, S, and M denote the summations in the order given 
above, we get 

Fi2 + Pi — P 2 + Si — S 2 = M 2 — Mi. [166] 

If the boundaries of the finite stream are at rest (at least, relative to 
each otlier) then each summation S across a sef‘tion is generally small 
compared with the other U'rins in [^66], because the velocity gradients 
(and hence the shear forces) must be both positive and negative in any 
direction in the same section. Therefore, [166] may be simplified to 

Fi2 + Pi — P 2 “ M 2 — Ml- [167] 

Using the subscript x to denote a component of the corresponding vector 
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in one direction, we may take [166] out of the vector form; thus, 

Fx + Piz - P2x = M2x ~ Mu. [168] 

Then Fx is the component in the x direction of the force applied to the 


stream by the wall, and —Fx is the 
reaction of the stream on the wall. 
We may find the magnitude of Px 
by integrating over the entire sec- 
tional area the expression 

p cos <x da, 

where p denotes the pressure over 
the elementary sectional area da, 
and a the angle between a normal to 
the plane of that area and the direc- 
tion of X (Fig. 153), We may find 
the magnitude of Mx by integrating 
expression 


somponcrit in the x direction of the 



Fig. 153 


over the cross-sectional area the 
a da. 


where G denotes the mass flow per unit area at th(^ (‘h'nu'ntary area da, 
and V the resultant velocity there. An equivalent cx])r(\ssion is 

\ X 

9 


where Vx denotes the component of the velocity in the x direction. 

Equation [168] is usi^ful in determining the net force in the direction 
of flow applied by a stream to the walls enclosing it. In combination 
with equations of energy and continuity it will solve many problems. 
To get the force required to hold a duct in position it is necessary to know 
the force applied from outside as well as that applied from inside by the 
stream, but the outside force is often mere static pressure and can be 
easily calculated. 


The Coefficient of Friction 

It is known from experience that the flow of a viscous fluid may be of 
one of two types : namely, laminar flow, in which each element of fluid 
remains within a single stream tube (page 323) in the course of its flow, 
and turbulent flow, in which the element may leave the stream tube. 
In laminar flow in a transparent tube a colored filament introduced into 
the stream will remain a separate filament easily distinguishable from 
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the remainder of the fluid throughout the length of the stream. In 
turbulent flow the colored filament is quickly dispersed throughout the 
vstream until it is no longer distinguishable as a separate part of it. The 
friction applied to a wall by a stream varies in a characteristic manner 
for each of these two types of flow. 

Let us define a coefficient of friction f by the equation 

[1691 

where R denotes the frictional force applied to a unit area of wall surface, 
p the mass density of the fluid, and V its mean resultant velocity. It 
can be shown ])y dimensional reasoning* that for geometrically similar 
passages this coefficient is som(‘ function of two dimensionless products ; 
thus 



where d denotes a dimension of the passage, g the coefficient of viscosity 
of the fluid, and the v(‘locity of sound in the fluid. The products 
Vdp/fL and V/Vs are known respectively as the Reynolds number and 
the Mach number. 

It has been shown by analysis and by experiment, f that in laminar 
flow the coefficient of friction varies inversely as the Reynolds number 



Fig. 164. Friction Coefficients for Laminar and Turbulent Flow in Smooth Pijjes 

i 

(Fig. 154) as long as the Mach number is near zero, which is almost always 
true since laminar flow occurs only at low Reynolds numbers and hence, 
with rare exception, at low velocities. For turbulent flow in smooth 

* Fluid Mechanics for Hydraulic Engineers, Rouse, McGraw-Hill, 1938, p. 23. 
t Ibid. p. 246. 
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pipes the coefficient of friction decreases slowly ^ ith increase in Reynolds 
number (Fig. 154).* Recent experimontst indicate that in turbulent 
flow the value of f is almost independent of the Mach number, so that we 
may write 

for turbulent flow even when the density is variable. 


Equations for Flow with Friction 

Measured values of the coefficient of friction can be used to determine 
the characteristics of the flow of a fluid through a passage of given dinam- 
sions. For steady flow in gcmeral we may write as condit ions which must 
be fulfilled by a stream in each step of its jwogress tlu^ energy equation 

dh + - dQ ^ 0 [172] 

a 


(which may be obtained from [tie] by ignoring change in elevation), 
the continuity equation 



(which may be obtained from [9]), and th(' dynamic equation 


d(pa) -i'-dV — dF = 0 [ 174 ] 

(7 

(which may be obtained from [168] ).f 
Into the last equation the co(‘fficient of friction f may be introduced 
by expressing the wall force in terms of it. ("onsider an element of wall 
surface which exerts on the fluid the forc(‘ component, dp" in the direc- 
tion of the velocity V. Part of this force* coni})oncnt is a r(*action to the 
normal pressure of the fluid on the wall. 

Consider a piece of a passage which is bounded by t wo cross sections 
which are normal to the direction of flow and which are separated by 

* For more complete data see BaklunetetT, 7" he MechanicR of Turbulent Plow, 
Princeton University Press, 1030, Fip. 24. 

t Frossel, Forschung a.d. Gchuded. IngetmwnvcMns, Vnl. 7 n930), pp. 75-84. Fgli, 
Trans. A.S.M.E., Vol. 59 (1987), p. A-63. Keenan, Trane. A.S.M.E., Vol. 01 (1989), 
pp. A-ll to A-20. 

t Each of these equations is expressed for simplicity in tei ms of mean values of 
the variables; for example, if we let I denote distance in direction of flow, 

dh dV = -0- [ Vdw^dl, the integrals being evaluated 

dl\w/'g dl\g J / 
over the entire flow through the cross-sectional area. Tlie more exact expressions 
may be substituted at any stage in the analyses. 
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the infinitesimal distance dl (Fig. 155). The wall surface of this piece 
of the passage may be thought of as consisting of narrow strips extending 
between the two cross sections. Let dl^ denote the length of one of these 
strips, and let dy denote its other dimension. Then the resultant normal 

force on this strip has a magnitude 
which lies between 

p dl' by and (p + dp) dl' by, 

where p denotes the pressure at the 
upstream section and p -f dp that at 
the downstream section. Since these 
two values of the normal force differ 
by a quantity of an order smaller 
than either, we may (express the normal 
force by p dl' by. The direction of 
this force makes an angle a with the 
direction of flow, and the component of 
this force in the direction of flow is, 
therefore, 

p dl' by cos a. 

Now dl' by cos a is the projection 
of the piece of wall surface of magni- 
tude dl' by on the downstream cross 
section. The component of the nor- 
mal force is, therefore, p 5a, where 6a denotes the area of the projec- 
tion. Summing up the components of the normal forces for all the 
strips of wall surface, we get for the total component of the normal 
forces, 

p da, 

where da denotes the amount that the cross-sectional area of the down- 
stream section exceeds that of the upstream section. 

The remainder of the force component dF is a component, in the direc- 
tion of flow, of the shear force at the wall. For the elementary strip of 
wall surface this component is given by 

— R by dl' sin a = —R by dl, 

where R denotes the frictional force per unit area of wall surface. Sum- 
ming up for all the strips of wall surface, we get for the total component 
of the shear forces 

-‘Ry dl, 

where y denotes the perimeter of the passage. 
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Combining the two parts wc get 

dF == pda - Ry dl. 

Upon substitution for dF the dynamic equation [174] becomes 

w 

d{pa) -pda-F- dV + Ry dl = 0, 
or 


, w 

adp + -dV ■\-Rydl = Q. 

[175] 

Since R = [174] is also giv’cn by 


w 

a dp — dY + ^pV^y dl = 0, 

[170] 

which, when multiplied through by v/a, becomes 


V 

V dp + - dV + 1 — y dl = 0* 
g ga 

[177] 


* In discussions of the flow of fluids in pipes an equation of the form 


u dp H — dV -f dL = 0 
9 


[a] 


is often found. It is usually stated that dL is the “ loss of energy duo to friction.’^ 
Since no energy passes from fluid to wall as a result of friction the meaning of the 
phrase is not clear. By comparison of [ol with the general energy equation [6a) 
reduced to the adiabatic case, namely, 

dA + - rfF = 0, 

9 

we find that dL in the above equation is given by 


dL — dk — V dp [fej 

^ du pdv jr] 

= Tds. [d] 

Equation [c] indicates that dL is analogous to the transfer of energy to a system at 
rest. That is, if the observer moves with the fluid element, dL is the work he observes 
to be done on it by adjacent walls (or adjin^ent fluid) whicli move relative to it. In 
this sense it is a gain in energy. Equation [d! reminds one of a common (confusion of 
T ds in an irreversible process with heat, or, as in this ciise, with a transfer of energy. 

By comparing [ojjwith [177] dL can be expressed in terms of the friction force or the 
friction coefficient: 

dL = f — ydl 

ga 


It is best to think of friction always in terms of force and never in terms of energy. 
It is true that, when the force moves as it is applied to a system, energy is transferred 
to the system, but in the case of the fluid stream the friction force is usually applied 
by a stationary wall so that no energy is transferred. 



330 


THE FLOW OF FLUIDS IN DUCTS 


Using the continuity equation in the forms 

m 

F == — 
a 

and 

we may eliminate the velocity. Equation [177] then becomes 

V dj) ^ ( “2 dz; T.dxi]-\- -w^ —^dl = 0. [178] 

^ g\a^ / g 


Flow through a Pipe 

As an example of the application of [178] consider the flow of a fluid 
through a pip(‘ of constant cross-sectional area. Since for each step in 
the path of flow da = 0, [178] reduces to 

1 / tcX ^ w^v 

V dp + - j V dv ^ dl = 0, [179] 


or, after being divided through by to 
dp /w\^ dv ^ w^y 
V g\a/ V ga^ 


fdl^O, 


[180] 


Along the length of a pipe of constant cross-sc^ctional area the Reynolds 
number, which can be expressed as 

wd 

gafi 


varies inversely as n. Frequently the change in fx along the pipe is small 
and the change in ^ is relativc^ly much smaller. Therefore we may 
assume f to have a constant value which is in reality a mean between its 
end values. Integrating between two sections 1 and 2 which are a finite 
distance apart we get 


Ji V g\a/ 


Vi ga^ ' 


[181] 


where I denotes the distance between the two sections. 

The magnitude' of the first term in [181] depends directly, and that of 
the second term indirect, ly, on th(i relation between pressure and volume 
along the path of flow. To get this nflation we assume adiabatic condi- 
tions and write the energy equation [172] in the form 

y2 



INTERPRETATION OF THE FANNO LINES 
where ho is a constant, and the continuity equation [173] in the form 



Substituting the lattf^r in the energy etjuation we get 




where subscript 1 denotes a property of the fluid at. any specified section 
across the stream. The relation between h and v gi\a'n ))y [182] is in 
reality an infinite number of relations each (torn'sponding to a differcni 
value of w/a and each passing through the st.at(‘ corn'sponding to hi 
and ?’!. Figure 156 shows a series of lines representing [182] on an h-s 
diagram for a state 1. They 
are called Fanno 

Interpretation of the Fanno 

Lines 

The isenthalpic through stat(i 
1 is the Fanno line for zero 
(negligible) flow. For some' 
higher flow the curve swe(*ps 
to higher entropies as t.h<‘ 
enthalpy decreases. At some 
pressure the entropy reaches 
a maximum {m, Fig. 156); and 
it decreases with any change 
in pressure. Since an adiabatic 
change to lower entropy would 
cont.ravene the Second Law 
(see page 88) an expansion at ,5,. ),ineg 

constant area cannot proceed 

beyond m. If the pressure in the chamber into which the pipe exhaust s 
is lower than the pressure at then the fall in pressure from m to 
the exhaust pressure must occur outside the pipe where the stream is not 
restricted to constant area. Any small change of state along the curve at 

♦ Steam and Gas Turbines, Stodola-Lowcnstein. Mcflraw-Hill, 1927, Vol. 1, p. 61. 
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the point of maximum entropy is a change at constant entropy; there- 
fore, we may write 

T ds = 0 — dh -- V dp. 


From the Fanno-line equation, we get 


1 /w\^ 

d/i + - ( - ) V dv = 0, 
9\a/ 

Equating and solving for dv/dp we get 

dv 


[161] 


which according to [161a] is the condition for which the velocity of the 
fluid is the velocity of sound : 

F = y,. 


The part of the curve below m has practical significance, though it 
cannot be approached through state m. When the flow in the pipe is 
large enough to produce the velocity of sound at state 1 the Fanno line 
is the one (labeled a) with infinite slope at 1. For higher flows, that is, 
for velocities in excess of the velocity of sound, the Fanno line has a posi- 
tive slope at 1 and the flow corresponds to conditions below point m 
(as for state 1 on curve h). As the fluid moves down the pipe its entropy 
increases and, therefore, its pressure increases. Thus friction in a pipe* 
may cause either a fall in pressure or a rise in pressure, depending upon 
whether the velocity is less than or greater than the velocity of sound. 


Measuring the Coefficient of Friction 

Consider a pipe of constant cross-sectional area with a well-rounded 
inlet (Fig. 157) toward which a fluid flows at negligible velocity in state 
0. For sections 1 and 2 across the pipe we may write [182] in the form 


and [1811 



[181] 


The value of w/a may be measured or it may be assumed to be that cor- 
responding to reversible, adiabatic flow between sections 0 and 1 (page 
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136). In either case the Fanno line may be plotted in accordance with 
[182]. The pressure-volume relation, as determined by the equation ol 
the Fanno line and the tabulated properties of the fluid, permits a graphic 
evaluation of the first term of [181]. The same relation will provide 
volumes corresponding to pi ^ 

and P 2 ^OT the second term. 

If the pressures at 1 and 2 are 

measured the value of f can be ^ ^ 

found from [181]. 

An algebraic method that will — ZZZZZZZZZZZZZZZ H 

be suitable for vapors, as a rule, ^ 

depends on the assumption that U / > 

the equation 

k = A Bpv, [183] 

Fro. 157 

where A and B are constants, 

satisfactorily represents the h-p-v r(‘lation. Substituting this into the 
equation for the Fanno line [182], we get 


A + Bpv + 


Substituting this into the 


cxv^ + Bpv + c = 0, 


{w/af 


and c — A — ho. 


Then at any pressure the specific volume is given by 


The first term of [181] is now 

dp a ^2 , 1 ^ _ 2 V 

7 " “ 7? "»-i I’l/ 

The coefficient of friction corresponding to measured values of the pres- 
sure at 1 and 2 can be found by substituting into [181] the values of 
the volumes from [184], By this method and related methods the values 
of the coefficient of friction shown in Fig. 158 for the flow of compressible 
fluids were computed from measurements of pressure an ow. 
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0.004 

"k 0.003 
oc 

0.002 

0.001 

Fia. 158. The Cooffici(‘nt of Friction for Commercial 1-Inch Pipe 

The iolid line repreaents Nii'kiiradae’s eniiation for incompressible fluids in smooth pipes. From 
Keenan, Trans. A.S.M.E., Vol. 61 (16:19), pp. A-ll- A-20. 

Pressure Shock and the Rayleigh Line 

It is known that a stream flowing at a velocity greater than the velocity 
of sound will often establish a standing wave of compression through 

which the fluid flows, and from 
whi(^h it leaves at a velocity less 
than the velocity of sound (big. 
159). It would seem that the action 
is inherently irreversible in that a 
standing wave of rarefaction is 
never established. This observation 
is verified analytically in the fol- 
lowing paragraphs. 

If the standing wave may be con- 
sidered to be of infinitesimal depth 
in the direction of stream flow, then 
the cross-sectional area of t he stream 
does not change as it flows through 
the wave. Since this restriction and 
the energy requin'inents are com- 
prised within the ( quation for the 
Fanno line, the state of the fluid on 
either side of the wave must lie on 
the same Fanno line. 

The dynamic equation [168] when applied to sections a and h on either 
side of the wave (Fig. 159) reduces to 
w 

- (Fi, - Va) + (pi, - Po)a = 0, 





[185] 
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since no wall forces of finite magnitude are applied to the stream between 
a and 6. Eliminating velocities from [185] through the continuity equa^ 
tion [173] and solving for we get 

1 (w\^ 

Ph^ Pa- {Vb - ra). [186] 

This is the equation of a Rayleigh line,* which is the locus of a point 
representing the state that could be assumed by fluid which passes 
through state a in steady flow provided that it is subjected to no ext-ernal 
force between section o and the section corresponding to the new state. 
In order that the fluid might assunui one of th('se states it would in general 
be necessary that heat should flow to or from it. There is, however, one 
state to which the fluid could change with a heat flow of zero: that is, 
the state (6, Fig. 160) corresponding to 
the intersection of the Rayleigh line with 
the Fanno line. 

The equations of the Fanno lino and ^ 
th(^ Rayleigh line are, respectively, stare- 
ments of the conditions imposed by th(* 

First Law and the Laws of Motion. 

Thus, these conditions would not be 
\iolated if fluid in state a w(*re to chang(‘ 
suddenly and spontaneously to a state h ; 
nor would they be violated if the reverse 
change (from h to a) w(‘re to occur. 

However, of these two st^ates the one at- 150 

higher enthalpy (?>, Fig. HiO) is also 

at higher entropy; and, since the process is adiabatic, a change from 
the one at higher entropy to the other would contravene the Second Law. 
Therefore the change will b(^ to higher entropy, enthalpy, and pressure, 
and the wave is a wave of compn'ssion. Moreover, since the enthalpy 
at h is higher than that at ???, where the velocity is the vciocity of sound, 
the velocity at h is less than the velocity of sound. A stream can enter 
a shock only if it is moving at a velocity gri^ater than that of sound (cor- 
responding to a, Fig. 160) ; it will issue from the shock at a velodty less 
than that of sound (corresponding to 6, Fig. 160). 

If it is permissible to represent the ^-p-c relation by the equation 

^ -f Bpv, [183] 

we can devise an algebraic solution for the state b of the fluid issuing from 

* Steam and Gas Turbines, Stodola-Ivowenatein, McGraw-Hill, 1927, Vol. 1, p. 86. 
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a shock in terms of the state a of the fluid entering the shock and the flow 
per unit of cross-sectional area, w/a. 

Combining [183] with the equation of the Fanno line 


hb + 


W- 

\a) 2g 




and the equation of the Rayleigh line 


1 

Vb = Va 

9 

we get the quadratic 



4- Bpa + " J vi, + (yi — ho) — 0, 


which may be solved for Vb^ The value of Vb when substituted in the two 
equations preceding the last determines the values of pb ^ind hb. 


PROBLEMS 

1 . From the Steam Tables plot {h — ho) against pressure for pressures from 10 to 
1000 Ib/sq in. abs for the isentropie passing through the state po = 100 Ib 'sq in. abs, 
/o = 600 F. 

By means of a graphic or approximate numerical method of integration calculate 

I V dp over the same range and in the same units and plot on the same diagram. 
jpo 

Plot the approximation to the integral, co(p — po), in the same way. 

2 . In the following problems plot against the ratio of the pressure in the stream 
to the pressure before the nozzle, where the velocity is negligible, values of tempera- 
ture, specific volume, kinetic energy per unit mas.s, velocity, and flow per unit area 
for reversible adiabatic flow. The subscript 0 refers to the inlet section, where the 
velocity is negligible. 

Po = 20 Ib/sq in. abs, To = 700 F, expansion of 1120. 

Po = 20 Ib .sq in. abs, v = 34.47 ft^/1b, incompressible flow. 

Po = 20 Ib/sq in. abs, r© = 34.47 ft^/lb, expansion in accordance with the 

relation pr^*^^ = constant. 

Po = 400 Ib/sq in. abs, to - 400 F, expansion of H 2 O. 

3. Derive expres-sions for specific volume, kinetic energy, velocity, and flow per 
unit area c orresponding to an expansion for whic'L pc* = constant. Express these 
quantities for t h(‘ section at which the pressui;e is p in terms of po, co, and p/po- 

If the gas is a perfect gas, state the same equations in terms of po, To, and p/po. 

From the expression for flow per unit area derive the expression 

^ / 2 

Po \fc + l/ 

for the pressure ratio corrosponding to the throat of a converKing-diverging nozzle. 
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4. A stream of fluid m steady flow enters a passage at velocity Vi which is uniform 
over the entire cross-sectional area ai of the stream. It leaves at a velocity V 2 which 
is uniform over the entire cross-sectional area of the stream. 

(а) Derive an expression for the force applied by the walls of the passage to the 
stream between sections 1 and 2 in terms of areas, 
velocities, pressures, and mass rate of flow at the tw^o 
sections. 

(б) Assume that this passage extends only betw'een 
sections 1 and 2, and that all surfaces of the passage wall 
which are not in contact with the stream are exposed 
to a pressure p 2 which is identical with that at section 2. 

Find the magnitude and direction of the forc'o necessary 
to hold the passage walls in place. 

(c) If pi = 100 Ib/sq in. abs, L = GOOF, Vi — 100 ft/srn;, /lo = 601b/sq in. abs, 
fl 2 = 1 sq ft, the fluid is steam, and the process between 1 and 2 is reversible and 
adiabatic, find the magnitude of the force applied by the walls (d thf- i>assage to 
the stream and of the force nec^essary to hold the passage w-alls in place. 



5 . (a) If the sections 1 and 2 are not parallel and the velocities are normal to their 

corresponding sections and are directed at an 
angle a to each other, derive c'xpressions for 
componc'iits of the fon e applied by the wall to 
the stream in the direction of Vi and normal to 
that direction. 

Derive corresponding expressions for the 
for(aj necessary to hold the passage W'alls in 
I)lace. 

{b) lOmploying the data from (c) of problem 
4 and assuming that a = 90°, find the mag- 
nitudes of the force components for which 
you derived expressions in (a). Show these as 
vectors on a sketch of the passage and find the direction Jind magnitude of each of the 
resultant forces. 

6. Derive aii expression in terms of the velocity and flow for the naiction of a jet 
on a nozzle and its ai)i)rc)ach chamber, the reaction being the* net for(;c applied by 
the stream to the nozzle and chamber in the direction ot the issiiing stream. Assume 
that the stream enters the charatKjr in a direction pel peiidicular to that in which it 
leaves. 





7 . Show that for the reversible flow of an incompressible fluid the reaction can 1« 
accounted for by two forces that are identical in direction and magnitude: first, the 
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difference in pressure across the chamber wall opposite the nozzle opening, and 
RWiond the difference between the pressures on the walls of the chamber around the 
nozzle opening and on the opposite w alls. (It is only necessary to show that the first 
of these two forces is exactly one-half the reaction.) 


8 . (a) Find the reaction of a nozzle which exjnind.s steam reversibly and adia- 
batically from a large ini(;t <dmniber where its pnsssure is 100 Ib/aq in. abs and its 
temperature 600 F to an exhaust si)ace where tlu' pre.s.sure is 60 Ib/sq in. abs if the 
cross-sectional area of the stream is 1 sq in. when* it reacla^s the exhaust pn'ssure. 

(6) A test on a nozzle having inlet conditions and exhaust pressure as stated above 
shows a rate of flow of 2.500 Ib/sec and a reactii)n of 123.0 lb. What conclusions can 
you draw concerning the velocity of the jet? 

9. A stream passing through a circular cross section in a duct has a velocity dis- 
tribution which is given by the equation 



where V denotes the velocity of the stream at radius r from the center of the cross 
section, Vm the velocity at the center, and ro the radius at the wall. Assume the 
density of the fluid to be uniform. Find expressions for : 

(o) The momentum of the fluid which passes in unit time. 

(6) The velocity of a stream of uniform velocity which would have the same 
flow of momentum per unit time. 

(c) The kinetic energy of the fluid wdiich passes in unit time. 

(d) The velocity of a stream of uniform velocity which would have the same 
flow of kinetic energy per unit time. 


10. Show that at the state of maximum entropy on a Fanno line an infinitesimal 
change in enthalpy is given by the expression 

dh ~ vdp. 


11. For adiabatic flow in a pipe of uniform cross-.sectional area derive the 
expression 




l2(hn - A) 


where p, denotes the pressure at maximum entropy, G the flow per unit area, ho the 
enthalpy per unit mass in a large supply chamber (== k + g the acceleration 

given to unit mass by unit force, and A and B the constants in the /i-p-c relation 
[h = A + Bpv). 


12. A test on the flow of steam through a piece of commercial 1-in. pipe made of 
wrought iron yielded the following data: J’or a section in the approach chamber, 
ai 0.089 sq ft, pi ~ 35.7 Ib/sq in. abs, U = 285 F. 

For three sections in the pipe ^ 


Section Number 

a 

1 

V 


sq ft 

ft 

Ib/sq in. abs 

2 

0.00600 

0 

34.4 

3 

0.00600 

32.2 

25.1 

4 

0.00600 

54.4 

14.4 
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The distance I was measured along the pipe from section 2. The rate of steam flow 
was 10.50 Ib/min. The pipe was well insulated, and the flow may therefore be 
considered to be adiabatic. 

(а) Find values for the constants A and B in the h-p-v relation, 

^ = A -f Bpv, 

from data on states in the neighborhood of state 1. 

(б) Assume this relation to hold throughout the flow process, and compute 
values of the coefficient of friction and the Ileynolds number corrcuponding to 
these data. 

(c) Find the pressure corresponding to the point of ma.xiinum entropy: the 
lowest pressure to which e.xpansion could proceed. 

13. Assume a constant value of the friction factor ({ — U/pv^) of 0.002 and com- 
pute and plot the flow of air through a converging nozzle with variation in the length 
of the throat of the nozzle. (The throat is the pa.ssage of uniform cross-sectional area 
the exit of which opens into the exhaust space.) The prc.SHure is 100 Ib/sq in. abs, 
and the temperature is 100 F, in the large chamber preceding the nozzle; the pressure 
i.s 40 Ib/sq in. abs in the exhaust chamber. The throat is circular in cross section 
and 1 in. in diameter. Neglect friction in the converging portion. 

14. Iq) Plot on an hs diagram the Fanno line for .steejin corresponding to a flow 
per unic area of 300 Ib/sq ft sec and passing through the state for which the pressure 
is 200 lb/8(j in. abs and the temperature is 700 F. 

{h) Plot on the same diagram the Rayleigh line which pa.sses through this state. 

(c) Compute and plot the values of the pressures on the downstream side of a 
shock, as ordinates, against the pressure on the upstream side, as abscissas, for this 
Fanno line. 


SYMBOLS 


a area 

d dimension of passage 

f coefficient of friction 

F force 

g acceleration given to unit mass by unit fort'e 
G mass flow per unit area 

h enthalpy per unit mass 

h isentropic exponent 

I distance in direction of flow 

L distance between two .sections 

M momentum per unit time 

p pressure 

Q heat to system 

R frictional force per unit area 

Re Reynolds number 

-S' entropy per unit mas.s 

S shear force per unit area 

V specific volume 
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V volume, velocity 

w mass rate of flow 

W work 

y perimeter of passage 

z height 

Greek Letters 

p mass density of fluid 

p coefficient of viscosity 

Subscripts 

s sound 

t throat of nozzle 

X component of vector in one direction 
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CHAPTER, XIX 


SOME THERMODYNAMIC RELATIONS FOR THE 
PURE SUBSTANCE 

The Maxwell Relations 

It will be recalled that a pure substance is a system which is homo- 
geneous in composition and invariable in its state of chemical aggre- 
gation. In the absence of motion, gravity, electricity, magnetism, and 
capillarity such a system is in a stable condition when it is homogeneous 
in state, for no spontaneous (irreversible) change can occur, such as a 
chemical reaction, an equalization of velocity, a change in height or 
shape in a gravitational field, etc. 

If a unit mass of homogeneous pure substance ex< cut(*s a reversible 
process under the conditions prescribed abov(‘, the work for each step 
of the process is done by normal forces and is eq\ial to p dv, and the heat, 
for that step is given by T ds. ''riierefon*, we may write 

T ds == d u + p d Vf 
or 

du = T ds — pdv. [15] 

In previous chapters the properties hy and f have been destined as 
follows: 

h = u pVy 
^ — Tsj 

and 

f = A - Ts. 

Differentiating the first of these we get 

dh - du pdv + V dp. 

From [ 1 5] we find that 

du p dv ~ T ds, 

so that 

dh - Tds-\-vdp, [187] 

By similar operations we get 

d\i/ = —pdv — s dT [188] 

di - V dp — s dT 
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and 


[ 189 ] 
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Since du is an exact differential [or u = /(s, r)) 



If we compare this equation with [15] and note that da may be zero 
when dv is not zero, and vice versa, we get 

0 .= -'’- 

Since the order of differentiation is of no consequence in obtaining a 
second derivative, we have 

ds dv dv ds 

or 



If we treat the differentials d//, (Irp, and in [187], [188], and [189] in 
similar fashion w(‘ obtain thre(^ relations from (aich that are similar to 


those found from dn 

. (Collecting them, 

we have 



( T 

la], 

o,= 

-p !<'], 

(f). = -(: 

a 

1190] 

Cl). = ^ 

la], 


" |b], 

0 


[191] 

itX ■ "" 

[a], 

/ d\l/\ 

-.V IM, 

C 

it), 

[192] 

11 

[a], 

= 

\aTj, 

-,s |/>1, 

If 

1 

1). 

[193] 


The [c\ group of (apiations an' (»f iin|M)rtan(v' in the formulation of 
properties of pure substanc(\s In'cause they n'late th(' entropy to the 
pressure, volume, and temperature. They are known as the Maxwell 
relations, 

A less rigorous graphic proof of [190c] might serve to coordinate the 
Maxwell relations with simpler concepts. 

Let a system comprising a pure substance execute reversibly a small 
cycle 1-2 3 4-1 consisting of two isometrics different in specific vol- 
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ume by amount dv and two isentropics different in entropy by amount 
ds. Let the process 1-2 be an isometric rise in pressure corresponding 
to the volume v and the process 3 4 an isometric fall in pressure corre- 
sponding to the volume (v + dv) (Fig. IGl). Tx^t processes 2-3 and 
4-1 be isentropics. If the cycle 1-2-3 -4-1 is executed reversibly by 

the system the net work of the cycle dW) will he equal to the area 

I -2-3-4-1 on the p-v diagram. For th(‘ cycle described the net work 
and the area 1--2-3-4-1 are greater than zero because the process follows 
the path 1-2-3-4-1 in a clockwise direction. 



On the T-s diagram (Fig. 102) th(‘ area enclosed by the lines reprt‘- 

senting the cycle is equal to the net heat of th(‘ cycle ((ji dQ). By the 

First Law the net heat and the net work an* idimtical in magnitude 
and sign ; 



Therefore, the area 1-2-3-4-1 on tlu* T-.s* diagram must be identical 
in magnitude with the area 1-2-3 4-1 on tlu* p-v diagram; moreover, 
if the cycle proceeds in the clockwise sf'iise on the p-v diagram it 
must proceed in the clockwise sense on tla* T-h diagram. If the process 
2-3 is the isentropic of higher entropy {6‘ -f- ds), then the cycle must 
be as shown by solid lines in Figs. 101 and 102. If process 2-3 is the 
isentropic of lower entropy (cs), then the cycle must he as shown by the 
dash lines. These are the only possible arrangements for clockwise 
rotation. 
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Let us consider the solid lines. The increase in pressure between 
states ] and 2 (and also that b<'tween 4 and 3 to small quantities of the 
first order) is given by 



so that the area 1-2-3-4-1 on the p-v diagram is given by 



The increase in temperature between states 1 and 4 (and also that 
between 2 and 3) is given by 



(the minus sign indicating that as the volume' increavses the tempera- 
ture decreases), so that the area 1-2-3-4-1 on the T-s diagram is 
given by 



dv ds. 


Since the areas on the two diagniins must be identical in magnitude and 
sign, it follows that 


or simpdy 



This is the Maxw(‘ll relation [1 90c]. The same result will be obtained 
if the' cycle is n prese'nted by the dash liiu's of Figs. 101 and 102.* 

Each of the four Maxwell relations can be proved in a similar fashion 
by describing a cycle consisting of pairs of lines along which the prop- 
erties corresponding to the subscripts of the relation are respectively 
constant. ^ 

* It may be noted from these figures that, if a system becomes cooler upon isen- 
tropic expansion (solid line 2-3, Fig. 162), then its pressure will rise if it is heated at 
constant volume (solid line 1-2, Fig. 161, the increase in entropy denoting a flow of 
heat to the system). If a system becomes hotter upon i.sentropic expansion, then its 
pressure will fall if it is heated at constant volume (dash lines of Figs. 161 and 162). 
These relations are derived more rigorously in Chapter XXIII. 
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Derivatives of the Specific Heats 

By choosing equivalent pairs of derivatives from relations [a] and 
[h] above we get four useful equations: 


and 



[194] 


Other relations can be obtained from t,h(‘ same? source. For example, 
the specific heals may be expressed in terms of t.lu^ entropy: 



Derivatives of the specific heats are, of course, second derivatives of 

properties: 

m . 


\dv ) x 

But 

(dA ^ • [192cl 

\dv/T \dT/, 

Therefore 


Similarly, 


These last equations are useful when adequate information on the 
p-v~T relation is accompanied by meager data on the specific heat. 
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Coefficients in A, and T 

The relation between the partial first derivatives of any three prop- 
erties is given by the proposition from the calculus 


©.(a (a-' 


which may be proved as follows: 




Substitution of [B] in [A] gives 

Since dz may be zero when dx is not (that is, x and z are independent 
variables), it follows that 

which is a familiar relation from the calculus. Since dx may be zero 
when dz is not, 




dz — 0 


Dividing through by (dx/dz)y dz we get the desired equation 


(^\ ^ 
\dy), \dzj, \dxjy 


This proposition will be applied frequently in subsequent discus- 
sions. An example of its use is afforded by the three derivatives of 

fi, p, and T: namely, the specific heat at constant pressure, Cp = ’ 


the Joule-Thorn son coefficient, 


‘"‘■'-(a- 


and the constant-temperature 


coefficient, c 


.\ccording to [199] these thn^e must be related 
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in the form 



or 

c = “MCp. [201 j 

This relation is frequently used in comparing experimental data from 
various sources. 

Only a few of the many interesting and useful Halations between the 
quantities p, v, T, s, u, /i, \py and f have been derived from the First and 
Second Laws in the preceding paragraphs. The equation best suited 
to any particular purpose can be dcrivc'd from one of those given above, 
or it may be taken from some more comprehensive tabulation such 
as that of Bridgman.* 


The Clapeyron Relation 

If the third Maxwell relation 



is applied to a mixture' of two phasc^s of a pure substance, it is found 
that the derivative {ds/dv)T can be expr(‘SR(Hl as a ratio of the change 
of entropy during the change in phase at constant temperature to th(? 
corresponding change of volume; thus 

/ ~ ^2 ^ 

\dv/T Vi - /'2 


where subscripts 1 and 2 reh'r respectively to saturated states of the 
two phases. Because the pressure is a function only of temperature as 
long as both phases are present, w'e may sul)stitute the derivative of the 
pressure-temperature relation for the other partial derivative in the 
Maxwell equation. Making both substitutions we get 


Si — S2 __ ^ ^ 

vi — V2 dT * 

or, since (dh/ds)p = T, 

hi — h2 rp 

Vi — V2 dT 


[202] 


This equation is known as the Clapeyron relation. It links three 
commonly measured quantities, namely, pressure of two phases in 

* A Condensed Collection of Thermodynamic Formulas, P. W. Bridgman, Harvard 
University Press. 
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equilibrium, latent heat, and expansion during change of phase. It is 
frequently used to compute one of the three when the other two have 
h(‘en measured. 

llie graphical i)roof usc'd for the Maxwell relations may be applied 
to the (lapc'yron rf'lation. Let a system consisting of a pure sub- 
stan(‘e describe a r(‘V(‘rsible cycle comprising two isothermal processes 
(extending between the saturation states of two phases that can coexist 
(Fig. 1G3). Let these two processes be separated in pressure by dp 




Fig. 103. Graphical Proof of the Clapcyron Relation 


and in temperature by the corresponding dT, The cycle may be 
closed by paths coinciding with the saturation curves. By the First 
Law 



Then the area enclosed by the cycle on the T-s diagram is equal to the 
areii it encloses on the p-v diagram; or, io small quantities of the 
first- order, 

(si - S 2 ) dT = (ci — V 2 ) dp. 

Therefore 

Si — S2 _ ^ 

Vi — V2 dT 


PROBLEMS 

1 . Show that all lines of constant pressure on a Mollier (enthalpy-entropy) chart 

must have the same slope at the same temperature. Verify this by means of a parallel 
ruler and a Mollier chart for steam. ' 

Show that a line of constant pressure on a Mollier chart must be concave upward. 

On what kind of chart would the slop>e of the lines of constant temperature be 
given by the pressure? 

2 . Show that t in' increase in kinetic energy per unit decrease in pressure in revers- 
ii)le steady flow is tHpial to the specific volume of the fluid. 
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3. Employing only the relation 

and the first Maxwell relation, derive the remaining three Maxwell relations. 

4. Derive each of the Maxwell relations graphically, and justify it for both positive 
and negative values of one of the partial derivatives. 

6. Find approximate values for the derivatives of the fourth Maxwell relation 
[193cl for steam at 500 Ib/sq in. abs and 700 F. Arc they in accord wit h the Maxwell 
relation? 

Do the same for the three other Maxwa'll ndations. 

6 . Discuss the signifiennee of each of the Maxwell relations in the two-phase 
region. 

7. Noting that from the h-p-T relation w'o get c -- —ixcp, find com*sj)onding 
equation from the u-v-T relation. 

8. Note from Fig. 18 that at a pre.ssun' of 1 atmosphei-e tla' melting tianperature 
of ice decreases witii inc.niasc in f)res.sure, wh(‘rea.s at a pr(‘ssu)'(‘ of 3000 atmospheres 
the melting teinporatun^ increa.ses wdth inc?-ejise in pressmc'. What do these facts 
in(li(!ato concerning the change in volume of ic(‘ during fusion? 

The same figure shows tiiat the boundary betwtam ice I and ic(> III on a tempera- 
ture-pressure diagram is nearly vertical. What does tliis indicate as regards the 
latent heat and the expansion corresponding to a cliangi.* from ice 1 to ice 111? 

9. At the triple point water has the following valines of its projierties: 

PliESSIJRB TeMPEHATUUB PjIASE EnTHALP^' iSpKCIFIC VoT.UAfE 

Ib/sq in. abs F Lhpiid 0.02 0.01002 

0.0888 32.02 Solid - 143.3 0.01747 

Assume that the changes in enthalpy and specific volume are imlepcmdent of the 
pressure, and calculate the melting t(“mj>^5rature at a jiressure of 1000 atrnosiihore.s. 
Compare this value with an apjiroximate one obtained from f'ig. 18. 

10. Show that for a perfect gas the rate of change of the vapor pressure (saturation 
pressure) with temperature is given by the ecpiation 

d(ln p) __ hfa 
iff 

provided that the volume of the liquid f)lia.‘'’e is negligible compared with the volume 
of the gas phase. 

11. Diiliring’s rule states that if the saturation tenqHnaturi' of a substanc^e .4 is 
plotted against that of sub.stanco B for the saiiu^ values of the pressure the result i.s 
approximately a straight line, ^'cst this rule by iii(^:ins of data on ammonia and 
water between 5 and 20 Ib/scj in. abs. 

Derive an expression for the slope of the Duhring lim; in terms of saturation 
properties of substances A and B. Confirm this relation for ammonia and water. 
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SYMBOLS 

c constanVtemperature coefficient (dh ldp)t 
Cp specific heat at constant pressure 

Cv specific heat at constant volume 

h enthalpy per unit mass 

p pressure 

Q heat to system 

a entropy per unit mass 

T absolute temperature 

u internal energy of unit system in the absence of motion, gravity, etc. 

V specific volume 

W work done by system 

Greek Letters 

M Joule-Thomson coefficient (dT I dp)h 

yp (w - Ts) 

f {h - Ts) 

Subscripts 

h constant enthalpy 

p constant pressure 

f>‘ constant entropy 

i constant temperature 

V constant volume 
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CHAPTER XX 


THE RELATION BETWEEN PRESSURE, VOLUME, AND 
TEMPERATURE, AND ITS DEVELOPMENT 

The p-v-T Relation 

At very low pressures relative to the critical pressure or at very high 
temperatures relative to the critical temperature the p-v-T relation 
for a gas is given by the equation 

pv = RT, [18] 

where is a constant which may be found by dividing the universal 
gas constant R by the molecular weight of the gas (see Chapter IX). 
In accordance with [18] the specific volume is infinite at zero pressure 
for any finite temp(n‘ature and at infinite' t('rnp(‘rature for any finite 
pressure. For this reason the volume is an unsatisfactory coordinate 
for a chart of properties extending over a wid(^ range of conditions. On 
the other hand, the quantity pvjRT remains finite for all finite pres- 
sures and is unity at zero pressuie and at infinite temperature. It is 
therefore commonly employed as a coordinate when the p-v-T relation 
is to be illustrated. 

When the quantity pv/RT, which we shall denote by p, is plotted 
against pressure for any one pure substance', charts like Figs. 166 and 
167 are obtained. Besides having /u = 1 at p = 0 and at T = oc 
similar charts for all substances would have the following characteristics 
in common: the value of p at the critical point is in the neighborhood 
of 0.3; lines of constant temperature all lie between two envelopes, one 
at the top and the other at the bottom of the diagram ; lines of constant 
temperature approach zero pressure with finite slope and with decreas- 
ing curvature. 

Equations of State 

The p-v-T relation is often stated in the form of an equation which 
is called an equation of state. An equation of state may be devised, 
with all constants in numerical form, for the purpose of representing 
the Jhv-T relation for a specific substance; or it may be devised with the 
constants indicated by symbols (for which different sets of numbers 
would be substituted for different substances) for the purpose of rep- 
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resenting the p-v-T relation for all substances or for a group of sub- 
stances. The equation of state given on page 15 of the Steam Tables 
of Keenan and Keyes is an example of the specific type. It represents 
to high precision the properti(‘S of water vapor over a limited range of 
conditions. An equation of such high precision can ho produced only 
with the aid of an (^xlcaisive body of experimental data of high quality. 

For substance's about which less is known the general type of equa- 
tion of stat,e will seuve for int-(‘rpolation between experimental quan- 
tities and for extrapolation beyond them. A few equations of state of 
this type are discussed below. 


The van der Waals Equation 

The equation proposed by van der Waals in 1873 is of historical 
import^ance and of some practical utility. It represents in a qualitative 
way both liquid and vapor phases. For example, the n-p chart cor- 
responding to th(i equation of van der Waals has a value of m of 0.375 
at the critical point, somewhat higher than that for actual substances, 
but of the same order of magnitude; its lines of constant temperature 
lie between two envelopes, one at the top and the other at the bottom 
of the diagram; its lin(\s of constant temperature approach zero pres- 
sure with finite; slope and with decreasing curvature. In these ways 
and in many others the equation of van der Waals indicates the char- 
acteristics of r(‘al substances even though it does not represent the 
values of properties with prc'cision. In fact no equation of state of any 
reasonable degree; of complexity has yet been proposed which repre- 
sents with precision t he prope'rties of both liquid and vapor phases. 

The equation of van der Waals is usually written 


V = 


RT __ a 
V — b 


[203] 


where a and h are constants for any one substance. Isotherms from 
[203] are shown in Fig. 164. Below' a certain temperature Tc each iso- 
therm passes through a maximum and a minimum, the positions of 
which can lx* found by (‘quating the appropriate derivative to zero. 
The locus of these maxima and minima is shown by the dash curve in 
Fig. 164 which n'presents the equation 


a \'2{v — b) 

?r~r' 



[2041 


For the isotherm which is tangent to the highest point on this curve 
the maximum and minimum points coincide in a point of inflection c at 
which both (dp/dv)^ and {d^p/dv^)x are zero. The position of this 
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point is found by equating the derivative of [201] to z(‘ro. Using the 
subscript c to distinguish the properties at the point in question, we ha\'e 

= 35, [205] 

and, by substitution in [204] and [203] 


and 



[206] 

[207] 


At any temperature below Tc the portion of tin* isotherm to the left of 
the minimum point represents liquid states and that to the right of the 
maximum point vapor states. The portion of the curve between the 
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maximum and minimum n'pn'sonts unsta})le state's ior which any slight 
accidental decrease in voluiru* would cause a decrease in pressure and 
consequent collapse of the fluid to a more stabh* state'. * 

Liquid and vapor states that can coexist in equilibrium must be at 
the same pressure. Furthermore, since the two state's may Ix' prc'se'iit 

• It is shown in Chapter XXIV that the condition (07>/du)r < 0 is necessary for 
stability of a substance. 
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in any proportions it is possible to bring about a change of state at 
constant pressure and at constant temperature from one phase to the 
other {PQRj Fig. 164). At the same temperature there is a path of 
constant temperature RaQbP by which the fluid can return to its original 
state. Since this cycle of operations can occur reversibly at one level 
of temperature it is necessary according to the Second Law that the 
net work done by the system should be zero. Therefore we may write 

dv = 0. 

It follows that the area PQbP must be equal to the area QaRQ, Through 
this requirement the saturation states {PcRj Fig. 164) can be identified. 
The points lying between P and b represent states of the liquid for which 
the temperature exceeds the saturation temperature corresponding to 
the pressure (superheated liquid), and the points between a and R 
represent states of the vapor for which the temperature is less than the 
saturation temperature (supersaturated or undercooled vapor). Both 
are metastable conditions,* that is, stable for small disturbances but 
unstable for large ones. 

The state corresponding to the point c can now be identified with the 
liquid-vapor critical point, and Pc, Tc, and Vc are the values of the corre- 
sponding properties at the critical point. From [205] it can be seen 
that the critical volume suffices to determine the constant 6, and from 
[206] and [207] that any pair of the critical values Pc, Vc, and Tc com- 
pletely determine the constants a and b and the remaining critical 
value. From [205], [206], and [207] we find that the value of at the 
critical state is independent of the magnitudes of the constants: 

pc^c 3 

■” s’ 

Table VIII (prepared by Weber) shows that for actual substances Mc 
ranges between 0.2 and 0.3, virtually none being as large as the value 
given by van der Waals’ equation. 

Though the constants a and b may be determined by any pair of the 
quantities Pc, Vc, and they need not be so determined. By alteration 
of their magnitudes the equation may be made to accord better with 
measured values of the properties in a selected region. It should be 
noted, however, that for any finite values of the constants the van der 
Waals equation reduces to the form 

pv ^ RT 

for zero pressure and for infinite temperature. 

• See p«Lge 426. 
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TABLE VIII 
Critical Constants * 


From Weber, Thermodynamics for Chemical Engineers, Wiley, 1939, p. 110 


Gas 

! 

Formula 

Molec- 

ular 

Weight 


Vc 

Pc 

Pc 

Fc 

liters/ 

inolv,' 

Rl\ 

K 

F abs 

atm 

g cm® 

PcVc 

Acetic acid 

C2H4O2 

60.03 

594.8 

1070.6 

57.2 

0 351 

0 171 

4.99 

Acetylene 

C2H4 

26.02 

309 

556 

62 

0 231 

0 113 

3.63 

Ammonia 

NH3 

17,03 

405 56 

730.01 

111 5 

0.235 

0.0724 

4 12 

Argon 

A 

39.94 

151 

272 

48 

0 531 

0 0753 

3.44 

Benzene 

CeHe 

78.05 

561.7 

1011.1 

47.7 

0.304 

0 257 

3.76 

Butane 

C4H10 

58.08 

425.17 

765 31 

37.48; 

0.2254 

0 2576 

3 61 

Carbon dioxide 

CO2 

44.00| 

304.26 

547.67 

73 0 

0.460 

0.0957 

3.58 

Carbon monoxide 
Carbon tetra- 

CO 

28.00; 

132.98 

239.36 

34 53 

0.3010 

0.0930 

3.40 

chloride 

CCI4 

153.83 

556.3 

1001.3 

45.0 

0.558 

0 276 

3.69 

Chlorine 

CI2 

70.91 

417.2 

751.0 

76.1 

0.573 

0.124 

3.64 

Decane 

C10H22 

142.17 

619 4 

1115 

21,24 

0.2327 

0.611 

3 91 

Ethane 

C2H6 

30.05 

305.40 

549.72 

48 20 

0 2032 

0.148 

3 51 

Ethanol 

C2H5OH 

46.05 

516.2 

929.2 

63,1 

0.275 

0.167 

4 01 

Ethyl chloride 

C2H5CI 

64.50 

460.4 

828.7 

52 

0 33 

0.196 

3.73 

Ethyl ether 

C4H10O 

74,08 

466.0 

838.8 

35.5 

0.263 

0.282 

3 82 

Ethylene 

C2H4 

28.03 

282.8 

509.0 

50 9 

0 22 

0.127 

3 58 

Helium 

He 

[ 4.00 

5.26 

9 47 

2.26 

0,0693 

0 058 

3,28 

Heptane 

C7H18 

100.12 

540.17 

972 31 

27.00 

0.2433 

0.411 

3 99 

Hexane 

CgHu 

; 86.11 

507.9 

914 3 

29.63 

0 2344 

0.367 

3.82 

Hydrogen 

H2 

2.02 

33.3 

59 9 

12 8 

0.0310 

0.065 

3 27 

Hydrogen cyanide 

HCN 

27.02 

456.7 

822.1 : 

50 

0 20 

0.135 

5.54 

Methane 

CH4 

16.03 

190 7 

343.3 

45 8 

0.162 

0.099 

3.46 

Methanol 

CH3OH 

32.03 

513.2 

923.8 

98.7 

0 272 

0.118 

4.01 

Methyl chloride 

CH3CI 

50.48 

416.3 

749.3 

65 8 

0,37 

0 136 

3.81 

Neon 

Ne 

20.18 

44.46 

80 03: 

25 9 

0.484 

0.417 

3.37 

Nitric oxide 

NO 

30,01 

179 

323 

65 

0.52 

0,0578 

3 92 

Nitrogen 

N2 

28.02 

126.1 

227.0 

33.5 

9 3110j 

0.0900 

3.43 

Nonane 

C9H20 

128.16 

596 

1072 

22.86 

0 2319 

0.553 

3.86 

Octane 

C3H18 

114.14 

569.4 

1024.9 

24.66 

0.2327 

0.490 

3.85 

Oxygen 

O2 

32.00 

154.4 

277.9 

49.7 

0.430 

0.0744 

3.42 

Pentane 

CfiHiz 

72.09 

i470.3 

846 6 

33 04 

0,2323 

0.310 

3.77 

Propane 

CaHg 

44.06 

1369.97 

665.95 

42 01 

0.2260 

0.195 

3.71 

Sulphur dioxide 

SO2 

64.06 

430.4 

774 7 

77,7 

0.52 

0.123 

3.71 

Sulphur trioxide 

SO3 

80.06 

491.5 

884 7 

83.6 

0 630 

0 127 

3.80 

Toluene 

C7H8 

92.06 

593.8 

1068.8 

41.6 

0,292 

0.315 

3.71 

Water 

H2O 

18 02 

647 30 

1165 14 

218 53 

0.3183 

0.05656 

4.30 


* Compiled from various sources, especially Inlernatumal Critical Tablet, Vol. 3, pp. 248-240, and 
Landolt-BArastein's Phytikalisch-Chemitche Tabellen, Vol. Ilia, p. 246, 1936. 
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The Beattie-Bridgman Equation 

Wc shall not attempt to list the numerous equations of state that 
havci been proposed sine(‘ the appearance of the equation of van der 
Waals. Most of them have been intended to represent vapors at low 
pressures relative to th(‘. critical pressure, though a few have been 
expressly designed for pressures of the order of the critical pressure. 

We shall mention only the equation of Beattie and Bridgman because 
it has proved to be of great utility in formulating the properties of the 
vapor phase of many substances at pressures less than the critical 
pressure.* It is as follows: 


RTil - e) 




[208] 


where A = Ao(l — a/v), B == Bo(l — b/v), e = c/vT^y and Aq, a, Bo, 
b, and c arc constants which arc different for different gases. Their 
values for several substances are given in Table IX. 

TABLE IX 

Constants of the Beattie and Bridgman Equation op State ^ 


for pressure in atm, volume in liters/g mole, temperature in deg K 
R ~ ().0H2(U) atm liters/g mole K 


Cas 

do 

a 

R() 

h 

10 -“V 

1 lelium 

0 0216 

0 059S4 

0 01400 

0 0 

0.0040 

Neon 

0 2126 

0 0219() 

0.02060 

0 0 

0.101 

Argon 

1,2907 

0 02328 

0.03931 

0.0 

5 99 

Hydrogen 

0 1975 

-0 00506 

0 02096 

-0.04359 

0 0504 

Nitrogen 

1.3445 

0 02617 

0 0,5040 

-0.00691 

4.20 

O.xygen 

1 4911 

0 02562 

0 04024 

+0.004208 

4.80 

Air 

1 . 3012 

0 01931 

0 04611 

-0 001101 

4.34 

CO 2 

5 0065 

0 07132 

0 10476 

0.07235 

66.00 

(C 2 H 6),0 

31 .278 

0 12426 

0 45446 

0.119,54 

33.33 

C 2 II 4 

6 152 

0 04964 

0.12156 

0.03597 

22.68 

A.mmonia 

2 3930 

0 17031 

0 03415 

0.19112 

476.87 

CO 

1 . 3445 1 

0 02617 

0 05046 1 

-0.00691 

4 20 

N 20 

5 0065 ' 

0.07132 

0.10476 

0.07235 

66 0 

CH 4 

2.2769 

0.01855 ‘ 

0 05587 : 

-0.01587 

12 83 

C 2 H 6 

5 88 CK) 

0 05861 j 

0.09400 j 

0 01915 

90 00 

Ozlh 

11 9200 

0 07321 ! 

0.18100 1 

0 04293 

120 

n-CiUio 

17 794 

0 12161 

0 24620 i 

0.09423 

350 

H-C 7 H 16 

54 520 

0 20066 ' 

1 

0.70816 

0,19179 

400 


‘ Proc. Am. Acad. Arts A Hex., Vol. G3 (19iiS), pp. 229-308; Z. Physik, Vol. 62 (1930), pp. 9&-101; 
Journal Chemical Physics, Vol. 3 (1935), pp, 93-96; Journal American Chemical Society, Vo], 59 (1937), 
pp. 1587-1689, 1589-1590; Vol. 61 (1939), pp. 26-27. 


♦ Proc. Am. Acad. Art^ and Set., Vol. 63 (1928), pp. 229-308. The equation 
appears to be suitable for volumes greater than twice the critical volume. 



THE GENERALIZED p~v~r RELATION 


357 


A Generalized Form of the Equation of State 

It was mentioned above that the isotherms on a p-p chart have finite 
slope and decreasing curvature as they approacli zero pressure. This 
characteristic suggests an equation of state of the form 

vv ^ 

— - I + + 2^cx^p\ [209] 


where each a is a function of temperature only and denotes a 

series of terms for each of which the exponent i is greater than 1. This 
is the type of equation employed by Ke^yes (and given on page 15 of 
the Steam Tables) in formulating the properties of steam for volumes in 
excess of three times the critical volume. The precision and the range 
of applicability of such an equation depend largely on the number of 
terms in the group ^aip'. Keyes used three. 

It should be noted that this form of the equation of state can be solved 
explicitly for v as a function of p and whereas th(' equations of van der 
Waals and of Beattie and Bridgman cannot. Since p and t are the 
properties most readily measured it is a convenience to have them as 
independent variables in the equation of state. This is a mattei of 
even greater consequence when internal energy, enthalpy, and entropy 
are to be evaluated and tabulated. 

The values of i in [209] are often successively 2, 3, etc. By a series 
type of transformation various equations of slate may be n'duced to 
this form. For example, the Beattie-Bridgman equation is approxi- 
mately reproduced by the equation 


pv 

Wr 


1 + 


j^2t2 


P + 










where 


and 


P = RTBo -Ao- 


Rc 


7 


— RTBob + itott — 


RBqC 

T2 ^ 


RBf,bc 

^ rp2 


The Generalized p-v-T Relation 

The similarity between the p-v~T relations for various substances 
which has been indicated in the preceding paragraphs has given rise to 
various rules and methods by which the properties of a given substance 

^ Scatchard gives a similar equation with more involved coefRcients for the terros 
in p, p* and p®. At high pressures it is a distinctly better approximation to [208] 
Proc. Nat. Acad. Sei., Vol 16 (1930), pp 811-813. 
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may be estimated on the basis of a limited amount of empirical data. 
Some of these rules and methods are described below. 

The Law of Corresponding States 

The Law of Corresponding States declares that there is a single 
functional relationship of the form 

VR == fiPRyTR), [ 210 ] 

which holds for all substances. In this statement vr is the ratio of the 
volume at p and T to the volume at the critical state, pr is the ratio 
of the pressure p to the critical pressure, and Tr the ratio of the 
temperature T to the critical temperature. The quantities vr^ pr^ and 
Tr are called respectively the reduced volume, the reduced pressure, and 
the reduced temperature. 

If the Law of Corresponding States were true, values of pr plotted 
against values of Tr for any one value of vr would 3deld a single curve 
for all substances. The data for a series of such curves are plotted in 
Fig. 165 for a group of hydrocarbons at pressures and temperatures 
that are high relative to the critical pressure and temperature. The 
critical pressures of these substances vary from 27 to 51 atmospheres 
and the critical temperatures from 191 to 540 K. It can be seen, there- 
fore, that a wide range of values has been brought into a fair degree of 
concordance by means of the reduced properties. If the values of the 
pressure, temperature, and specific volume at the critical point for any 
one of these gases are known the entire p-v-T relation at high pressures 
and temperatures can be found from Fig. 165 to a precision of about 10 
per cent. This precision would be satisfactory for certain rough cal- 
culations. 

At low pressures the Law of Corresponding States loses all validity. 
Since vr is, by [210], a single function of pr and Tr, it follows that 
Prvr/Tr also is a single function of Pr and Tr for all gases. There is, 
therefore, at any one value of Tr a single value of PrVr/Tr at zero 
pressure. The value of m (or pv/RT) may be expressed in terms of this 
quantity; thus 



The value of the first factor in the right-hand member is fixed by [210], 
but the value of the second factor may range at least from 0.18 to 0.3 
according to the data of Table VII 1. It is known, however, that the 
value of M at zero pressure is unity for all gases; therefore, [210] cannot 
hold. 
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Fir., 165. Rodufod IsomRtrics 
From W. C. Kay, Sc.D. Thmf. M,1 T.. 1937, p. 68. 


The Generalized n Chart 

The similarity of pattern of the charts for different substances 
suggests that this chart may be generaliz(*d by sulistil uting pn for p 
and Tn for T. Then all isotherms must converge on the same point at 
zero pressure, and the critical point must li(‘ on the same value of the 
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Fig. 166. The Generalized m Chart 

From Weber.* 

abscissa for all substances. Two such charts (P'igs. 166 and 167) have 
bei'U pr('par(‘(l by W(‘b(‘r* from th() data of Su.f At pressures that are 
low" relative to the critical pressure and at temperatures that are high 
relatives to the critical tempc'rature, these charts will give results far 
superior to those of the Law of Corresponding States; but near the 
critical point the latter is preferable. 

The p-v-T Relation for Mixtures 

The Cibbs-Dalton Law" provides a rneans of combining information 
concerning the various constitiK'nts of a mixture of gases to obtain 
relations Ix'twtHm tlu' propeilies of the mixture. It states that the 

* Weber, Thermodynamica Jar Chemical Eng^ineera^ Wiley, 1939, pp. 108, 109. 
t Su, Sc.D. Thesis, M.I.T., 1937, p. 50. 
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Fia. 167. The Generalized m Chart at High Pressures and 'l''emp(;raturcs 

From Webftr. 

pressure of a mixture is given by the equation 

P = Pi + H Pn, [86] 

under conditions such that 

T = Ti = 7^2 = • • • Tn 

and 

F = Fi = F2 - • ♦ • Vr. 

In these equations p, V, and T dcaiote r(\sp(‘ctively the pressure, vol- 
ume, and temperature of the mixture, and the same symbols with sub- 
scripts refer to the constituents 1,2,-'' n of tl)(‘ inixt.ure when (‘ach is 
separate from all the others. 

The Gibbs-Daltoii Law^ is UxSed more fr(‘qu(‘ntly than any oLIht rule 
for combining the properties of constituent, s t-o g('t th(i proix'iiies of a 
mixture. At low pressures ndative to the critical prt'ssun' it, will usually 
give the properties of the mixtun^ to a pn^cision af)proximnting that of 
the data of the constituents. However, at higluT prf‘ssur(;s it befxmies 
quite unreliable and must be supplanted by some more precise device. 

Gilliland’s Method 

The isometrics of a gas are nearly st raight, when plotted on a pressure- 
temperature diagram (see Fig. 165) and, therefore, may be approxi- 
mated by the equation 


p — <f>iT — <^2) 
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where 4 >i and 02 for any one gas are functions of volume only. Gilliland 
has proposed* that the quantities 0 i and 02 for the constituents of a 
mixture be combined according to certain rules to get the corresponding 
quantities for the mixture. The former is found from the equation 

01 = Xa(f)la -f- Xb(j)lb + * • • [211] 

where 0 i denotes the slope of an isometric of thc' mixture; Xa, Xby etc., 
denote the mole fractions of constituents o, 6 , etc., in the mixture; and 



0.08 0.1 0.2 0.4 0.6 hO 2.0 4.0 6.0 10.0 


(Mr-^ 

Fig. 168. Values of 02 

From Gillilarul, Induttrial and Enijineertng Cheviistry, Vol. 28 (1936), pp. 212-216. 

01 a, 016, etc., denote th(' slope \s of isometrics of the pure constituents 
when each has the same number of moles per unit volume as the mixture 
itself (not the same as the constitiient in the mixture). The corre- 
sponding equation for the intercept 02 is 

02 = ka ^02a + Xb V^026 + * * *1^ [212] 

where the symbols ai'e analogous to those in [ 211 ]. Gilliland gives the 
values of 02 for a few pure substances in a chart which is reproduced as 
Fig. 168 . 

The Method of Beattie and Bridgman^ 

Beattief has proposed that the Beattie-Bridgman equation of state 
for a mixture be obtained by combining the values of the constants from 

* Ind. Eng. Chem., Vol. 28 (1936), pp. 212-215. 

]Jl. Am. Chern. Soc., Vol. 51 (1929), pp. 19-30. 
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the equations of state of the pure components. The equation of state 
of the mixture is 


j?r(i 




— (u + B) - 4. 


where A — Aq{\ — a/v)^ B = jBo(1 — h/v), and e = c/vT^ where v 
denotes the volume occupied by the gas per mole of its constituents and 
R denotes the universal gas constant. Beattie’s method of evaluating 
the constants is given by the following equations: 

0 ~ [^a ^Aqo, ~\~ + • • ‘]^t 

G — XaGa XbOb 

Bq = XaBQa + XifBoti + * * * , 
h = Xaba + Xbh + • • • , 


C X'aCa “f“ Xi)Ci) “f“ ’ * t 


where Xay etc., denote the mole fractions of substances a, 6, etc., in 
tlie mixture, and the symbols i4.oi g, /?o, b, and c with subscripts a, 6, 
etc., denote the constants in the Beattie-Bridgman ('quations for pure 
sub8tanc(‘s a, b, etc. 

The resulting ecpiation of state is generally a good rer)rti8entation of 
the p-v-T relation for the mixture over th(^ ranges of conditions for which 
each pure constituent is fitted by the Beattie-Bridgman equation. 
That is, the mass of (^ach constituent, per unit volume' must be less than 
about one-half the critical density of that constituent. 


Determining u, h, and 5 from the p-v-T Relation 

The analytical method employed in tlu' determination of the prop- 
erties u, hf and s from the p-v-7' relation will d(?pend on the form of that 
relation — whether, for example, it is v ~ f{p,t) or p —fyVyt) — as 
well as on the nature of auxiliary information that may be available — 
whether, for example, it. is a set of measured vahu's of the specific heat at 
constant pressure or of the Joule-Tliomson coefficutnt. 

Let us assume for the present that the equation of state is in the 
form V = /(p, t) and devise a suitable method for evaluating the other 
properties. The same method will serve if the p-v-T relation is in 
graphic rather than algebraic form. 

The Maxwell relation [198c] gives the partial derivative of the entropy 
with respect to one of the independent variables in terms of the partial 
derivative of the volume with respect to the other: 

(a-©.- 


[193c] 
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Presumably, the right-hand member of this equation can be evaluated 
for all states. If it is evaluated for all states at a given temperature 
we can by integration obtain the change in entropy at that temperature 
between any two values of th(^ pressure: 




Suppose now that the integration is from some line of states of reference 
along which the entropy is known for different temperatures. This line 
may b(i a single line of constant pressure, or the line of saturated vapor 
states, or any other continuous line. Then we get for the entropy s at 
the pressure p and the temperature T the expression 





r— const. 


+ <^, 


whore x denotes the pre'ssure and <t> the entropy on the line of reference 
at te^mperature T, The quantities x and 4> are functions of temperature 
only. They depend upon the natures of th(‘ substance and the course 
of the line of rt'ff'naice. 

A corresponding expn'ssion for enthalpy can be deduced as follows: 
The familiar relation for the purt^ substance 

du — T ds — p dv 


may be readily transformed into the equation 
dh — T ds -\r V dp. 


This is geiu'ral and may, therefore, be applied to an infinitesimal process 
at constant t(rnp('rature. If the resulting equation is divided through 
by the change in pressure, w(' get 



By [193c] we may substitute a volume* derivative for the entropy 
derivative and get 



[214] 


It is easy to convert this into tlu* short(*r and more convenient form 


'dh\ rcK/’r) 

}p/t L dT X' 


[215] 


where t denotes the reciprocal of the absolute temperature. The 
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expression for the enthalpy now becomes 


-jrm4 

[Jy L Jp Jr-oonat. 


[2161 


where y denotes the pressure and F the enthalpy on a line of reference 
at temperature T, and both are, therefore, functions of the temperatun' 
only. 

To complete the expressions for the entropy and the enthalpy it is 
necessary to know how these quantities vary with change in temperature 
along their lines of reference. This information tlie p-v-T relation will 
not provide. Therefore, supplementary data must be employed. 

Suppose, for example, that values of the specific heat at constant 
pressure are known for all temperatures at one pressure pi. Then, if 
we let 

X = Pi = ?/, 


we have by the definition of the specific heat at constant pressure 
(namely, Cp = [dh/dT]p) 

rT 

F = / CpdT -f //, 


where /i' denotes the arbitrary value' of the enthalpy at the reference 
state pi, Ti. Moreover, since 


Cp 



[196] 


it follows that 


k T 


dT 4- / 


where denotes the arbitrary value of the (*ntropy at the reference 
state pi, Ti, The complete (‘xpressions are, therefore. 


n%) j + r^fiT+s' 

Jpi / p jr—const. F 


■in 


d (VT ) 

dr 


d]) 

dp 


-i- 


r- const. 




/IF + h'. 


[217] 

[218] 


An equation of state may not be simple enough to permit the first 
term in the right-hand member of [217] and that of [218] to be evaluated 
in algebraic form. But the existence of an equation of state implies 
that curves of constant pressure can be plotted on a trv diagram, and 
from the slopes of such curves the derivatives in [217] and [218] may be 
evaluated for as many states as desired. The integrations indicated in 
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[217] and [218] can then be carried out graphically or otherwise. It is 
apparent that an equation of state is not necessary if a complete 
chart is available. 

If th(* relation is known from a development of the sort just 

described, the internal energ}^ can readily be evaluated with the aid of 
tlie p-v-T relation. For a given pressure and temperature it is only 
necessary to evaluate h and v and to compute u from the relation 

u — h — pv. 

Since the expressions [217] and [218] involve the slopes of lines of 
constant pressure on a chart, the values of s and h found from them 
are likely to be more gravely affected by errors in the shapes of those 
lines than by errors in their position. It is conceivable that a chart 
might represent the p-v-T relation with fair pn^cision and yet be utterly 
inadequate for evaluating the derivatives in [217] and [218], Tliis is 
f)robably true of most charts that are derived from generalized p-v-T 
data. 

Other Sources of Supplementary Data 

Measurements of the specific heat at constant pressure are not the 
only source of data supplementary to the p-v-T relation. In fact, 
virtually any measurements that give values of ?/, /?, s, or any of their 
derivatives would be equally useful. For example, if Joule-Thomson 
coefficients are known they may be employed by substituting for Cp in 
[217] and [218] its equivalent { — [d(vT)/dT]p/iJij}, where pj denotes the 
J ouk;-Thomson coefficient. 

An import-ant source of siippleinentary data may be found in the 
development of quantum mechanics and the scicaice of int(U'preting 
band spectra. The spt^ctrum of the vapor in question is ol>t,ained from 
a spectrograph, and the positions of tlui lines of the spectrum are meas- 
ured to dett'rmine the corresi)onding wave kaigths. From these can be 
found the internal energy of the vapor for those statevs in which th(‘ 
molecules composing it are so far apart ns not to influence one another’s 
behavior. Such states are found at vanishingly small pressures. 

Since for any gas at zero pressure we may write 

Vv - RT, [18] 

and from this it follows that the internal energy is independent of the 
volume (page 98), the specific heat at constant volume can be 
found from the ii-T relation. The s'pecific heat at constant pressure 
for zero pressure Cpo is then given by 

CpO ~ ^I’oo “1“ R 


in accordance with [22]. 
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In terms of Cpo the expression [218] for the enthalpy becomes 




+ / Cpi)dT -f [219] 

const. JTi 


where Ti and /i' are arbitrary quantities. A similar application of the 
expression for the entropy [217] results in infinite magnitudes for the 
first and third terms in the right-hand member. It is better to olitain 
values of at a finite pressure pi from [218] and use these to ^'valuate 
the second term of [217]. 

Another device which permits t-he direct use of Cpo in the expression 
for entropy involves a quantity D which is defined by the equation 



The expression for entropy now becomes 


s -- —R\np 


j P /£D\ 

[jp^\dT ) y 


dp} + / ^dT + s\ [220] 

jT’oaconBt. JTi ■* 


Here terms of infinite magnitude are avoidf'd by including a term ii^ In 0 
in the arbitrary constant .s'. 


Development of the Equation of State 

If an equation of state is of the form 

V = f(p, t) 

the corresponding values of enthalpy and entropy may be found from 
[219] and [220] or from similar e(]uations de8ignt‘d to employ different 
supplementary data. An example* of a conipk'te' devf‘lopment of this 
sort will be found on pages 15 to 20 of Thermodynamic Properties of 
Steam. 

Any equation of the form 

p = /(^ T) 


must either be changed to the other form or developed in a different 
fashion. For the latter purpose* we would substitute the Maxwell 
relation 



[192c] 


Keenan and Keyes, Wiley, 193^; 



368 RELATION BETWEEN PRESSURE, VOLUME, TEMPERATURE 


for [193c], and the relation 


/dw\ _ d(pT)1 

\dv/x _ dr J| 


[221] 


for the analogous one used above. 

The expression corresponding to [219] is now 


u 




dT + w", 


[219a] 


where u' is an arbitrary constant. If we define a quantity D' through 
the equation 


p - — + D , 


then the expression corresponding to [220] is 

s= It Inv+lf rfvl + f ^ (IT + s", [220a] 

Ur - 00 \ol /v Jr-oouet. JTi ^ 

where s'' is an arbitrary constant. 

If we apply these cxpre.sjsions to the equation of van der Waals we get 

w = — ~ + f CvedT + w" [222] 

V Jtx 


and 


s = R\n {v - b) + f ~dT + s". 
Jt, 2 


[223] 


If we apply them to the equation of Beattie and Bridgman we get 

Ao/a \ 3flc/ Bo Boh\ ^ 
v\2v V t-7’2 2;; ~ 3«V ir. 


and 


KBo/, b\ 2Rc/^Bo Bob\ 

—V -i¥>V * T, - ^) 


+ 


/: 


Cteo 

7' 


dT + s' 


[225] 


Development of Specific-Heat and Jotile-Thomson Data 

The methods described above for determining a, h, and s from the 
p-v-T relation can be reversed to determine the p-v-T relation from 
experimental data relating to the other properties. 
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Davis’*' has devised an ingenious and graphic method of developing 
data on the Joul e-Thomson effect to give the properties h, and s as 
functions of p and T. 

Hausen t formulated the extensive measurements of the specific heat 
of steam, made by Knoblauch and his colleagues as a function of p and 
T. He then devised a means of developing from this formulation an 
equation of state. This development formed the basis of a set of Stcmn 
Tables. 


The Fundamental Equation 

If we review the development of the p-v-T relation as outlined above 
we find that in each instance the quantities w, h, and s were determined 
from values of their partial derivatives which were implicit in the p-e-f 
relation. Thus, we obtained values of the constant-temperature 
coefficient {dh/dp)T by evaluating [d{vT)/dT]p and values of {ds/dp)T 
by evaluating {dv/dT)p. 

From these quantities we obtained expressions for ft and s which 
include unknown functions, F and of the temperature: 



[220] 

-/.’(I) 

[2271 


In order to evaluate F and <t> it was necessary to introduce information 
supplemoiitary to the p-v-T relation. Since this analytical complication 
arises because li and s must be found through integration, it is desirable 
to start the analysis with some su]>stitute for the p-v-T relation which is 
of such a nature that all other properties can b(‘ found through differ- 
entiation. Relations of this nature wen; called chararterishc functions 

by Massieu. r r 

F or example, the internal energy may be considered as a function of 

volume and entropy, 

[2281 


From the First and Second Laws we may write 
du = Tds- V 

It follows that 

/du\ 

^ - y . 
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and 



The other thermodynamic properties may be expressed in terms of these : 


and 



It can be seen that the characteristic function embraces a complete 
statement of all the thermodynamic properties.* 

Other characteristic functions are 


and 


h = f(p, s), 

t=fip,T). 


[229] 


It is never possible to begin the formulation of properties of a sub- 
st.ance in terms of any one of the four characteristic functions because 
in none of tluan are all three properties conveniently measurable. 
Therefore, it is necessary to begin with one of the less complete formu- 
lations relating quantiti(‘S more commonly measured. Nevertheless, 
the characteristic function servavs a useful purpose as an indicator of 
the comph't.eness of a formulation. When a formulation has been 
develop(‘d to a point- wlu'n^ any oiu* of the characteristic functions can 
be determined, it is compUhe. 


PROBLEMS 

1. Plot on tlu* .same ju-P/e chart the saturation line for ammonia and that for steam 
(and any other substances for which you have data available) and that taken from 
Weber’s generalized chart (Fig. 1G6). 


* It is easy to show that v = T) is not a characteristic function. 


Therefore 



From I193al, 


and ^ cannot be expressed without including an unknown function of T. 



PROBLEMS 


371 


2, From generalized p-v-T relations and data from Table VIII End values for the 
density of propane in the following states, (Use the most appropriate method in eaoh 


instance.) 

State 

a 

b 

c 

d 

p Ib/sq in. abs 

5 

300 

600 

1000 

t F 

700 

250 

100 

400 


3. (a) Plot on a p-i> diagram the isotherm for propane at 120 F between 100 and 
250 Ib/sq in. abs. 

(h) How much work would be done by 1 lb of propane expanding reversibly and 
isothermally from 250 to 100 Ib/sq in. abs at 120 1^’? 

(c) How much shaft work per pound of propane must be supplied to a reversible 
isothermal compressor that compresses propane in steady flow at 120 F from 100 to 
250 Ib/sq in. abs? 

4. (a) Find values for the constants of the van der Waals equation corresponding 
to the critical pressure and temperature of steam. Plot the (Tiiical isotherm from 
tliis equation and that from the Steam Tables on a /u-p clnu t, 

(6) Plot the isotherms of the equation of state and of tlie Steam Tables for 500 F. 
Locate the saturation states corresponding to the equation. 

6. Using the constants given in Table IX for the lieattie-Bridgman eq\uition 
compute the isotherm for 150 F for ammonia. Plot it on a chart, and plot the 
(!orresponding curve from the ammonia tables of the Bureau of Standards. 

6. Plot on one diagram pp against Tr for saturated ammonia and saturated steam. 


7. Using the Steam Tables and critical data on ammonia from Table VIII find 
from the Law of Corresponding States a value for the specific voluinr^ of ammonia at 
100 Ib/sq in. abs and 200 F. Compare this figure with tliat given in the ammonia 
tables of the Bureau of Standards. 


8. Assume that tlie Oibbs-Dalton Law holds for mixtures of a group of gases, and 
that the equation of state of each gas is of the virial form 


Pi 


V\ vi Vi 


where v denotes the molal volume, and subscript I refers to gas 1. 
for the constants in the equation of state of tlie mixture 


RT 


• + 




Find exprcHsions 


in terms of the constants in the equations of the constituents. 
9. Demonstrate the following relations: 


(o) 

/dv\ rd(eT)"] 

(6) 

/ds\ 

“ ^Var/p’ 


1 ra(DT)‘| 

(c) 

LIT Jp’ 


where denotes the Joule-Thom.son <‘oeflicient. 
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W . = -ft In p - Y<^T + 

where £) « c; — RT/p. 

where D* — p — RT/v. 

ig) The expressions for ?/ and s, [222j and [223], corresponding to the van der 

Waals equation. 

(h) Those, [224] and [225], corresponding to the Beattie-Bridgman equation. 

10 . {a) Show that the upper and lower envelopes of the fi-p chart correspond to 
the inversion line of the Joule-Thomson coefficient. 

(6) Derive an expression for the inversion line of van der Waals' equation in terms 
of ri^duc.ed volume and temperature. Plot it on a. Tjt-pn diagram and on a pR-v^i 
diagram, and show the criticud point for comparison. Note that the inversion liiu‘ 
crosses the line of zero pressure at a finite volume. What is the significance of this 
crossing? 

11 . (a) Using van der Waals' ecpiation as a guide, estimate the temperature of 
inversion at zero pressure for steam and for hydrogen. Note that steam has a posi- 
tive and hydrogen a negative Joule-Thomson coefficaent at room temperature. 

(5) Find a value for the temperature of inversion at zero pressure for steam from 
equation [13], page 15, of Keenan and Keyes. (Note that for very low pressures [13] 
reduces to r = RT/p + Bo-) 

(c) Using van der Waals’ equation as a guide estimate the temperature of inversion 
for liquid water. Idnd the temperature of inversion from Table 4 of Keenan and 
Keyes. 

12 . Find expressions for the algebraic portions of the expressions for {h~hf) and 
(«-5/) given on page 20 of Keenan and Keyes. 

13 . Find an expression for the volume at a state p, t in terms of the quantities in 
equation [19] of Keenan and Keyes and the volume for an isometric for which the 
p-t relation is known. 

14 . Derive a fundamental equation for a perfect gas. 


Ao, Bo, a, b, c 

Cp 

Cv 

D 

D' 

F 

h 

P 


SYMBOLS 

constants Beattie-Bridgman equation 
specific heat at con.stant pressure 
spi^cific heat at constant volume 
(v -RTIp) 

(p - /e7’W, 
function of temperature 
enthalpy per unit mass 
pressure 
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R 

R 

s 

T 

u 


V 

V 

V 

X 

Xof Xbf Ct/C* 

y 


gas constant 
universal gas constant 
entropy per unit mass 
arbitrary constant 
absolute temperature 

internal energy of a unit system in the absence of motion, 

gravity, etc. 

arbitrary constant 

specific volume 

volume per mole 

volume 

function of temperature 

mole fractions of constituents a, h, etc., in mixture 
function of temperature 


Greek Letters 

a function of temperature only 

€ {c IvT^) Beat tie-Bridgman equation 

(f) a function, slope of an isonielrie of a mixture 

T reciprocal of absolute temperature 

M pvjRT 

Hj Joulc-Thomson coefficient 


Subscripts 

c critical point 

R ratio of indicated property to the property at the critictd 

state 


Superscript 

i a number greater than 1 
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CHAPTER XXI 


THERMODYNAMIC TEMPERATURE AND THE INTER- 
NATIONAL SCALE OF TEMPERATURE 


The Thermodynamic Scale of Temperature 


The ratio of two temperatures on the Kelvin scale of temperature (and 
on its counterpart the absolute Fahrenheit scale) is defined in Corollary 
3 of the Second Law as 


Ti^qi 
T 2 q2 


[ 11 ] 


where and (72 respectively the heat received and the heat rejected 
by a reversible engine working between the temperatures Ti and T 2 . 

Now a reversible engine is a limiting type which actual engines can 
be made to approach but never to equal in performance. Therefore, 
temperatures on the absolute scale cannot be measured in so direct a 
fashion. 

However, any of the relationships between temperature and other 
measurable propeities deduced from the First and Second Laws afford 
means of identifying the value on the Kelvin scale for a given level of 
temperature. The Clapeyron relation [202] is an example. Using hfy 
and Vfg for trie change in enthalpy and volume, respectively, during 
vaporization wo may state the Clapeyron relation in the form 


T 



[230] 


If for any substance the values of h/g and Vfg are measured over a range 
of saturation pressures, the ratio of the two temperatures on the Kelvin 
scale lying within the range of the measurements can bo found from the 
definite integral of [230]; that is 





The present state of our knowledge of the properties of water would 
permit us to obtain temperatures between 300 and 600 on the Kelvin 
scale to fair precision by this means. However, methods are available 

374 
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which arc more precise because they involve fewer and simpler measure- 
ments. 

The basis for the most precise methods employed in determining tem- 
peratures on the thermodynamic scale is the fact that the isotherms of 
a pure substance on a chart of pvfRT against p converge on the ordinate 
1 with finite slope and decreasing curvature as p approaches zero. In 
general the equation of state of a pure substance may be of the form 


pv 


1 -b aip -\-^aip\ 


[209] 


where each a is a pure temperature function and the exponents i are all 
greater than unity. Therefore, at low pressun^s it will simplify to 

1 +«!/>.* [231] 

This is the linear relation that an S 

■S ^ 

isotherm approaches as p approaches ^ 2^ 

zero. 

The ratio between two values of 
temperature on the thermodynamic 
scale corresponding to any two re- 
producible levels of temperature (say 
the temperature of boiling water and 
that of melting ice, both under a 
pressure of 1 standard atmosphere) 
can be found by measuring the 
volume of any vapor or mixture of 
vapors at several low pressures at P 

each level of temperature. The 
product of pressure and volume 

may be plotted against pressure as in Fig. lt>9 and tla* r(‘sulting curves 
extrapolated to zero pressure. Then from [231] 



* Beattie has shown that in order to arrive at [231] it is only ueceBsary to assume 
that at low pressures the internal energy of a gas approaches a function of the tem- 
perature in the manner given by 

w = f{T) + m 

where /(T) and t are pure temperature functions. {Physical Renew, Vol. 36 (1930), 
pp. 132-145.) 
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In precise determinations of temperatures on the thermodynamic scale 
more refined methods of extrapolation are used. It should be noted 
that the experimental points indicated in Fig. 169 will not fall on 
straight lines unless all measurements are carried out at such low 
[nessurcs that the terms having higher exponents than 1 in [209] are 
negligible*. 

A gas thermometer is an apparatus for making measurements of p, 
V, and T at low pressures. Two types, the constant-pressure thermom- 
eter and the constant-volume thermometer, are commonly employed. 
In the* constant-pressure thermometer the volume occupied by a fixed 
mass of vapor is measured at the different levels of temperature at some 
one pr(;ssure. The measurements (values from which would lie on the 
vertical lines of Fig. 169) are repeated for different pressures over a suffi- 
cient range to guide the extrapolation to zero pressure. In the constant- 
volume thermometer the pressure of a fixed mass of vapor in a container 
of invariable volume is measured at the different levels of temperature. 
The mass confined is changed, and the measurements (values from which 
would lie on the radiating lines of Fig. 169) are repeated until enough 
data are obtained to guide the extrapolation. 

In gas thermometry any vapor can be used but certain vapors are pre- 
ferred. Among the characteristics of a preferred vapor are (a) a small 
value of cti, (h) negligible adsorption on the container walls, (c) a low 
rate of diffusion through the container walls. Of these, (c) indicates 
a vapor of high molecular weight and (6) a vapor with low critical tem- 
perature. If (a) is satisfied, then 

Ti ipv)2 

for any low pressure. 

The definition of the Kelvin scale specifies that the interval of tem- 
perature between that level at which ice and air-saturated water are 
in equilibrium under a pressure of 1 standard atmosphere and that at 
which liquid water and its vapor are in equilibrium under the same pres- 
sure shall be 100 degrees. Measurements made with gas thermometers 
at these levels of temperature give the value 1.36609 db 0.00004 for the 
ratio of the two temperatures. Combining this value with the prescribed 
interval of 100 degrees we get for the lower level of temperature 273.16 db 
0.03 and for the higher level 373.16 db^^O.OS. 

The absolute Fahrenheit scale is defined in the same way as the Kelvin 
scale except that the interval between the same prescribed levels of 
temperature is 180 degrees. The corresponding magnitudes of the pre- 
scribed levels are 491.69 ± 0.05 and 671.69 d= 0.05. 
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The International Scale of Temperature 

Because of the relative complexity of the gfis thermometer and the 
elaborate technique necessary to obtain precise results it is used only as 
an ultimate standard. For the calibration of thermometers used in 
scientific and engineering practice it is desirable to have a simpler in- 
strument which, by virtue of its simplicity, will have a higher degree of 
reproducibility of result than the gas thermometer in its present state 
of development. Such an instrument can be established as a standard 
of comparison, and its indications can be conveii;ed to thermodynamic 
temperatures by means of an equation which st<ates, so far as it has been 
determined, the relationship between the two. In this fashion all 
calibrated thermometers can be -caused to indicate tempt^ratures cor- 
responding as nearly as possible to the correct temperature on tlu' 
absolute scale. 

In 1927 the Seventh General (^mference of Weights and M('asun‘s 
representing 31 nations adopted unanimously a tem[)erature standard 
proposed by the national laboratories of the UnitCLi States, Great 
Britain, and Germany. Its definition involves: first, th(‘ assignment 
of the most probable values on the al)solm(‘ scale, in vi(*w of (existing 
data, to certain reproducible levels of tempcu'al-ui’ii (nu'ltiiig points, 
condensation points, etc.); second, a description of an instruiTK'nt as an 
indicator; and third, an interpolation formula relating the change in 
indication of the instrument and the change in thermod\mamic tempera- 
ture, as closely as was possible at that time, b(‘tw(ien (‘itber of a pair of 
adjacent fixed points and any intermediate kwel of t(anperature. 

The following is quoted from the report by Burg(‘ss on the decisions 
of the international conference;* 

It is to be understood that this proposal does not purport to replace the 
absolute temperature scale which it is recommended should he adopted, on 
principle, by the International Conference on Weiglits and Measures. It is 
intended merely to represent this scale in a pmctnal manner with sufficient 
accuracy to serve the everyday needs of the l;d)oratories for the i)urpose of 
industrial certifications, and is to he regarded as susceptible of revision and 
amendment as improved and more accuraU' methods of measurement are 
evolved. 

It is anticipated that this scale will slv^jrtly he adopted by the three labora- 
tories for the purposes indicated, and the atta(;hed draft is presented to the 
conference for consideration, with the recommendation tliat it should he 
officially adopted, with such amendments, if any, as may be agreed on, as the 
best practical realization at the present time of the i<ieal thermoinetric scale. 

• Bureau of Standards Journal of Rtsearch, Vol. 1 ( 1 h28), pp. G3(H337. 
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Part I. Dehnition of the International Temperature Scale 

1. The thermodynamic Centigrade scale,* on which the temperature of 
melting ice, and the temperature of condensing water vapor, both under the 
pressure of 1 standard atmosphere, are numbered 0 degrees and 100 degrees, 
respectively, is recognized as the fundamental scale to which all temperature 
measurements should ultimately be referable. 

2. The experimental difficulties incident to the practical realization of the 
thermodynamic scale have made it expedient to adopt for international use a 
practical scale designated as the international temperature scale. This scale 
conforms with tlie thermodynamic scale as closely as is possible with present 
knowledge, and is designed to be definite, conveniently and accurately repro- 
ducible, and to provide means for uniquely determining any temperature 
within the range of the scale, thus promoting uniformity in numerical state- 
ments of temperature. 

3. Temperatures on the international scale will ordinarily be designated as 
‘‘ °C,” but may be designated as °C (Tnt.) ” if it is desired to emphasize 
the fact that this scale is being used. 

4. The international temperature scale is based upon a number of fixed and 
reproducible eciuilibrium temperatures to which numerical values are assigned, 
and upon the indications of iritcr})olation instruments calibrated according to a 
specified procedure at the fixed temperatures. 

5. The basic fixed j)oints and the numerical values assigned to them for the 
pressure of 1 standard atmosphere are given in the following table, together 
with formulas which represent the temperature (tp) as a function of vapor 
pressure (p) over the range (3S0 to 7S0 mm of mercury. 

6. Basic fixed points of the international temperature scale: 


(a) Temperature of equilibrium between liquid and gaseous oxygen at C 
the pressure of 1 standard atmosphere (oxygen point) —182.97 


tp = heo + 0.01 20(p - 700) - 0.0000065 (p - 760) ^ 


(b) Temperature of equilibrium between ice and air-saturated water 

at normal atmospheric pressure (ice point) 0.000 

(c) Temperature (jf equilibrium between liquid water and its vapor at 

the pressure of 1 standard atmosphere (steam point) 100.000 


ip = «760 + 0.0367 (p - 760) - 0.000023(p - 760)1 

* A temperature on the thermodynamic Centigrade scale is less than the corre- 
sponding temperature on the Kelvin (absolute Centigrade) scale by the temperature 
of the ice point on the Kelvin scale. Thus 

< - T To, 

where t denotes the temperature on the thermodynamic Centigrade scale, T the 
temperature on the Kelvin scale, and To the temperature of the ice point on the 
Kelvin 8<^ale. 
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id) Temperature of equilibrium between liquid sulphur and its vapor 
at the pressure of 1 standard atmosphere (sulphur point) 444.60 

tp - tm -f 0.0909(p - 760) - 0.00004S(p - 760)1 

(e) Temperature of equilibrium between solid silver and liquid silver 
at normal atmospheric pressure (silver point) 960.5 

(/) Temperature of equilibrium between solid gold and liquid gold at 
normal atmospheric pressure (gold point) 10^3 

Standard atmospheric pressure is defined as the pres'^ure due to a column 
of mercury 760 mm high, having a mass of 13.5051 g subject to a gravi- 
tational acceleration of 980.665 cm/sec^, and is e(|ual to 1,013,250 dynes /cm^. 

It is an essential feature of a practical scale of temperature that d(‘finite 
numerical values shall be assigned to such fixed points as are chosen. It 
should be noted, however, that the last decimal place gi\en for each of the 
values in the table is significant only as regards the degree of re]')roducibility 
of that fixed point on the international temperature scale It is not to he 
understood that the values are necessarily known on the thermodynamic 
Centigrade scale to the corresponding degree of accuracy 
7. The means available for interpolation lead to a division of the scale into 
four parts. 

(o) From the ice point to 660 C the temperature I is deduced from the resist- 
ance of a standard platinum resistance thermometer by means of the 
formula 

(1 + -f BC-). 

The constants i?o, A, and B of this formula are to be cletennined by calibration 
at the ice, steam, and sulphur points, respectively. 

The purity and physical condition of tlie platinum of which the thermometer 
is made should be such that the ralio RtlRo sliall not be k^.ss than 1 390 lor 
t = 100 degrees and 2.645 for t - 441.6 degrees. 

(5) From —190 degrees to the ice point, tlie teiHi)eniture t is deduced from 
the resistance Rt of a standard platinum resistance thermometer by means of 
the formula 

R^ = (1 -f At 4- Be + (J\l - lOOJt'). 

The constants /2o, A, and B are to be determined a- specified above, and the 
additional constant C is determined by calibration at the oxygen point. 

The standard thermometer for use below 0 C must, in addition, have a ratio 
RtIRo less than 0.250 for t = —183 degrees 

(c) From 660 C to the gold point, the temperature I is deduced from the 
electromotive force c of a standard platinum vs. platinum-rhodium thermo- 
couple, one junction of which is kept at a constant temperature of 0 C while the 
other is at the temperature t defined by the formula 

e = Cl "}■ 4” 

The constants a, 6, and c are to be determined by calibration at the freezing 
point of antimony, and at the silver and gold points. 
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(d) Above the gold point the temperature t is determined by means of the 
ratio of the intensity .h of monochromatic visible radiation of wave length 
X cm, emitted by a black body at the temperature to the intensity Ji of 
radiation of the same wave length emitted by a black body at the gold point, 
by means of the formula 

j •Z_2^£2/J L \ 

\\1336 (<-}- 273)/ 

The constant Oi is taken as 1.432 cm degrees. The equation is valid if 
X (( -j- 273) is less than 0.3 cm degrees. 

Tt'mporaturos on the absolute thermodynamic scale are best known 
in the range covered by the platinum resistance thermometer and the 
quadratic formula (0 — 600 C). The most recent measurements with a 
gas thermometer of temperatures on the thermodynamic scale are shown 



Fio. 170. D(‘parture of the Thermodynamic Scale from the International Scale 

nosed on mensured valuee made available through the courtesy of Professor James A. Beattie. 

in Fig. 170 as departures from temperatun^s on the international scale. 
They indicate that the temperature assigned to the boiling point of 
sulphur on the international scale is lower than the tempe^rature on the 
thermodynamic scale by 0.12 All other differences between the ice 
point and the boiling point of sulphur are less than 0.15 C. The maxi- 
mum departure from unity of the derivative of values on one scale with 
respect to values on the other appears to be less than 1 part in 2500 in 
this range.* Therefore no distinction need be made, except in the most 

* The importance of this derivative in thermodynamic relations may be seen from 
the equation ^ 

XdTjy ~ \dti)ydf' 

where x and y are any pair of properties of a system and U and T are respectively the 
international and the absolute temperatures. 
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precise scientific work, between the international Centigrade scale and 
the thermodynamic Centigrade scale. 

SYMBOLS 


C 2 a constant 

e electromotive force 

h enthalpy per unit mass 

J intensity of radiation 

p pressure 

q a positive number representing a quantity of heat 
R gas constant 

Ro a constant 

Rt electrical resistance 

t temperature on thermodynamic Centigrade scale 
it international temperature 

T absolute temperature 

To temperature of ice point on Kelvin scale 

u internal energy of a unit system in the absence of motion, gravity, etc. 

t> specific volume 

Greek Letters 
a a function of temperature 

C a function of temperature 

Subscripts 

fg change between saturated liquid and saturated vapor states 

p constant pressure 

t constant temperature 

Superscript 

i a number greater than 1 
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CHAPTER XXII 
BINARY MIXTURES 


Equilibrium between Liquid and Vapor Phases 

When one component of a mixture is soluble in all proportions in the 
liquid of the other component then the mixture may exist either as a gas 
or as a liquid. Let us describe a chart for which the ordinate is tempera- 
ture and the abscissa is xi, the proportion of substance 1 in a mixture of 
substances 0 and 1 : thus 

nil 


where nti is the mass of component 1 in a mass m of the mixture. 

For any given pressure of the mixture there is a temperature ti 
(Fig. 171), the boiling point of the pure Ikjuid 1, for which a mixture of 
composition Xi = 1 will boil. Moreover, for the same pressure there is 

a different temperature fo, the 
boiling point of pure liquid 0, for 
which a mixture of composition 
Xi = 0 will boil. Thus the two 
points on the chart; Xi ~ 0, t = to^ 
and xi = 1, < = < 1 , each indicate 
not only the temperature of equi- 
librium between liquid and vapor 
but also the composition of the 
liquid and that of the vapor in 
equilibrium with it. 

If we choose a liquid of inter- 
mediate composition x[ we find 
that it begins to boil at a tem- 
perature which is in general 
Temperature-Composition Chart different from either to or h. The 
for a Binary Mixture . i i v • i 

vapor given off by such a liquid 

is likely, however, to be richer in the m^re volatile component of the liquid 
(component 1 in Fig. 171) than is the liquid itself.* That is, at temper- 
ature the liquid of composition x[ will be in equilibrium with a vapor 



Fig. 171. 


Azeotroi)ic mixtures are exceptions They are treated in Chapter XXVI. 

3S2 
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of composition x'/. By measuring for each composition of the liquid 
the composition of vapor that can coexist in equilibrium with it as well as 
the temperature of equilibrium, data may be obtained corresponding to 
the curves marked “ boiling line ’’ and condensation line ’’ in Fig. 171, 
All possible vapor states of mixtures at the assumed pressure are repre- 
sented by points in the area above the condensation line, and all possible 
liquid states by points in the area below the boiling line. Between the 
two lines lie points representing states which include both liquid and 
vapor phases. The point M, for example, represents a state which 
comprises liquid of composition x'l and vapor of composition Xiy both 
at temperature 

When the pressure is altered the positions of the two lines alter with 
it. If the pressure rises the boiling points of both components increase 
and the two lines rise, and conversely.* 


Rectification 


The process of separating a mixture into its components is called 
rectification, A method of partial rectification at constant pressure can 
be devised as follows: Let a stream of liquid mixture be introduced into 
a downward-sloping passage at 
A (Fig. 172), the depth of the 
stream being less than the depth 
of the passage. The liquid has 
a composition x[j and its tem- 
perature is the corresponding 
boiling temperature t'. At the 
bottom of the passage heat is 
added to the stream so that 
vaporization occurs and vapor 
flows back up the passage counter 
to the flow of liquid. Heat trans- 
fer between vapor and liquid 
will cause evaporation from the 
surface of the descending stream of liquid. Now any vapor generated 
from the incoming liquid will have the composition a:'/; that is, it will 
be richer in component 1 (the more volatile component) than the liquid. 



* It should be noted that there are two independent properties — for example, 
temperature and composition — for a phase of a binary mixture when that phase is 
in equilibrium with a second phase. On the other hand, there is only one independent 
property — for example, temperature — for a phase of a pure substance in equilib- 
rium with a second phase. The number of independent phase properties is the 
value of F in the phase rule, page 478, Chapter XXVI. 
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Therefore the liquid passing downward will have less and less of com- 
ponent 1 (lower Xi) and will therefore boil at higher and higher tempera- 
tures (see Fig. 171). Consequently we may trap off at (r a hot liquid 
from which most of the more volatile component has been driven off. 
With adequate area of liquid-vapor surface and careful control of the 
supply of heat it is possible, in the limit, to discharge pure liquid at G, 
If we assume that the vapor discharged at B is in equilibrium with the 
entering liquid and that pure liquid is discharged at G we may compute 
the relative rates of flow at A, B, and G. Thus, the mass flow of com- 
ponent 1 into the apparatus at A equals its mass flow out at or 

x[ = x'(wBy 

where Wb ia the ratio of mass flow at B to the entering mass flow. Then 

and 

'^Q = I- 

Xi 

where wq is the ratio of mass flows at G and A. For any lesser flow of 
pure liquid at G the vapor at B will be richer in component 0, so that 

its value of x will be less and 
its temperature will be higher 
than the temperature of the 
incoming liquid. This is a 
necessary condition for a 
finite rate of transfer of heat 
with finite surface, so that 
the full yield of pure liquid 
(1 — x[lxi) cannot be real- 
ized. The quantity (1 — 
is tlie maximum yield 
of pure liquid, for any greater 
yield would result in a higher 
value of X for the vapor and 
a reversal of the direction of 
transfer of heat. 

Complete separation can be 
Fig. 173. Complete Rectification realized if the device of Fig. 

172 is modified as shown 
in Fig. 173 by extending the passage upward from the inlet open- 
ing and providing at the top a cooling surface C and a gas outlet 
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E. Now the cold condensate from the cooling surface flows down the 
passage and causes condensation of vapor and establishes a temperature 
gradient between the temperature of the inlet and the temperature of 
the cooling surface. The vapor ascending beyond the inlet level B is 
cooled by the descending liquid and the less volatile component is con- 
densed out of it, so that at the top of the column at a temperature of ti 
it can be in equilibrium with pure liquid of substance 1. Some of this 
liquid must be formed by condensation and started downward to estab- 
lish the temperature gradient. The minimum ratio of reflux (or return- 
ing flow) of condensed liquid at the level Z), of the entering stream to the 
mass flow of the entering stream will be realized when the liquid at D 
is identical in composition and state with the liquid entering at A and 
the vapor at D is in equilibrium with the liquid there. Let us consider 
a period of time during which a unit mass of fluid of composition Xi 
enters at A. During that same period the flow out is x{ at E and (1 — 
x{) at Gy because the entire flow entering must be accounted for by the 
flow of pure components out at E and G. Accounting for the flow of 
component 1 across the section D and out at Ey we write 

wdx[ + x[ = w'lxiy 

where denotes the reflux of liquid at />, the flow of vapor past 
Dj and Xi the composition of the vapor. Accounting similarly for the 
flow of component 0 across sections A and D and out at Gy we write 

(wi) 4* 1)(1 ^i) “ 'W’/j(l ^1 ) “H (1 ^i)* 

Solving these two equations for the minimum reflux w'd per unit of 
fluid entering at A, we get 

wd = x[ -, 7 — * [233] 

Xi — Xi 

Any greateri reflux will increase tlu' differenc(\s in temperature between 
liquid and vapor and increase t he capacity of the rectifier. 

The ratio of the flow of condensate from cooler C to the inlet flow at 
A is dependent on the properties of the pure component 1 and of the 
liquid and vapor mixtures at the inlet level. We may apply the energy 
equation of steady flow to a section 1) immediaUfly above the inlet and 
to a section F immediately below the condenser. Using a single accent 
to denote the liquid phase and a double accent to denote the vapor 
phase, we get 

Wpfip 4" = Wflip 4* 

where w denotes the ralt^ of flow per unit rate of inlet flow at A, h 
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denotes the enthalpy of unit mass of fluid, and the subscripts refer to 
sections. Using subscript E to denote the vapor leaving the top of the 
column, we have 


and 


Wp We + wp 
w'd^ We + w'o^ 


Combining these three equations and solving for the rate of conden- 
sation Wpj we get 

/ WEih^D — hs) + We {}Id ~ ^e) 

wp = 77 [ 234 ] 

fig ■— riF 

where has been substituted for its equivalent hp. If the liquid and 
vapor are in equilibrium at F the denominator becomes the latent heat 
of vaporization Li of pure substance 1. Moreover, for equilibrium 
between liquid and vapor at Z), He becomes identical with the enthalpy 
of unit mass of the (altering stream and Ke the enthalpy of vapor in 
(equilibrium with it, and the difference between them may be denoted 
by Lj^. Since for complete rectification substance 1 leaves only at E, 
it follows that 

We = xj, 

where x[ is the proportion of substance 1 in the entering liquid. With 
tlu'se substitutions and with the value given by [233] for [234] 
becomes 

The rate of heat transfer to the cooling surface C is, of course, 

Qc — WpLi 

per unit rate of flow entering at A, These values for Wp and Qc are the 
minimum values for complete rectification. By analogous methods 
similar expressions can be found for the minimum vaporization at the 
bottom of the column and for the minimum transfer of heat to the 
column. 


The Polar Diagram 

The corresponding states of the liquid and vapor passing any section 
of a rectifying column are related through a polar diagram on an 
enthalpy-composition chart. This relation can be derived by applying 
the energy equation of steady flow to one end of the column. I^t w^ 
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denote the mass flow of vapor out at E (Fig. 174), w' the flow of liquid 
and w" the flow of vapor across section S, and Qc the flow of heat out of 
the system at the top of the column, all for the 
same period of time. Then 

w + We = w . 

Denoting enthalpies and compositions in a man- 
ner analogous to that for flows, we get for the 
flow of one component 

x'ly' + XgWe = x' V', 
and for the energy equation 

W^h' + Wehe + Qc - 
Combining these three equations we get 

h' + ih' - h") = li, + 5 

X — X 

where q denotes the heat transferred per unit of mass discharged at E, 
For all sections S the value of the right-hand member of [235] will be 
the same. If we select a section at which the liquid has the composition 

x' and the enthalpy h\ con- 
sistent with the properties of a 
saturated litpiid, then [235] 
yields a linc'ar relation bet ween 
the composition x^^ and the en- 
thalpy of the vapor at that 
section. If this relation is plot- 
ted on an enthalpy-composition 
chart (Fig. 175) it will be a 
straight line which will intersect 
the curves of saturated liquid 
and saturated vapor at the 
states corresponding to section S, 
If the straight line is extended 
until it crosses the abscissa 
Xe, it will be at the ordinate 
(he + g) at the intersection. 
There will be similar straight 
lines for all sections Sy and all these must cross the abscissa x« at the 
ordinate (h, -f- q), that is, at a single point P (Fig. 175). 





388 


BINARY MIXTURES 


In Fig. 176 the line PR denotes a section part way down the column. 
From the lines of constant temperature shown on the diagram it can 

be seen that the vapor at this sec- 
tion is warmer than the liquid. 
The diffen'noe between the tem- 
peratures of liquid and vapor would 
vanish at the top of the column if 
purevapor were discharged (x^ = 1). 
If we consider sections farther down 
the column the lira' PR will swing 
to the left, pivoting at P, until at 



Fia. 176. The Polar Diagram 

Showing teniperatures of vapor and liquid in 
rectifying column 

PT it coincides with a line of con- 
stant temperature. This is the con- 
dition of equilibrium of liquid and 
vapor, and the line PR can proceed 
no further. 


The Plate Type of Rectifying Column 

In practice' a large surface of con- 
tact between liquid and vapor is 
obtained by bubbling the vapor 
through the liquid at intervals be- 
tween the bottom and the top of 
the rectifier (Fig. 177). The liquid 
flows across trays while the vapor 
from below bubbles through it. 

The overflow of liquid from each 
tray is led down to the tray 
next below. Analyses of the processes in a column of this type may 
be found in the literature of chemical engineering.* 



Fig. 177. 


Pkite-Type Rectifying 
Column 


* See Principles of Chemical Engineering, Walker, Lewis, McAdams, and Gilliland, 
McGraw-Hill, 1937, Chapter XVI; and McCabe and Thiele, Industrial and Engineer^ 
ing Chemistry, Vol. 17 (1925), p. 600. 
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Equilibrium of Liquid and Vapor Phases at Different Pressures 

It was pointed out above that Fig. 171 shows the relation between 
liquid and vapor phases for one particular pressure and that for a higher 
pressure the curves would be displaced upward. The pressure corre- 
sponding to Fig. 171 must be less than the critical pressure of citluT 
pure component, because a temperature of equilibrium of liquid and 
vapor is shown for each pure component. 

To illustrate the effect of temperature and pressure on the relation 
between the liquid and vapor phases the phase boundaries for a binary 
system are shown on the pressure-temperature chart of Fig. 178.* The 


Pii 

Temperature 

Fig. 178. Temperature Boundaries betweim Liquid and Vapor Phases of a Binary 
Mixture — Pressure-Temperature Diagram 

line AB is the saturation line for pure component A", and the line DE 
is that for pure component Y. On either of these lines a point rep- 
resents saturated liquid, saturated vapor, or any combination of ohc 
two. The extremities B and E of these lines represent the critical states 
of the pure components. 

A mixture consisting of Xi units (either mass units or moles) of sub- 
stance X per unit of mixture will begin to boil at a given pressure pi 
when its temperature reaches The point pn is sometimes called a 
bubble point of the mixture of composition Xi. Unlike a pure substance, 
a mixture cannot change from the liquid phase to the vapor phi^e 
without change in either pressure or temperature. In fact, if the mix- 
ture is heated at constant pressure sufficiently to vaporize it com- 
pletely, the last of the liquid will vanish at a temperature t' which is 
materially in excess of t' , Any further heating will superheat the 

* For the phase relations of a ternary system see MacDougall, TherrnodynaTnics of 
Chemistry y Wiley, 1926, pp. 239-244. 
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vapor. If the reverse process is considered it will readily be seen why 
the state p;, is sometimes referred to as a dew point. The curve in 
Fig. 178 labeled Xi is the locus of all the bubble points and dew points of 
a mixture of composition Xi. 

A similar curve labeled a:o and displaced to the left from the curv^e 
labeled Xi is the locus of the bubble points and dew points for a mixture 
in which the proportion Xq of substance X is less than Xi. The curves 
of Xq and Xi cross at som(i point 1. Therefore, at the pressure and tem- 
perature corresponding to point / two kinds of mixture can coexist — 
one of composition xq and one of composition xi. Of these two the 



Fig, 179. Boundaries between Liquid and Vapor Phases of a Binary Mixture 

Teinperature-composition diagram. 


mixture of (jomposition Xq is at a dew point and that of composition 
Xi is at a bubble point: thus, the former is a vapor and the latter a 
liquid. By choosing compositions of the vapor intermediate between 
Xq and Xi the point of intersection I may be made to move upward 
along the curve .Tj. When it coincides with the point C the liquid and 
vapor are identical in composition and in phase, that is, they are indis- 
tinguishable. This is the true critical point of the mixture. Unlike a 
pure substance a mixture in the vapor phase may be caused to con- 
dense at some pressures at temperatures in excess of the critical tem- 
perature. The highest temperature at which liquid can be formed 
from a mixture of composition Xi is that corresponding to the point C<. 
A mixture can be caused to condense isothermally at some temperatures 
at pressures in excess of the critical pressure. The highest pressure at 



RETROGRADE CONDENSATION 


391 


which liquid can be formed from a mixture of composition xi is that 
corresponding to point Cp. 

The relations between the phases which are shown on the p-t diagram 
of Fig. 178 may be transferred to the Ux diagram of Fig. 179. There 
the curves labeled phy Poy Pu and pu show the compositions of states of 
saturated vapor and saturated liquid corresponding respectively to the 
pressures labeled phy po, Pu Pu in Fig. 179. In both Figs. 178 and 179 
saturated liquid states lie on the solid linc^ and saturated vapor states 
on the broken lines. In Fig. 179 liquid and vapor states that can 
coexist lie horizontally opposite each other on a line of constant pres- 
sure. Thus at pressure pi and temperature i' the vapor and liquid 
that can coexist have respectively the compositions Xq and Xi. The 
points marked C in Fig. 179 arc? criti(!al states, and the locus of these 
points corresponds to the critical envelope ” of Fig. 178. 

A point such as M in Fig. 179 may r(‘present a saturated liquid at 
pressure pi or a saturated vapor at a lower pressure pu. Thus a sat- 
urated vapor may be condens(‘d i.sotlu^rmally by the application of 
pressure. If the pressure is raised to the value of po there are sat- 
urated vapor states such as N (Fig. 179) which cannot be condensed by 
isothermal compression. For an increasi^ of pressure to ph caus(*s the 
closed saturation curve of Fig. 179 to (‘,ont.ra(‘t so that the temperature 
at N is in excess of that of saturated vapor of the same composition, and 
the state N is therefore a superheated one. 

Retrograde Condensation 

For a given composition Xi at any temperature bc'twecn the critical 
temperature (corresponding to T, Fig. 178) and the maximum tem- 
perature of condensation (corresponding to Ct) a phenomenon can be 
observed that is known as retrograde covdensation.. Ijf^t us consider the 
point R in Fig. 179. The isothermal corresponding to th(^ temperature 
at R is labeled R'R'" in Fig. 178 and lies b(‘tween the critical temper- 
ature and the maximum temperature of condensation for a mixture of 
composition Xi. It can be seen from Figs. 178 and 179 that the point 
R corresponds to two saturated vapor states, one, R , at pressure pi, 
and the other, R'\ at pressure p*. At a pressure po intermediate 
between pi and ph the point R lies within th(i line of saturation states 
(Fig. 179) and therefore represents a two-phase state. It follows that 
if a saturated vapor in state 72' (Fig. 178) is compressed i.sothermally 
some condensation will occur; but if it is compressed still further the 
liquid will evaporate. The formation of the liquid under these cir- 
cumstances is called retrograde condensation. A similar effect may be 
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observed by cooling or heating a mixture of composition xi at a pressure 
intermediate between the pressures of states C and Cp. 

Retrograde Vaporization 

For values of x near unity the curve of saturation states may take a 
form like that labeled X 2 in Fig. 178. A line of constant pressure inter- 
mediate between the pressure of the critical point and the maximum 
pressure for this curve would intersect the liquid curve at two points. 
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Fig. 180. Boundaries between Liquid and Vapor Phases for the System CO 2 -SO 2 

From Caubet, Z. Phys. Chem., Vol. 40 (1902), p. 284. 

Between these two points the line would represent two-phase states 
which could be reached by heating at constant pressure from one sat- 
urated liquid state or by cooling from the other. The formation of 
vapor under these circumstances is called retrograde vaporization. 

The curves of Figs. 178 and 179 have exaggerated characteristics for 
purpose's of illustration. Figure 180 shows an actual pressure- 
temperature diagram for the binary system SO 2 -CO 2 . 

PROBLEMS 

In the following problems data relative to mixtures of ammonia and water may be 
obtained from Jennings and Shannon, Refrigeraiion Engineering, Vol. 35 (1938), 
pp. 333-336. 

1. (a) A mixture of vapor is introduced into the apparatus shown in the sketch at 
section D. The volatile component is rethoved at E as a pure vapor. 
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Find an expression in terms of concentrations of vapor and liquid at D for the 
that flows out at E per unit mass of vapor 
entering at D, 

(6) Plot the flow out at E against the 
composition of a mixture of water and 
ammonia vapors that enter at Z) at a 
pressure of 100 Ib/sq in. abs. Assume 
the liquid and vapor at D to be in equi- 
librium. 

2 . (a) Find an expression for the mini- 
mum rate of vaporization at G in the 
column of Fig. 172 per unit rate of flow 
at A. Assume complete rectification, and 
give the expression in terms of the latent 
heats La and Lq, and properties at D 
and G. 

(h) Give the expression for the mini- 
mum rate of heat transfer at H. 

3 . A mixture of ammonia and water 
in the liquid phase having 20 per cent 
ammonia by mass and at the bubble-point temperature is introduced into a column 
like that of Fig. 173 at 100 Ib/sq in. abs. 

Find for complete rectification of 1 lb of liquid and for equilibrium between vapor 
and liquid at section D: 



(a) The reflux at section D. 

{b) The flow of pure ammonia out at E. 

(c) The flow of pure water out at G. 

(d) The heat taken out at C. 

(e) The heat put in at //. 

4 . Describe the polar diagram for the lower half of the column of Fig. 173. 

If the column of Fig. 173 has liquid and vapor in equilibrium at section D, show 
the polar diagram with the two poles. Show the lines corresponding to section D. 
Sketch in the isotherms. 


6. Plot a polar diagram for ammonia-water mixtures at a pressure of 100 Ib/sq in. 
abs. Let the liquid at A be 15 per cent ammonia, the vapor at E 98 per 
(‘ent ammonia, and the liquid at G 3 per cent ammonia. Assume equilibrium of 
liquid and vapor at D. 

(a) Find from your chart the heat quantities at C and //. 

(b) Show the isotherms and the lines corn^sponding to sections through the 
column. 

(c) Plot a curve showing temperature of the vapor as ordinate and temperature 
of the liquid as abscissa for sections along the column. 

(d) Plot a t-x diagram showing liquid and vapor. Connect with straight lines 
the liquid and vapor states corresponding to different sections along the length of 
the column. 

(e) If pure liquid and vapor were discharged at E and G how would these data 
and diagrams be altered? 
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6. Sketch the pressure-composition diagram corresponding to Figs. 178 and 179, 
showing isotherms for temperatures less than the lowest critical temperature and 
intermediate between the cTitical temperatures of the pure constituents. 

Construct also a diagram having composition of the vapor as ordinate and that 
of the liquid as abscissa. 


SYMBOLS 


h enthalpy per unit mass 

L latent heat of vaporization 

m mass 

p pressure 

q heat transferred per unit of mass discharged 
Q rate of transfer of heat 
t temperature 

w rate of flow per unit rate of inlet flow 

Xi the proportion of substance 1 in a mixture (= rni/m) 

Subscripts 

E vapor leaving top of column 

G liquid leaving bottom of column 

Superscripts 
' liquid 

" vapor 
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CHAPTER XXIII 

THE CRITERIA OF EQUILIBRIUM 


Equilibrium 

A system is said to be in a state of equilihriwn if no active unbalanced 
tendency toward a change of state exists. A system is not in a state of 
equilibrium if a change of state will occur spontaneously and without 
the aid of a disturbance, finite or infinitesimal. We shall call such a 
state a non-equilibrium state. 

Thus, a system consisting of a marble and a bowl is in a state of 
equilibrium if the marble is at rest at the bottom of the bowl. If, on 
the other hand, the marble is rolling about in the bowl the system is in 
a non-equilibrium state, because it will gradually change toward the 
state of equilibrium even if left undisturbed. 

Stable and Unstable Equilibrium 

If the bowl is inverted and the marbh' is balanced on top of it, the 
system is in a state of equilibrium. But. this tyjx' of equilibrium is 
distinctly different from that corresponding to the marble in the bottom 
of the bowl. In the latter case a small disturbance will cause only a 
temporary change in the state of the system; in the former, even an 
infinitesimal disturbance will cause a sweeping change. 

A state of equilibrium that will p(^rsist dtvspite disturbance's is a stable 
state. A state of equilibrium that will not survive infinitesimal dis- 
turbances is an unstable state. Other kinds of equilibrium will be 
defined subsequently, but of all these the stable kind is by far the most 
important. Let us try to discover a criterion, the criterion oj stability f 
by means of which a state of stable equilibrium may be identified. 

First we shall consider a simple mechanical system made up of incom- 
pressible parts, free from the influence of ek'ctricity and magnetism, 
and not subject to chemical change. If such a system is not in a stable 
state it may change its state spontaneously unaided except by an 
infinitesimal disturbance. On the other hand, if it is in a stable state 
it can change to other states only if it receives work from some external 
source. 

Possible Variations 

A change from one state of a system to another state which is possible 
in view of the description of the system is called a possible variation, 

395 
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Thus, for the bowl and marble, possible variations include any change 
in the position or speed of the marble within the bowl; but they do not 
include a change in the position of the marble that could be realized only 
if the marble were to pass through the wall of the bowl, for it was implied 
above that the bowl is made of a firm, unyielding material. If it were 
made of beeswax the marble would pass spontaneously, though slowly, 
through the bottom of the bowl, and no stable state would be reached 
until it had come to rest on an unyielding surface. Therefore, a possible 
variation is any change of state that can he accomplished without destroying 
the system. 

Stability of a Mechanical System 

The criterion of stability for the mechanical system may now be 
stated in the following form: a mechanical system is in a state of stable 
equilibrium if for all possible variations work must flow to it. Thus, 
for the bowl and marble, if there is a possible variation which results in 
a lesser speed or a lower position of the marble then work can be caused 
to flow from the system by using a suitable mechanism for slowing down 
the marble or for lowering it, as the case may be. Therefore the system 
is not in stable equilibrium. If, on the other hand, the marble is at 
rest at the bottom of the bowl, for all possible variations in the position 
or speed of the marble work must flow to the system. 

Since for each possible variation from the stable state no heat need 
flow into or out of a mechanical system, the flow of work measures the 
change in the internal encu'gy of the system. Therefore we may express 
this criterion of stability as follows: a mechanical system is in a state 
of stable equilibrium if for all possible variations 

> 0, [236] 

where AE denotes the variation in energy in the algebraic sense, that 
is, the difference between the energy of the system after the variation 
and that before. The quantity AE includes small quantities of all 
orders as well as finite quantities. Thus, if the marble is at the bottom 
of the bowl an infinitesimal lateral displacement of the marble would 
require an amount of work of the second order of small quantities. If 
then we let 6E denote the variation in energy to the same order as the 
displacement, we get for some infinitesimal displacements 

8E = 

though for the same displacements 


AE- > 0. 
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On the other hand^ if the marble were wedged into a cone with apex 
downward, then for stable equilibrium 

5 ^; > 0 

for all possible variations. Consequently, for an equilibrium state 

bE > 0 

for all possible variations. The ineqmlity is a sufficient condition for 
stable equilibrium though not a necessary on(\ The equality is neither 
necessary nor sufficient, but it is frequently employed as a criterion 
when changes in state with small variations are known to be continuous. 

The Criterion of Stable Equilibrium 

The criterion of stability for a mechanical sysHmi is a special case of 
the more general criterion of equilibrium providc^d by thermodynamics 
for any system. The general criterion is a direct consequence of 
C'orollary 6 of the Second Law; namely, the entropy of an isolated system 
increases or in the limit remains constant. If there are possible variaiions 
in the state of an isolated system for which the entropy increases, those 
variations can occur. If, on the other hand, the state of the system is 
such that for all possible variations the entropy decreases, then none of 
these variations can occur and the system is in a state of stable equi- 
librium. Thus the general criterion of stabl(‘ equilibrium is as follows: 
For the stability of any isolated system it is necessary and sufficient thatj in 
all possible variations of the state of the system which do riot alter its energy^ 
the variation of its entropy shall be negative. More briefly: 

A^S) <0, [237] 

/E 

where AS ) denotes the variation in entropy at constant internal 

energy to all orders of small quantities. Constant internal energy is 
required, of course, by the isolation of the system of Corollary 6. 

Applications of the Criterion 

Some simple applications of the criterion [237] to thermodynamic 
systems will serve to show the analytical technique involved in the test 
for equilibrium : 

First, let us consider a system comprising two blocks of copper at 
different temperatures and in contact. A possible variation at constant 
energy consists of a small decrease in the energy of the hotter block and 
an equal increase in the energy of the colder one. Since the energy of a 
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block of copper can be changed reversibly by a flow of heat equal in 
magnitude to the change in energy (if changes in volume can be ignored), 
the variation in the entropy of the hot block is given by 


and that of the cold block by 


8 ^ 

Ti 


8E 

T2 


where 8E denotes the variation in energy of the cold block, and Ti and 
T 2 denote respectively the mean temperature's of the hot and cold 
blocks during the variation. The variation in the entropy of the whole 
system is then given by 


and, therefore, 



and the syst^em is not in stable equilibrium. 

On the other hand, if the two blocks are originally at the same temper- 
ature and the only possible variation is a variation in the energies of 
the individual blocks, then we may show by tlu' same test that stable 
equilibrium subsists. The mean temperature of the block whose 
energy decreases during the variation is less than T, the temperature of 
the system, and may be written {T — dT)j whereas that of the other is 
greater than the temperature of the system and may be written 
{T + dT), The variation in the entropy of the whole system is then 

AS ) = SE (— -L--- - < 0. 

/e \T + dT T-dT/ 


Therefore, the variation cannot occur and the system is in stable 
equilibrium. 

No system with parts at different temperatures is in stable equilibrium 
because there is always a possible variation at constant energy for which 
the entropy of the sysU'm increases. A system which is uniform in 
temperature is in stable equilibrium prpvided that variations in energy 
of its parts constitute all possible variations. 

Next let us consider a system comprising a fluid moving at various 
velocities within a closed chamber. The energy E of such a system is 
made up of two parts, namely, internal energy, irrespective of motion 
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and position, and kinetic energy. In terms of the usual symbols 


A possible variation is a reduction in velocity, which at constant internal 
energy must result in an increase in the second term of the expression 
for E and therefore an increase in u. But from the First and Second 
Laws 

du = T ds — p dv. 

Since the variation requires no change in volume we find that 


du = T ds^ 


and the entropy increases with the quantity Therefore, we have 
found a possible variation for which 

A.S) >0, 

/E 

and the system is not in stable equilibrium. Ji follows that no system 
with parts at different velocities is in stabh' equilibrium because there is 
always a possible variation toward uniformity of velocity for which the 
entropy of the sysbmi increases. 

Finally, let us consid(ir a S3^stem consisting of a fluid which is in a con- 
tainer and separated by a diaphragm from an exhausted space. If the 
diaphragm is punctured a possible variation consists of a transfer of 
some of the fluid into the exhausted space. The direction of the change 
in entropy for a variation of this sort at constant en(‘rgy can be deter- 
mined by executing the same change of state nwersibly. For example, 
let a piston which is initially flat against the punctured diaphragm 
(Fig. 181) move out slowly until the amount of fluid corresponding 
to the variation has passed 
through the orific(‘. Now (‘lose; 
the orifice and let the piston 

move out slowly until the 'ZZZI 

entire volume of the initially 
evacuated space is filled by 
the fluid. The volume oc- 
cupied by the fluid which 

passed through the orifice is now the same as after the proposed 
variation; but because of the work done by it on the piston the en- 
ergy of the system is less. Now it is always possible to increase the 
energy of a system at constant volume by heating. Therefore the 
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system can be brought to a state having an energy identical with its 
initial energy. Since the entire process described is reversible, the 
change in entropy can be found in terms of the heat: 



Furthermore, this change in entropy occurs between two states for 
which the energy of the system is the same. Therefore, there is a 
possible variation for which 

A,S) >0, 

/B 

and the system is not in stable equilibrium. 

It can be shown as readily that, if the fluid fills the chambers on 
either side of the diaphragm at uniform pr(\ssure, a variation consisting 
of a transfer of mass at (constant energy would result in a decrease in 
entropy. The system would therefore be stable as rc'gards this sort of 
variation. 


An Alternative Criterion 

The first part of the reversible operation described above indicates 
that there is a possible reversible adiabatic variation for which work 
flows from the system. That is, th(' criterion of mechanical equilibrium 
can hi) applied equally well to this case if that criterion is expressed in 
the following form: A system is in a state of stable equilibrium if for all 
possible variations 

> 0. [238] 


The two criteria [237] and [238] are entirely equivalent in all cases. 
The proof of this statement follows: 

Assume that a system can b(' found in a state for all possible variations 
of which 



but for at least one possible variation 



That is, there is at least one possible variation for which > 0 and 
AE — 0. But it is always possible to increase E and S by a flow of 
beat to the system or to decrease both by a flow of heat from the system. 
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Therefore, by combining the variation for which ^S > 0 and = 0 
with one for which AS < 0 and AE < 0 a posisihlc variation can be 
found for which AS = 0 and AE < 0. But this is contrary to our first 

assumption. Therefore if condition AS) < 0 is not satisfied then 
condition ^ ^ satisfied. By similar reasoning it can be 

shown that if condition > 0 is not satisfied then condition 

AS) < 0 is not satisfied. It follows that if one of the two conditions 

/E 

is satisfied the other must also be satisfied/ and the two conditions are 
entirely equivalent. 

Other Criteria of Stability 

By means of one or the other of the criteria [237] and [238] we have 
shown that it is necessary for the stability of a system that it should be 
uniform in temperature, and (in the absence of gravity, electricity, 
capillarity, and magnetism) uniform in pn^ssiire. 

For any system tliat is uniform in temperature it is necessary and 
sufficient for stability that for all possible variations without change in 
temperature 

A^^ > 0, [239] 

where denotes the variation in the quantity 

^ = £7 - TS. 

For any system that is uniform in tf*mperature and pressure it is 
necessary and sufficient for stability that for all possible vaiiations without 
change in temperature or pressure 

Az) > 0, [240] 

/T,p 

where AZ denotes the variation in the quantity 

Z ^ E + pV - TS, 

V denoting the volume of the system. 

* If one is satisfied and the other is not then we have one of the propositions which 
can be proved impossible by the reasoning given above. There is only one alterna- 
tive; namely, if one is satisfied the other is also satisfied. 
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The criteria A^S ) < 0, AE ) >0, and A^ ) >0 are entirely equiva- 
/E /s It 

lent to each other. If a system is in a stable state according to one it 
is in a stable state according to the others. They differ only in the 
nature of the test for stability. In each test, however, it is assumed 
that the system is bounded by a rigid container which sets an upper 
limit to the volume of the system; otherwise states could always be 
found with less energy at the same entropy. 

In the test implied by th(‘ criterion AZ ) >0 the boundary is not 

/T.p 

fixed but only the pressure at the boundary. This test is somewhat less 
general in its application because it can be apj)lied only where stability 
involves uniformity of pressure. It cainnot be applied, for instance, to 
a column of liquid in a gravitational field. But where stability demands 
uniformity of pressure [240] is entirely equivalent to the other three. 

It should be noted that the criterion 


AEj > 0 [238] 

is equivalent to the statement that in any reversible adiabatic variation 
work must flow to the system. The criterion 

> 0 [239] 


is equivalent to the same statement as regards isothermal variations. 
The criterion 



> 0 


[240] 


is equivalent to the statement that in any reversible isothermal and 
isopiestic variation work in excess of the work done by the envelope 
which maintains the pressure p must- flow to the system. 

If a system is exposed to an indefinitely large environment or medium 
which has a uniform pressure po and a uniform temperature Tq, and is 
separated from it by an envelope which in itself offers no resistance to 
(expansion or contraction, then the maximum net work that could be 
done by the system and medium during any change of state is the 
decrease in the availability function.* The criterion of stability may 
therefore be stated in the following form: In any possible variation 
which does not alter the pressure and temperature of the medium, work 


See Chapter XVII. 
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must flow to the system and medium. This is equivalent to a new 
criterion 

> 0 , [ 241 ] 

/ Po, To 

where 

p E + pqV — ToSf 


and Ef F, and S are respectively the energy, volume, and entropy of 
the system. 


Kinds of Equilibrium 


A system is in a state of stable eguilihriuni if for all possible v’^ariations 


AS) <0; that is, AE) > 0. 

/E / s 

A marble at rest in the bottom of a bowl 
is an example of a system in stable equi- 
librium (Fig. 182). 

A system is in a states of neutral equilibrium 
if there are some possible variations in the 
state of the system for wliich 



= 0, that is, = 0; 

while for possible variations in gtmeral 

AiS ) < 0, that is, A£’ ) >0. 

/ E /s 

A marble at rest in the bottom of a horizontal trough is an example of 

neutral equilibrium (Fig. 183). 
j j A system is in a state of unstable equilib- 
rium if there is at least one infinitesimal 
variation for which 



Fir.. 183 




> 0, that is, AE 




while for infinitesimal variations in general 



< 0 , 


that is, 



> 0 . 


It should be recalled that d denotes a variation of the same order as the 
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variation in the state of the system; higher orders are not included. 
On the other hand, A denotes a variation of any order, higher orders 
included. A marble at rest at the highest 
point in the trough of a saddle (a trough 
bent so that its open side is convex in the 
plane of bending) is an example of unstable 
equilibrium (Fig. 184). For all possible 
infinitesimal variations in the position of the 
marble the variation in E is zero to the same 
order as the variation, but for longitudinal 
variations in jX)sition the variation in E is 
negative if small quantities of higher orders 
are considered. 

A system is in a state of metastable equilibrium if for all infinitesimal 
possible variations 

AS) < 0, that is, AE) > 0, 

/E /8 

while for some finite possible variations 

A>S ) > 0, that is, AF ) < 0. 

/ E /S 

A marble at rest at the bottom of the higher of two depressions in a 
continuous surface is an example of meta- 
stable equilibrium (Fig. 185). No infini- 
tesimal disturbance will cause the marble to 
seek a new position, but a disturbance large 
enough to tak(^ it to the top of the in- 
tervening hump may cause it to find a 
new and more stable position in the lower 
depression. 

Passive Resistance 

If an equilibrium state is defined as a state which does not permanently 
change as a result of either infinitesimal or of finite disturbances then 

we know from experience that the condition A <0 j^or A&’^ > 0 

for all possible variations is not necessary to equilibrium. For example, 
a block may be at rest on an inclined surface. A possible variation of 
the state of the system is a change of the position of the block downward 
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along the surface. For this variation 

A£;) <0, 

/s 

and the criterion of equilibrium is not satisfied. Nevertheless, as a 
result of static friction no change in the position of the block occurs for 
infinitesimal disturbances or for some finite disturbances. A force or a 
resistance, such as the friction in this instan(‘(% v/hich pn'vents a change 
in the state of a syscem toward stable c(|uilibrium is known as a passive 
force or a passive resistance. 

A passive resistance can usually be recognized because it prevents a 
certain kind of motion or change despite finite changes in the initial 
state of the system or in external agents which arc‘ in temperature equi- 
librium with it or apply forc(‘s to it. Usually the changes which can 
occur without causing the system to exc'cute the motion or change in 
question are limited in magnitude though they may be finite. For 
example: hydrogen and oxygen can coexist as a mixture' of gases at 
room temperature and pressure, evem though in th< pre'se^nce of a 
catalyst they unite to form water, a more' stable vstate. No ordinary 
finite disturbance like an alteration in tern 'pe railin' will cause' the sys- 
tem to change fixmi a mixture of e'leiiu'nts to a single compound, pro\rided 
that the alteration in tc'mperature is not so great as to e'aiise “ ignition.’’ 
The equilibrium is, conseepiently, the result of passive resistance. 

In true stable eeiuilibrium, on the other hand, an ext(*rnal influence or 
a change in the initial state, infiniU'simal in amount, is sufficient to 
produce change in oiu' direction, while* a re'versal of tin* influence or of 
the direction of the change in the* initial state will jiroduce' change in 
the opposite direction. In a lead storage cell, for example', the* te'ndency 
toward chennical reaction may be completely neutralize'd by applying 
an electromotive' force across the terminals of thece'll. If the* electro- 
motive force is reduce'd, lead will be consume'd at the lead plate; if ii 
is increase'd, lead will be de*posite'd. When reaction occurs in neither 
direction there is a balance of active tendencit's and tlu* system is in a 
state of true equilibrium. 

The criterion of stability, A*s) < 0, ihat is ) >0, for all possible 

/E /s 

variations, is sufficient to insure equilibrium. It is not, however, 
necessary to ('quilibrium where neutral equilibrium or passive resistance 
is involved. Neutral equilibrium and unstabU* equilibrium are seldom 
encountered in analysis and less often in practice. They are of little 
consequence because they never persist. t)n the other hand, equilibrium 
due to passive resistance occurs commonly. 
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PROBLEMS 

1. Show that if a fluid fills the chambers on either side of a punctured diaphragm, 
with uniform temperature and pressure throughout, the system is in a stable state 
as regards variations in temperature or mass on either side of the diaphragm. 

2 . Show that if the condition AE ) > 0 is not satisfied for all possible variation.^ 

/s 

then the condition ) < 0 is not satisfied for all possible variations. 

/B 

3 . Show by means of the criterion A»S' ) < 0 for all possible variations, that (a) 

/E 

a marble at re.st in the bottom of a bowl is in a state of stable equilibrium, {h) that a 
marble at rest anywhere else in the bowl is not in a state of stable equilibrium, and 
(c) that if a marble is in motion in the bowl it is not in a state of stable equilibrium. 

4 . Show by each of the criteria [2'17], [238], [239], and [240] in turn that a fluid that 
is exposed to an environment of constant and uniform pressure and temperature is 
not in a stable state if there is relative motioix between the parts of the fluid. 

6. Show by means of the criterion AE^ > 0 that two copper blocks having differ- 
ent temperatures do not constitute a system in a state of stable equilibrium. 

6 . By means of the criterion A^ ) > 0 show that a systeni (consisting of two 

/T 

masses of gas at the same temperature and separated by a punctured diaphragm are 
not in stable equilibrium unless the pressure is the same on both sides of the 
diaphragm, 

7 . For a substance in equilibrium with an environment of constant and uniform 
pressure and temperature, how does the most stable state compare with the “ dead 
state ” referred to in Chapter XVIl? 


SYMBOLS 

E internal energy of a. system 

?n mass 

p pressure 

Q heat to system 

.s entropy per unit mass 

S entropy of system 

T absolute temperature 

u internal energy of a unit system in the absence of motion, gravity, etc. 

V specific volume 

V volume ( 

Greek Letters 

/3 (E + PoV - ToS) 

d variation of same order as variation in state of system 
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A variation of any order 

4^ {E - TS) 

Z {E + pV - TS) 

Subscripts 

E constant internal energy 

0 environment 

p constant pressure 

S constant entropy 

T constant temperature 
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CHAPTER XXIV 


EQUILIBRIUM OF A PURE SUBSTANCE 


A pure substance may assume states of all degrees of stability and 
instability. Only those that are states of equilibrium will persist, and 
of these only states of stable equilibrium will persist despite disturbances. 
In this chapter we shall deduce iiK^ans by which we may recognize a 
state of equilibrium and classify it as regards stability. Moreover, we 
shall show in what ways the relations between properties of the sub- 
stance are restricted by the requirements of equilibrium. 


The Conditions for Equilibrium 

L('t us state the r('(|uirements for stable equilibrium in tei’ms of the 
ratios of variations in propertu's. Using A i.o denote small quantities 
of all orders, we have 



[242a] 


and 



[2426] 


The first of these states in effect that when heat is added reversibly at 
constant pressure the temperature must ima'ease; the second that when 
the pressure is incr(\ased reversibly and adiabatically the volume must 
d('crease. It should be noted that the partial derivative {ds/dT)p is 
the limit of [As/AT]p as AT approaches zero. The condition [242a] 
does not, thc'refon', (‘xclude all instances for which (ds/dT)p = 0, but 
only those for which (ds/dT)p = 0 over more than an infinitesimal range 
of states and those for which s is at a maximum or a minimum. The 
condition is not contravened if the partial derivative is zero at a point 
of inflecition in a curve of s against T having in general {ds/dT)p > 0. 
Similar comments might be made concerning condition [2426]. 

The Necessity of the Conditions ^ 

We shall prove that condition [242a] is necessary to stable equilibrium 
of a pure substance by considering a possible variation in the state of 
a system composc^d of a pure substance which is enclosed in a rigid con- 
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tainer. The possible variation will consist of a variation in temperature 
dT of a very small part of the system while the energ}" of the system as 
a whole remains unaltered. This might be accomplished reversibly by 
adding to the small part an amount of heat dq and taking from the large 
remaining part the same amount of heat. 

Now, if we let ds denote the variation in the entropy of the small part, 
the heat involved in the reversible procc^ss is 

(T + I 6T) 8s 

to a satisfactory degree of approximation. The variation in the entropy 
of the large part, 5/S, is, therefore, 

-iT + hiT)y 

because its temperature is affectc^d only to smaller orders than 8T, The 
variation in the entropy of the entire system is now given by 

1 8s 

-I-— . [243] 

Since the variation 8T in a very small part cannot affect the pressun^ 
of the whole to the sam(' order of magnitude' as that of 8T, we may con- 
sider the variation in tlu^ small part to have occurred at constant pressure. 
Let us assume that condition [242a] is not satisficed; that is, 



Then it follows that 8s and 8T have opposite signs or else 8s is zero for 
all values of 8T. Combining these conditions with [243] we get 

8s -h > 0. 

But for stable equilibrium the entropy of the sysUan must dcicrease for 
all possible variations at constant (‘nergy. I'herc'fore, the system is not 
in stable equilibrium. 

It should be noted that the condition [242a] is equivalent to the re- 
quirement that the specific heat at constant pressure shall not be less 
than zero, because 

c, ~ 11961 

A substance with negative specific heat- would sweep to a non -homogene- 
ous condition ; because any slight accidc'ntal change in the temperature 
of a part would result in a how of hc'at from the warmer p.art t-o the cooler 
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part, the flow of heat would increase the difference in temperature which 
would in turn increase the flow of heat. 

We shall prove that condition [2426] is necessary to stable equilibrium 
of a pure substance by considering another possible variation in the state 
of a pure substance which is enclosed in a rigid container or envelope.’ 
It will consist of an isentropic variation in volume hv of a very small 
part of the system while the entropy of the system as a whole remains 
unaltered. This could bo accomplished by enclosing the small part in 
a rigid non-conducting cylinder liaving a piston, with a piston rod ex- 
tending through the envelope of the system (Fig. 186). (The mechanism 

may be assumed to occupy a smaller order of 

space than the part of the system which it 

/ encloses.) The proposed variation would be 

j j . — accomj)lished by a slow motion of the piston. 

I J During this process the pressure exerted on 

\ J the piston by the part it confines varies by 

an amount but the pressure exerted on 
the outside of the piston by the larger part 
changes by an amount which is negligible 
as compared with dp. To attain slow motion it is necessary to apply 
an external force to the pist on rod. As a result of the process the varia- 
tion in the energy of the system, which is equal to the work received by 
it, is 

AE^-^2^p6v [244] 

to a satisfactory degree of approximation. 

Let us assume that condition [2426] is not satisfied : that is. 



Then it follows that dp and dv have identical signs (one is positive if the 
other is positive) or else dp is zero for all values of dv. Combining these 
alternatives with [244] we get 

AE < 0 

for a possible variation for which the entropy of the system does not 
change. The system is, therefore, not in a state of stable equilibrium. 
A substance for which 



could not be in equilibrium with a piston or an environment which exerts 
a constant pressure. Any sligiR accidental inward motion of the piston 



STATES FOR WHICH {dp/ds)^ IS GREATER THAN ZERO 411 


would result in a decrease in the pressure exerted on the piston. The 
piston would, therefore, move inward with incrjasing acceleration, be- 
cause the further it moves the less the force opposing its motion.* 

The Sufficiency of the Conditions 

It has been shown that conditions [242aJ and [2426] are necessary for 
the stability of a system consisting of a pure substance in the absence 
of gravity, capillarity, electricity, and magnetism. It is also necessary 
that the system should be in equilibrium with its immediate environment 
as regards pressure and temperature and that there should be no rf'lative 
motion. But all these conditions taken together arc sufficient conditions 
for stability. For, under these conditions, the only possible variations 
are those associated with a transfer of heat or a change in volume. To 
avoid instability with respect to either of these types of variation it is 
necessary and sufficient that [242a] and [2426] should be satisfied. 

States for Which {dp/ds)^ Is Greater than Zero 

The restrictions imposed by the requirements of equilibrium on the 
relation between properties we shall show by th(‘ rn(d])od of Gibbs in which 
is determined the arrang(‘mont about a point of lines along which differ- 
ent properties are constant. We shall also follow Gibbs in first arbi- 
trarily classifying states of substances according to whether the deriva- 
tive {d'p/ds)v is positive, negative^, or zero. 

Consider a state of a pun' substance for which 



* There are four conditions for neutral equilibrium, which can be stated as follows: 

1. [AT/As]p = 0. The specific! heat at constant pressure is infinite over a finite 
range of states. An example is a system consisting of ice and liquid water in an 
equilibrium state. If confined at constant voluine in an insulated container any one 
piece of ice may grow at the expense of any other. 

2. [A. 9 /AT]p = 0. The specific heat at constant pressure is zero over a finite range 
of states. Such a system while confined at constant pressure could drift to a higher 
or lower temperature reversibly and adiabaticnlly. 

3. [Ap/Av], = 0. The quantity idp/bv), is zero over a finite range of states. 
Such a system while confined at con.stant pressure could drift to a larger or smaller 
volume reversibly and adiabatically. An example is a mixture of three phases at the 
triple point. 

4. [Aa/Ap], = 0. The quantity (a?;/ap)* is zero over a finite range of states. 
This is the truly incompressible fluid. The pressure it exerts on the walls of a rigid 
container could drift up or down reversibly and adiabatically. 

From these considerations it wall be seen that for stable equilibrium [As/ ATlp 
is greater than zero but not infinite, and [Ap/ Ac], is less than zero but not infinite. 
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It follows then from Maxwell relation [190c] that 

\dv, 


< 0 / 


Since {d'p/ds)^ does not vanish there is a definite isopiestic passing 
through the point representing this state on any diagram of properties, 
and on one side of this isopiestic the pressures are greater and on the other 
^ side less than on the line itself. 

As (dT/dv)g does not vanish 
the case is the same with the 
isotherm. 

If we choose to represent 
th('se lines on a diagram with 
pressure as ordinate and tem- 
perature as abscissa then we 
may represent the point as the 
intersection of an isopiestic 'pj/ 
and an isothc^rm TT^ which are 
mutually perpendicular (Fig. 
187). Following the usual con- 
vention we indicate by a plus 
sign above the isopiestic that 
prcissures are higher on that side 
of the line, and by a minus sign 
b(‘low it that pressures are lower 



Fig. 187. Arrangt^ment of Linos about a 
Point for (dp/0,s)„ > 0 


there. The directions of higher and lower temperature are similarly 
indicated by plus and minus signs on the isotherm. 

The conditions of stability [242a] and [2426] are satisfied if (ds/dT)p 
is greater than zc'ro or is equal to zero at a point of infiection, and if 
{d'p/dv)g is less than zero or is equal to zero at a point of inflection. 
Omitting for the present the exceptional cases for which these derivatives 
vanish, we may write the requirements for the state in question as 
follows : 

By assumption 




>0 


and 


< 0 ; 


N 


[n] 


* This is the common case. Only occasionally does one encounter the opposite 
case, liquid water below 4 C being one of the few examples. 
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for stability 


and 



Combining [n] and [g], we get 




[pj 


[q] 


Therefore the isentropic ss' passes through the point from the minus- 
minus quadrant to the plus-plus quadrant (southwest to northeast). 
According to [p] the under sid(^ of line ss' is the plus side. 

The isometric vv' must lie between the plus side of s/ and the plus sid('. 
of pp' according to [m]. The under side of vv^ is the plus side according 
to [n]. 

Something can be learned from these same recpiirements about tlu*. 
positions of the lines of constant internal energy and constant enthalp3^ 
Recalling that 


du p 


we get 



for any gas and for a liquid that is not supporting tension. Therefore, 
the line of constant internal energy uu can lie anywla^n^ except in two 
sectors, namely, the one bounded by the minus side of vv and the plus 
side of ss' and the opposite one. The fact- that tlie inU'rnal (mergy must 
increase with the entropy at constant volume det-cTmines the plus side of 
uu. 

From the equation 

dh V dp 


it follows that 



Therefore, the line of constant enthalpy hfi' can lie anywhere except in 
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two sectors, namely, the one bounded by the plus sides of the isentropic 
and the isopiestic and the opposite one. The fact that the enthalpy 
must increase with the entropy at constant pressure determines the plus 
side of hh\ 

Though Fig. 187 yields much information concerning the signs of the 
partial derivatives, it leaves some questions unanswered. It appears, 
for example, that neither the assumed condition nor the conditions of 
stability specify the sign of either the Joule coefficient (dT/dp)uf or the 
Joule-Thomson coefficient (dT/dp)h^ 

The various kinds of neutral equilibrium can be represented on dia- 
grams in which th(‘ lines retain the same order about the point as in 
Fig. 187 though some are brought into coincidence. For example, if 

= 0 , 

p 

it must be possible for the entropy to change along the isopiestic without 
change in temperature. If pp in Fig. 187 is rotated clockwise until it 
coincides with TT' the diagram will represent this condition. If uu^ 
and hh! are not to coincide with pp and TT' then a decrease in pressure 
along either uu* or hh ' will correspond to a decrease in temperature. This 

is the diagram for a two- 
phase state. 

States for Which {dp/ds)^ Is 
Less than Zero 

Two classes of states re- 
main to be considered, namely, 
those for which {dp/ds)^ < 0 
and (dp/ds)v ~ 0, respec- 
tively. By reasoning similar 
to that given above it can be 
shown that the order of lines 
about a point is as in Fig. 
188 if {dp/ds)y < 0 and the 
substance is stable. This 
case may be identified with 
that of liquid water below 
the temperature of maximum 
density for which a rise in 
temperature at constant pressure results in a decrease in volume 
[{dv/dT)p < 0]. It is notc'worthy that both the Joule and the Joule- 
Thomson coefficients are loss than zero for a state of this class, 



Fiq. 188. Arrangement of Lines about a Point 
for {dp/d8)v < 0 ^ 
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States for Which {dp/ds)„ Is Equal to Zero 

Finally, the class of states for which 


(J) =0=-(^ 

\Ss/„ \dv/. 


is represented by Fig. 189. A state of this sort is a state of maximum or 
minimum density corresponding to the pressure. It is also a state of 
maximum or minimum entropy 
corresponding to the tempera- 
ture. Therefore, the series of 
states which marks the left- 
hand envelope of the p-v dia- 
gram also marks either a left- 
hand or a right-hand envelope 
of the T-s diagram (Fig. 190). 

The Triple Point 

A state comprising solid, 
liquid, and vapor phase's at the 
triple point is a state of neutral 
equilibrium for which 


(^) 

\As/v \Av/s 



ArranKcment of Lines 
Point for {dp/d8)v =* 0 


about 

f,... _ n 

where A denotes a finite varia- 
tion. No change in temperature occurs for reversible adiabatic changes 
in volume. Any two reversible adiabatics within the region of the 
triple point when joined by any other pair of reversible processes 
wholly within that region constitute together a Carnot cycle. Both the 
net heat and net work of such a cycle must be zero since either positive 
or negative work in a reversibb' cycle of this description would violate 
the Second Law. 


The Stability of Phases of a Pure Substance 

It was shown in Chapter XIV that the maximum amount of useful 
work that a system can produce when it changes between two states in each 
of which it is in temperature and pressure equilibrium with the same large 
environment is equal to the decrease in the value of Z for the system. The 
useful work was defined as the work in excess of the work done by the 
system in displacing the environment. 

If in a given process the maximum amount of useful work is less than 
zero, then the process cannot occur without the aid of work which comes 
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from some source other than the system or the environment with which 
it is in equilibrium. If, then, we consider the environment to consist 
solely of a large and stable medium, no process can occur which involves 




Fig. 190. The Linos of Maximum Density and Maximum Entropy 

an increase in the value of Z for the system. Therefore, a system is in 
a state of stable ('quilibrium with a stable medium of uniform pressure 
and temperature if it is in temperature and pressure equilibrium with 
the medium and if for all possible variations in the state of the system 

AZ) > 0. [240] 

/T,7> 

This is th(i fourth criterion of stability given in Chapter XXIII. 

Let us apply this (*riterion to a pure substance for which the equation 
of van der Waals holds. Isotherms for temperatures greater and less 
than the criticuil temperature are represented in Fig. 191 by curves a 
and h respectively. In curve a there is no distinction between the liquid 
and vapor phases, but in curve b states to the left of the minimum point 
M may be called liquid states, and states to the right of the maximum 
point N may be called vapor states. For any one pressure, such as p', 
lying between the pressun^s corresponding to states ilf ^and N there are 
three states, Q, W, and having identical pressures and identical tem- 
peratures. In order to determine the Relative stability of these three 
states let us prepare a p-f diagram. 

The definition of Z gives 

^ = u + pv — Ts, 
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and by differentiation 

df = du + p + v dp ~ T ds - s dT. 

For a pure substance 

du + p dv - T ds = 0, 


and along an isotherm 


sdT 


Therefore, we have for an isotherm 


df = t; dp^ 

and for its slope on a p-f diagram 



It follows that the slope of an isotherm (Fig. 192) will decrease with 
increasing volume, the vapor line will have less slope than the liquid line 
at the same pressure, and the two will cross at some common pressure 
(JK in Fig. 192), 



Fig. 191 hia- 192 


According to the criterion (240] the line farthest to the left on cither 
side of the intersection will represent stable state's, because for any statcj 
on the other lines there is a possible variation at constant pressure and 
temperature of the sort 

0 . 

Thus, the vapor state R is more stable than the liquid state Q, but the 
liquid state Q is in turn more stable than the state W . On the other side 
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of the intersection the liquid states will be more stable than the vapor 
states. 

If part of the substance exists in state Q and the remainder in state 
R the former part will ultimately change to state Ry the more stable 
state. On the other hand, if part is in state J and the remainder in state 
K it cannot be said that the entire system will ultimately assume either 
state since the two are equally stable. It follows that when two phases 
have the same value of Z per unit mass they can coexist in neutral equi- 
librium. 

Vapor in the states represented by the line KN in Fig. 191 is said to 
be supersaturated or undercooledy and liquid in the states represented by 
the line JM is said to be superheated. These are called metastable states 
because, as will be shown below, they are stable to all infinitesimal dis- 
turbances and to some finite ones. Metastable states of the solid phase 
are frequently encountered either between a stable solid state and a 
stable liquid state or between two stable solid states in different solid 
phases. In many of these cases there is no evidence that the phases are 
in any sense continuous. Nevertheless, the same criterion applies for 
coexisting phases. 

The state TF, which is the least stable of the three states Ry Q, and 
IF having the same pressure and temperature, is one for which 



It is, therefore, a state of unstable equilibrium. 

The Primitive and Derived Surfaces of Gibbs 

The variation in the energy of a system consisting of a pure substance 
is given by 

dU = TdS-p dVy [15] 

provided that the change of state can be accomplished reversibly in such 
a manner that p dV is the magnitude of the work done by the system; 
that is, provided that the system is in an equilibrium state and is unin- 
fluenced by gravity, electricity, capillarity, and magnetism. It follows 
from [15] that 

' - - (i). 

and 



Any pair of states to which [15] applies could be represented by two 



419 


THE DERIVED SURFACE FOR COEXISTING PHASES 

points in a space whose coordinates are energy, volume, and entropy; 
and all such states could be represented by a surface in that space. The 
partial derivatives in [245] and [246] are the slopes of that surface in 
planes normal respectively to the axis of S and the axis of V. Therefore, 
a plane tangent to the surface represents quantitatively in the two com^ 
ponents of its slope the pressure and the temperature corresponding to 
the state at the point of tangency. Gibbs showed the utility of the 
energy-volume-entropy space in discussions of equilibrium. It is a 
geometrical device which illustrates the requirements for equilibrium of 
phases and simplifies the solution of many problems relating to the pure 
substance. We shall refer to this space as the E-V-S space rather than 
the U-V-S space because we shall wish ^ 

to represent non-homogeneous states 
and states involving motion as well as 
states to which [15] applies. 

A surface in the E-V-S space (Fig. 

193) representing all possible homoge- 
neous states of a given mass of a pure 

substance at rest is called a primitive / “““ p 

surface. If the same mass is in a non- / 

homogeneous state then its energy, / 

volume, and entropy can be found by 

summing up respectively the energy, 

volume, and entropy of all its parts, which, if small enough, may 
each be considered homogeneous. Thus a surface can be found in the 
space which represents equilibrium states including two or more coexist- 
ing phases. Such a surface is called a derived surface. 

The Derived Surface for Coexisting Phases 

Since the three coordinates of a non-homogeneous state of a system 
can each be found by summing up the corresponding values for each part 
of the system, it follows that the state can be represented by a point 
which is the center of gravity of masses proportional to the masses of 
the homogeneous parts each placed at the position corresponding to the 
state of the part it represents. (That is, the position of each mass would 
represent the state of the entire system, if its condition were changed to 
that of one of its parts.) Each of these masses lies in the primitive sur- 
face; and the center of gravity lies in the derived surface provided that 
the non-homogeneous state it represents is an equilibrium state. For 
example, all possible proportions of saturated liquid and saturated vapor 
will be represented by a surface which is made up of centers of gravity 
of pairs of masses placed along the saturated liquid and saturated vapor 
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lines in the primitive surface. The possible positions of the center ol 
gravity for any one pair of saturation states constitute a straight line 
joining the pair. Since [15] applies to changes in equilibrium mixtures 
of phases, a plane with slopes representing the pressure and temperature 
of the mixture will be tangent to the derived surface along the line join- 
ing the pair. The same plane must be tangent to the primitive surface 
at each end of the line because its slopes are identical with the slopes of 
the surface at the points of contact. 

Tangency of a single plane to the primitive surface at the saturation 
states of the two plnises is equivalent to the condition that f must be the 
same for two co(^xisting phases (see page 418). For it can be shown from 
[245] and [246] that the value of the function {E + pV — TS) is iden- 
tical with the height above the origin at which the tangent plane cuts 
the axis of E. If this height is the same for two states, as in the case of 
identical tangent planes, then f is the same for both. 

The Thermodynamic Surface and Stability 

The primitive surface described above represents only homogeneous 
states of equilibrium, though all need not be states of stable equilibrium. 
Derived surfaces represent equilibrium states which may be of neutral 
equilibrium. Any non-('quilibrium stahi is not in general represented 
by a point on either the primitive surface or a derived surface. For 
instance a state of a non -homogeneous system, all paits of which arc at 
r(‘st, is re'presenled by the center of gravity of masses, proportional to 
the masses of the parts, placed at various points on the [)rimitive surface. 
Since the surface is curved the center of gravity will not in general lie 
on the surface. The effect of motion of the parts is to raise the masses 
vertically above the primitive surface by amounts equal resi)ectively to 
the kinetic energy of the entire system if it is endowed successively with 
the velocities of the corresponding parts. Thus the point representing 
the state of a system parts of which are in motion will sink lower in the 
E-V-S space as the parts come to rest, provided that no other change 
occurs in their condition. 

Consider a system in state E\ V\ confined in a cylinder by a piston 
which is connected with a flywheel. The flywheel is to serve as a 
“ reservoir of work. The walls of the container which confine the 
system are to have a thermal conductivity which is small but not zero, 
and their internal energy and their ’Volume are to remain unaltered 
by any changes in the system or its surroundings. Now suppose the 
system and its container to be surrounded by a large and stable medium 
or atmosphere having a constant pressure po and a constant tem- 
perature Tq. 
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If the system is not in a state of stable equilibrium a change may 
occur involving interaction between parts of the system and between the 
system and the medium until finally the system comes to state E"', 
y", S". During this process, the medium, if it is large enough, will 
suffer no change in temperature or pressure. Since the medium itself 
is in a stable and homogeneous state, we may write [15] in the form 

dE^ = dS^ - p„ dV^, 

where symbols with subscript m denote properties of the medium. In- 
tegratiori at constant and T„^ gives 

E'i - E'^ = - S'J - p„(F" - rj, [«J 

where the single accent refers to the initial state and the double acci^nt 
to the final. 

The flywheel may absorb energy if it starts from rest, but it cannot 
deliver a net amount of energy. Therefore 

E'J, + FJ^ < El, + E\ [?)] 

By the principle of the increase of entropy, the sum of the entropies 
may increase, but cannot diminish, or 

S;' + >S" > .S; + aS'. [cI 

Finally, the volume enclosed within the bounds of the medium may be 
considered unchanged in the process, or 

v: + y" = y' + V'. M 

If these four equations are arranged in the form 

-E'J,+ TmSZ - PmF" = - Ei. + TrnSln ' P«K, 

E'i -H E" < K + E', 

-TmS” - T„SZ < - T^s' - fmSL 

PmV" + Pmy'm ~ PtitF + Pot I' mi 
by addition we have 

E" - T^S" + p„V'' <E'- T„S' + p„y'. [2471 

The quantity TnS - PmV is the vertical distance betwetm the origin of 
coordinates and a point at S, F on a plane passing through the origin 
representing in its inclination the pressure Pm n^nd the tempciature Tm- 
(A plane with this inclination we shall call a Pm~Em plane.) Ihe two 
members of the preceding equation, therefore, represent respectively the 



422 


EQUILIBRIUM OF A PURE SUBSTANCE 


vertical distances of the points representing the final and initial states 
above that plane. (A similar equation could be written for the normal 
distances, because the normal distance between a point in space and a 
plane is proportional to the vertical distance between them. ) 

It follows that any change which can occur in the state of the system 
surrounded by the medium in question results in a decrease in the height 
of the state point above the Pm~Tm plane (distances below the plane 
being considered negative heights). The most stable state of all the states 
the system can assume is the one represented by the point in the E-V-S 
space which is the least distance above (or the greatest distance below) the 
Pm“-Tjn plane. 

The sign of inequality in [247] holds, and the initial state is therefore 
not a stable one, if [b] or [c] is an inequality. Now [6] is an inequality 
if there is any possibility of delivering work to the flywheel. There is 
such possibility if, for example, a difference in pressure exists between any 
part of the system and the surrounding medium or t'ven between different 
parts of the system. Likewise [c] may be an inequality if, for example, 
the system, or any part of it, and the medium are initially at different 
t(^mperatures, or if a part or all of the system is in motion relative to the 
medium (for an irreversible decrease in velocity of a system, say at con- 
stant volume, has the same effect on tempt^rature and entropy as an 
addition of heat). 

Consider the state represented by the point on the primitive surface 
which is the least distance above the Pm-Tm plane through the origin. 
Then, if the plane is moved parallel to itself until it is in contact with the 
primitive surface at that point, it will be tangent to the surface because 
no point in the surface can be below the plane. Therefore the surface 
must be concave upward. It follows, too, that the system in this state 
is at the temperature Tm and the pressure Pm because the inclination of 
the surface is the same as that of the plane. 

Aliy stable homogeneous state of the system is represented by a point 
on a surface that is concave upward, and there is no other point on the 
surface which falls below the plane of tangency passing through this 
point. Any non-homogeneous state for which all parts are at rest is 
represented by a point which lies above or on the concave-upward sur- 
face of stable states, because this point is the center of gravity of masses 
placed on the surface. Motion of any part of the system relative to the 
medium will result in higher E for thte same V and S. Therefore the 
concave-upward surface of stable states is the lower boundary of a solid 
representing all possible states of the system (there being no upper bound- 
ary), and all states of stable equilibrium lie in the boundary surface. 
The point in this solid which is the least distance above the Pm-Tm plane 
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passing through the origin lies in the surface and represents a state for 
which the pressure of the system is pm and the temperature is If 
there is only a single state which is the least distance above this pm-Tfn 
plane (that is, if there is only one lowest point of tnngcncy to a Pm-T^ 
plane), then a spontaneous change from this state to any other state is 
impossible and the point on the primitive surface represents the state 
of stable equilibrium. The converse, that a change may proceed if the 
system is in any other state, is also true, and the tend(‘ncy to change will 
vanish only when the succession of states / 

reaches the surface of stable states at I 

Pmy Tfn,. ^ ''******'^*i^ i 

States of Neutral Equilibrium 

If a Pm-Tm plane is tangent to the sur- 
face at more than one lowest. ’’ point ^ ^ 

then the different points of tangency ^ \ 

represent equally stable states. By virtiu' ^ 

of the tangency, th(' system in all such Tangmcy 

-. 1,1 j- aia D('rivo(l Surface 

states has the pressure and tcmiperature 

of the medium. If there are two such states th(m tlie linc^ joining 
them in the space diagram represents mixtures of tlu^ two in vaiious pro- 
portions, and the tw^o states are identifi(‘d as two phases which can coexist 
(Fig. 194). At each tangent point the surface is concave upw’ard, so 

tliat a tang('nt i)lane can be 
^ . rolled along the two inverted 

// stability ridges, taking at. each new posi- 

L'i p V j inclination corre- 

spending to the pressure and 
^ temperature of equililu’ium for 
coexisting phases. The 
/■ — / Limit of essential ^ states represented by inter- 

instability mediat/C points on the line of 

tangency for any position of 
S" the rolling plane arc equilib- 

rium states that are not uri- 


Limit of essential 
instability 


Fio. 195 


stable since the concave-upward nature of the surface along the roll- 
ing lines makes the surface comprising the lines of tangency concave 
upward also. That is, there is no point at a lesser distance above 
the Vm-Tn, plane than a point representing a mixture of two phases 
at Pm and T^, but there are some points (i.o., others along the line of 
tangency) which are equally distant. 1 hen'fore the state of the mixture 
is a state of neutral equilibrium. 
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At the triple point a single plane is tangent to the primitive surface 
at three points, namely, the points representing the saturation states of 
the solid, liquid, and vapor phases respectively (Fig. 195). The plane 
triangle bounded by the straight lines joining the three states includes 
points representing all possible equilibrium combinations of the three 
phases. The common tangent plane which touches the primitive surface 
at Sj L, and V (Fig. 195) can be rolled along a pair of ridges in any one 
of three directions. It can lift at S and roll along the lines LL" represent- 
ing states of the saturated liquid and VV' representing states of the vapor 
which can coexist with them. It can lift at L or at F and roll along lines 
rciprescnting other pairs of states which can coexist in equilibrium. 
When the critical point C is reached the two lines of contact join and 
the rolling of the plane ends. 

States of Unstable and Metastable Equilibrium 

Beyond the critical point the liquid and vapor phases are continuous. 
It is reasonable to assume that the continuity exists below the critical 
y)oint and that the primitive surface (the surface representing homogene- 
ous states) continues uninterrupted from liquid side to vapor side. It 
will be recalled that the equation of state of van der Waals represents 
a continuity of this kind. 

For homogeneous states the pressure is not fixed by the temperature; 
therefore, the primitiv(i surface between the liquid line LC and the vapor 
line VC will not coincide with the derived surface which represents 
two-phase states. It must lie above the derived surface because that 
surface was so constructed that no states can lie below it. Since the 
primitive surface outside the boundaries LL^^CV^V is everywhere con- 
cave upward and the part of the primitive surface between LL" and 
VV' is entirely above a plane tangent at both boundaries, it follows that 
some part of the primitive surface between the boundaries is convex 
upward if the surface is continuous. 

This reversal of curvature indicates states of unstable equilibrium. 
For a tangent plane (which still represents the pressure and temperature) 
will lie above all the points representing neighboring states, and it was 
shown above that any process may occur which results in a decrease in 
the lK‘ight of the state point above the pressure- temperature plane of 
the medium. Even if the substance in one such state were in complete 
pressure and temperature equilibrium w^th its environment, the equilib- 
I’ium would be unstable because any disturbance of either pressure or 
temperature, however slight, would caus(‘ a sweeping change toward a 
state lower in the space (ndative to a Pm-Tm plane) and more stable. 
The locus of the points of inflection which mai’k the reversal in cur\rature 
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is shown on Fig. 195 as line ll'Cvv\ Gibbs calls it the “ limit of essen- 
tial instability.’^ The saturation curves I/^'LV'CV'VV" and 
he calls the “ limit of absolute stability.” 

No state which lies within the limit of essential instability will ever 
exist long enough to be observed as a homogeneous state. But states 
which lie between essential instability and absolute stability are often 
encountered. The surface representing these state's is concave upward, 
but a plane tangent to the surface will intersect the primitive; surface 
elsewhere. The height above a pm-Tm plane is less for thf^ state at the 
point of tangency than for all neighboring states but may be still less for 
some state for which the values of E, T, N, and oth(T properties are 
different by a finite amount. A system in such a states would be stable 
to all infinitesimal disturbances and to some sm.all finite ones, but a 
disturbance greater than a certain magnitude will cause the state of the 
system to sweep to a condition of absolute stability. Any state which 
lies between essential instability and absolute stability is a mctastable 


state. 

An example of a metastable state is afforded by liquid water which lias 
been cooled below the freezing hmiperature. This is called a super- 
cooled liquid. A crystal of ice bigger than a certain fini t(‘ size will probably 
cause immediate solidification of at least part of the system. Liquid 
water that has been carefully freed of dissolved air may be heated to a 
temperature above the normal boiling temperature wit hout tlu^ formation 
of vapor. A liquid whose temperature is higher than its normal tcan- 
perature of boiling is called a superheated liquid; and a vapor whose tem- 
perature is less than its normal temperature of condensation is called a 
supersaturated vapor or an wndercooled vapor. Eitluu* of these is m every 
respect a continuation inside the hmit of absolute stability of the normal 


single-phase conditions. , 

The stability of a supersaturated vapor to small disturbances is shown 
by the fact that a tiny (but not infinitesimal) drop of water introduced 
into it will not grow but will evaporate. However, a supersaturaU'd 
vapor will condense on a drop larger than a certain size. (A suiicrhcaU'd 
liquid will evaporate into a bubble larger than a certain size, but bubble.s 
smaller than that size will condense.) The state of a supersaturatoi 
system in equilibrium with an environment at P„, is^mpresented by 
a point such as a on the primitive surface m Jig. Uo. The sbiblc stab, 
which this system will attain if subjected to a large enough disturbance 
is represented in the figure by point ^ on the pnm.tivc surface. The 
tang^t planes at « and are parallel planes with the inclination p. 
but the tangent plane at a cuts the primitive surface, whereas that 

at 13 lies wholly below it. 
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It is possible that between certain phase's no limit of essential instability 
can be found. For example, a liquid may be cooled below^ its freezing 
point, and as the temperature is lowered the \iscosiiv increases continu- 
ously until, under some circumstances, it becomes so large that the system 
behaves as a solid in most respc'cts. A supercooled liquid of indefinitely 
large viscosity is called a glass. Glasses in general can be cooled to the 
absolute zero of temp(‘rature without changing to a more stable crystal- 
line solid state. It must be concluded, therefore, that the primitive sur- 
face is in many cases discontinuous between liquid and solid phases. 

The Thermodynamic Surface and Availability 

Gibbs defines and describes in terms of the E-V-S space the available 
energy of the system, its capacity for entropy, and several other quantities. 
Of these the one of greatc^st practical importance appears to be what he 
has called the amilahle energy of the system and medium. It can be 
defined as the maximum work which can bo delivei’od to things other than 
the system and medium by the two w^hen unaided by any changes (except 
('yclic changes) in any external things. Gibbs stakes that it is equal to 
the vertic^al height of the state point in the E-V-S space above a Pm-Tm 
plane which is tangent to the surface of stable states (that is, tangent 
at the lowest point of tangency). It can be shown with the aid of [245] 
and [246] that this distance is given by 

{E + VoV ~ ToS) - {Eo + PoVo - ToSo), [145] 

where subscript o refers to the state of the system corresponding to the 
point of tangency. It follows that 

Po = Pm 

and 

T T 

Reference to Chapter XVII will show that the available energy of the 
system and medium as defined b}' Gibbs is identical with the quantity 
that we have called availability. When it is interpreted in terms of the 
E-V-S space it becomes a measure of stability of the system in the pres- 
ence of the medium. In fact, the system is in its most stable state when 
the availability as given by [145] is z(‘ro. 

PROBLEMS 

1. Using a fluid having the van der Waal^ equation of state, give examples of 
states of stable equilibrium, neutral, metastable, and unstable equilibrium. Justify 
each example. 

2. (a) Tabulate all the facts that you can deduce from Fig. 187 concerning 
partial derivatives of properties of a substance for which (djj/ds)v > 0, 
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(6) Do the same for a substance for which {dp/ds)^ < 0, using Fig. 188. 

(c) Do the same for a fluid at a condition of maximum density, using Fig. 189. 

3. Starting from the conditions for stability of a pure substance, show that the 
order of lines about a point are (a) as in Fig. 188 if {dv/ds)r < 0, and (6) as in Fig. 189 
if ijdp/ds)v = 0. 

4 . Find the order of lines about a point for each of the kinds of neutral equilibrium 
listed in the footnote on page 411. 

6. Starting from saturation data from the Sieam Tables and Bridgman's p-v^T 
data for liquid water, develop p-n and T-s (‘harts for states on either side of the line of 
maximum density. See Bridgman, The Phi/sics of High Pressures, Macmillan, 1931, 
p. 143. 

6. Plot the isotherms corresponding to 1000 F, the critical temperature, and 
212 F for H 2 O on a diagram. On the same diagram, plot the curve of saturation 
states. By extrapolation show tlie curves of metastable states. 

7 . Show by the most direct method that if the values of f at J and K in Fig. 191 
are identical then the area JMNKJ on the p-v diagram must be zero. 

8 . (a) Show that the volume and entropy of a system are given by the inclinations 
of a plane tangent to the surface of most stable stab^s in a Ti-p-T spac^e. 

(b) What other properties can be shown by the iuclinatioriH of tangent planes to 
surfaces of stable states in three-dimensional diagrams? 

9 . Prove that a non-homogeneous state can be represented in the E-V-S space 
by the center of gravity of masses proportional to the masses of the homogeneous 
parts if each mass is placed in a position which would represent the state of the entire 
system if its condition were changed to that of the part, 

10 . Show that (a) the value of the function {E pV — 7\S) is identical with the 
height above the origin at which a tangent plane at the state E, V, S on the primitive 
surface cuts the axis of E', (b) the value of tlie function {E -j- poV — T oE) is the 
vertical height of the state point E, F, S above a po-To plane which passes through 
the origin; (c) the value of the function [{E -f poV — ToE) ~~ (Eo -f poFo — T^o^So)] 
is the vertical height of the state point E, V, E above a plane which is tangent to the 
primitive surface at the state point Eo, VC Eo- 

11 . Using data from the Etea7u Tables, {a) plot on a u-s diagram the traces of the 

surface of most stable states in the E-V-E space on pianos for which the volume is 
0.05, 0.5, and 5 fU/lb; (b) plot on a u-v diagram the t^a^*(^s of the surface on planes 
for which the entropy is 1, 1.3, and 1.0 Btu/F lb. (c) Show on these diagrams the 
projections of the line of saturation states. {(P Select a single state and show graphi- 
cally the pressure and temperature corresponding to it.. Show graphically the 
availability for some other state as regards a medium at the pressure and temptirature 
of (d). (/) Sket(4i the probable course of the lines of mctastable states for the 

volumes and entropies given above. 


SYMBOLS 

Cp specific heat at constant pressure 
E internal energy of a system 
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p pressure 

s entropy per unit mass 

S entropy 

T absolute temperature 

u internal energy of a unit system in the absence of motion, gravity, etc. 
U internal energy of a system in the absence of motion, gravity, etc. 

V specific volume 

V volume 

Greek Letters 
5 a variation as specified 

A a variation of any order, finite or infinitesimal 

f (w + — Ts) 

Z (E 4- pV - TS) 

Subscripts 

h constant enthalpy 

m medium 

o point of tangency 

p constant pressure 

.s constant entropy 

T constant temperature 

u constant internal energy 

V constant volume 

Superscripts 
' initial state 

" final state 
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CHAPTER XXV 

SUPERSATURATED VAPOR AND SUPERHEATED LIQUID 


Experimental Evidence of Metastable States 

Ample evidence is available that mctastable states of the vapor and 
liquid phases exist commonly and under circumstances that make them 
of considerable importance in science and engineering. In 1897 C. T. H. 
Wilson* published an account of the behavior of water vapor mixed 
with air and otlu^r gases when subjected t,o rapid expansion. He showed 
that dust-free air saturated with water vaf)or can be expanded isen- 
tropically to a volume 25 per cent greater befoni condensation occurs, 
whereas according to ]3alion’s Law for stable mixtures condensation 
should begin with the expansion. 
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The Discharge from a Converging Nozzle with Expansion Crossing the 
Saturation Line 


MeaeuremenU, made by the Deparlmenl -f 
Company. Reproduced by courtesy of the (.oncnil Idectru. <.omp y. 

The flow of steam through a frictionless, adiabatic nozzle for different 
initial temperatures while the initial and final pressures are held constant 
can be computed from Steam Table data if the steam assumes only 
stable equilibrium states. The re, suit of such a computation is shown 
by the dash line in Fig. 196 in which the discontinuity d occurs at the 

p.* 

Wilson s miieresL m o nf the cas which in turn promotes conden- 
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highest initial supc'rlu'at at which the liquid phase appears at the throat 
of the nozzle. The ineasurod flow, on the other hand, follows the solid 
line which at higher sui)erheats parallels and, because of friction, falls 
slightly below the computed values. The discontinuity on the measured 
(;urve, d\ occurs at a lower initial superheat than on the computed 
curve. The course of the measured curve between d and d^ and the 
excess of the me'asund flow over the computed value at low superheats 
both suggest that condensation fails to occur even when the state of the 
vapor passes appn^ciably beyond the saturation state. 

The condensation of supersaturated vapor has been observed visually 
by Yellott* and others. A two-dimensional nozzle with glass walls is 
illuminated by a light beam dir(‘cted along the length of the jet. A 
s(‘arch tube, t, Fig. 197, samples the static pressure of the stream through 



a small hole in the wall of the tube so that the course of the pressure 
along the stream can be plotted as shown. If the steam is brought to the 
nozzle in a superheated state, expansion occurs without visible trace of 
liquid through the saturation state at p* and to a state at a considerably 
lower pressure Pc where a fog of liquid particles is formed. The diam- 
eter of each of the partich's of fog is probably less than a wave length of 
visible light bec’ause only a blue haze, typical of light scattered by 
particles of such dimensions, is visible. At the point of condensation a 
discontinuity occurs in the course of the pressure in the stream. 

Less extensive but equally convincing evidence is available of the 
existence of metastable liquid states. At any finite temperature a stable 

* Yellott and Holland, Trans. A.S.M.E., Vol. 59 (1937), pp. 171-183; Yellott, 
ibid., Vol. 56 (1934), pp. 411-430; Rettaliata, ibid., Vol. 58 (1936), pp. 599-606. 
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liquid will vaporize before the pressure it exerts on its container reaches 
zero. But it is well known that liquid water free from dissolved gases 
will cause the inward collapse of the walls of a thin glass container if it 
is cooled carefully. I'he collapse is iho result of tension or negative pres- 
sure in the liquid. If the walls of the contaiiu‘r do not fail, the liquid 
may be maintained in a condition of tension indefinitely, though a 
sudden blow on the walls may result in vaporization and the establish- 
ment of the saturation pressure corresponding to the stable two-phase 
state. A small amount of air coming out of solution wall have the same 
effect. 

A direct measurement of a negative pressures can be made by con- 
necting a container full of warm, air-free liquid with a mercury manom- 
eter through a liquid-filled capillary tube as shown in Fig. 198. If the 



Fia. 198. Cooling Liquid Water to Negative Pressure 


liquid in t,h(' container is carefully cooled the column of mercury will 
rise to as much as 100 mm in excess of the baiometric height.* 1 he 
change of stab; of the liquid in thi.s case is illustrated m Fig. 198 where 
point 1 represents the stable state of the warm liijuid and point 2, on the 
same line of constant volume projected Ix'ytmd the stable region, rep- 
resents the metastable state of the liquid under negative pressure or 
tension. Of course, negative pressure is not a necessary condition for a 
superheated liquid since any state of th- liquid represented by a point 
in Fig. 198 to the l(‘ft of the saturation line is either a miTastablc state 

or an unstable state. 

If hot liquid water is expanded adiabatically and icver.sibly throi g 
a nozzle to a lower pressure the rate, of flow can be compu^d from 
Steam Table data in precisely Ih*. saim. fashion as the rate of flow of 

‘Worthington (Proc, Ttm, Soc., A, Vol. 50 (1892). pP- 423-424) observed ethyl 
alcohol at a pressure of -250 Ib sq m. 
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vapor. Until the end of the expansion reaches the line of the saturated 
liquid (at Fig. 199) very little increase in volume occurs between 
inlet and discharge. But once the saturation line is crossed the forma- 



tion of vapor greatly increases the specific volume of the fluid and 
correspondingly restricts the calculated rate of flow (Fig. 200). Meas- 
urements have been made,* however, which indicate rates of flow 



Fig. 200. Calculated and Measured Flow of Hot Water through a 3'^i-inch Diameter 

Converging Nozzle 

From J. L. DauforLb, M. S. Thesis, M. I. T., 1941, 

through nozzles as much as five times the computed flow, which can be 
explained only on the hypothesis that vaporization does not occur when 

* W. T. Bottomley, Trans, North East Coast Inst, of Engineers and Shipbuilders^ 
Vol. 53 (1937), pp. 65-92. 

J. L. Danforth, M. S. lliesis, 1941. 
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the pressure is lowered to the pressure of vaporization. Visual obser- 
vation of the flow of liquid water through a glass nozzle has confirmed 
this hypothesis. 

Methods of Determining Properties for Metastable States 

The properties of a system in a metastable state cannot be measured 
readily because such a state usually will not endure the disturbance 
incident to measurement. Thus a thermometer exposed to a stream of 
supersaturated vapor will serve as a nucleus for condensation and will 
take up a temperature other than that of the surrounding vapor. 

In the absence of measurements the properties of metastable states 
can be found by extrapolating the properties of stable states, because 


Fia. 201. 



Extrapolation of Linos of Constant Volume and Constant Temperature 
into the Region of Supersaturated Vapor 


the metastable region is merely the extension of a stable phase beyond 
the limit of absolute stability. For example, if the pressure-volume 
product is virtually constant along an isoth(?rm in the vapor phase the 
specific volume corresponding to any metastable state of the vapor at 
the same temperature can be found from the constant of the stable 
region. Similarly, if the specific volume is virtually constant along an 
isotherm in the liquid phase the specific volume corresponding to any 
metastable state of the liquid at the same temperature is the same as 
that for stable states. 

Again, if an isentropic expansion in the vapor phase corresponds to 
the pressure-volume relation 

= constant, 

the same equation with the same constant and the same exponent will 
represent the relation when the expansion has crossed the saturation 
line into the metastable region. 

In the precise determination of the properties of a supersaturated 
vapor it is well to choose for extrapolation those measured values which 
together form a nearly linear relation as the saturation line is approached. 
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For example, the pressure-temperature relation along an isometric, 
Fig. 201, and the Joule-Thonison coefficient along an isotherm are easy 
to extrapolate. 

Distixrbances Necessary to Cause Change to a Stable State 

Consider a central piece of a large mass of fluid in a metastable state. 
If a change to a more stable state is to occur the change must be initiated 
by the formation of a minute amount of the more stable phase within 
the mass. That is, the change toward stability must begin with tlie 
formation of a tiny drop in a supersaturated vapor or of a tiny bubble in 
a superheated liquid. But since a metastable state is one which will 
persist despite infinitesimal disturbances a sufficiently small drop will 
not cause condensation of a supersaturated vapor but will itsc'lf evapo- 
rate, and a sufficiently small bubble will not cause evaporation of a 
superheated liquid but will itself condense. On the other lauid, if the 
vapor is exposed to a large surface of liquid it will condense on it and 
the amount of licpiid present will increase; similarly superheated litpiid 
will evaporate into a large space filled with vapor. It remains to 
determine how large a mass of liquid is necessary to initiate conden- 
sation, or how large a mass of vapor is necessary to initiate vaporization 
in a metastable fluid. 

Equilibrium between Phases at a Curved Surface 

As regards interaction with surrounding vapor, the difference between 
a minute drop and a large mass of liquid is the cuiwature of the surface 
which the liquid presents to the vapor. Lord Kelvin* and R. von 
H(‘lmholtz| have shown that the curvature of the surface of separation 
between two phases determines the equilibrium pressure for coexistence 
of the two at any temp(‘rature. The method of analysis is as follows: 

Consider a system consisting of a liquid and its vapor in stable equi- 
librium in a gravitational field of standard acceleration f/Q. For stability 
under such circumstances the t(*mperature must be uniform despite the 
hydrostatic variations in pressure. Let a capillary tube of a material 
that the liquid will not wet be placed vertically in the liquid. Within 
the tube the licjuid- vapor boundary is a curved surface which is depressed 
a distance i/ (Fig. 202) below the flat boundary surface oiitside the tube. 
Because of hydrostatic forces the vapor in the tube below the flat sur- 
face is at a pressure excec'ding that of the vapor in equilibrium with the 
flat surface at the same temperature. If the pressure of equilibrium is 

* Proc. Roy. Soc. Edin., Vol. VII (1870), p. 63; also Phil. Mag. 4th Vol. 42 (1871), 
pp. 448-452. 

t Wied. Ann., Vol. 27 (1886), pp. 508-643. 



EQUILIBRIUM BETWEEN PHASES AT A CURVED SURFACE 435 


the same for the curved surface in the capillary" as for the flat surface 
outside, then vapor must condense on the curved surface and a flow will 
occur down the tube. 

Now if a turbine wheel is introduced into the entrance to the tubt‘ 
some work may be delivered by the vsystem, because any drop in pressure 
across the wheel less than the hydrostatic head of va|)or corresponding 
to y will not prevent circulation of the fluid. If a heat source sufficiently 
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high in temircratuif provides a comrxmsiiting flow of iicat., the woik 
taken out will cause no change in the energy of the system and the oixt- 
ation can be made continuous. But this device is a perpetual-motion 
machine of the second kind. Therefore, the vapor and the liquid mu.st 
be in equilibrium at the curved .surface, and the vapor m the capillary 
between the level of the flat surface and that of the cun-ed .surface is 

supersaturated vapor. r . • 

If the curvature of the surface is of radius r and the .surface tension 

is <r the surface exerts a downward force on the liquid below it of mag- 
nitude 2irr(7. For dynamic equilibrium of an element of fluid imme- 
diately below the surface we may write 
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where p, denotes the pressure of the vapor on the fiat surface, its 
pressure on the curved surface, and v' the mean volume of unit weight 
of the liquid over the height (Pig. 203). Since p'' exceeds Ps only 
by the hydrostatic head of vapor the difference (p^^ — ps) can be 
neglected, except near the critical state, as compared with the hydro- 
static head of the liquid y /v\ Then 

2'Kra — Trr^ ^ 

V 


or 



[248] 


The equilibrium pressure of the vapor corresponding to the liquid 
surface of radius r exceeds that corresponding to the flat surface by the 
hydrostatic head of vapor over the height y^ , For an element of vapor 
in the capillary of depth dy pressure equilibrium is expressed by 



where v denotes the volume of unit weight of the vapor. Since the 
temperature of the system is uniform we may write for low pressures 

pv = constant = PsVg, 

where Vg is the specific volume of the saturated vapor over the flat 
liquid surface. Substitution in the preceding equation gives 


dp dy 

V VsVg 

Integrating between y — 0 and y = y' we get 

. p' y' 

In — = > 

Vs PsVg 

which upon substitution of the value for y' in [248] gives 

In ^ 1 

Ps PsT Vg 


If the pressure is low enough 

P,Vg = RT, 
and 


In 


Ps 


2av' 

rRT 


[249] 


[250] 
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It follows that for equilibrium between two phases of a pure substance 
the relation between the temperature and the pressure of the vapor is 
not unique but is different for different curvatures of the surface sepa- 
rating the phases. In mathematical terms 

p''=f{T,r). 

This relation is shown in Fig. 204, where the solid curve is the saturation 
line for a flat surface (r = oo ) and the dash lines below it are saturation 
lines for convex liquid surfaces of various radii. 

The von Helmholtz analysis is equally valid if the liquid wets the 
tube and rises to a concave liquid surface for which the sign of the radius 



Fig. 204. Equilibrium between Liquid and Vapor at a Curved Surface 

Dash lines give pressure of vapor in equilibrium with drops of radius indicated. Dot and dash lines 
give pressure of liquid in equilibrium with bubbles of radius iiuhcuted 


in the analysis given above is changed. TIu (‘orrt'spondiiig saturation 
lines are shown in Fig. 204 as dot and dash lines above tlie normal satura- 
tion line. For these the abscissa represents the pr(\ssure of the liquid 
just below the surface. The liquid in the (capillary at levels between 
the flat surface and the curved surface is at pr(‘ssures lower than the 
normal saturation pressure. It is suptuheated liquid. 

Unstable Equilibrium between a Drop and Surrounding Vapor 

Though the curved liquid surface of Fig. 202 is in stable equilibrium 
with the vapor above it, a drop of liquid having a surface of the same 
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degree of curvature would be in unstable equilibrium with the vapor, for 
there is no tendency for the drop to grow or to get smaller, but if the 
drop by some accidental condensation becomes slightly larger it will 
continue to grow by condensation. Consider, for example, a super- 
saturated vapor in state a (Fig. 204) in equilibrium with drops of the 
radius indicated by the dash line passing through a. An accidental 
condensation on a drop will cause its radius to increase, so that the 
curve of equilibrium for this drop is moved to the left of point a. There- 
fore, vapor in state a is at a temperature lower than the equilibrium 
temperature corresponding to its pressure, and it will condense on the 
drop. Thus, the drop will continue to grow until its radius of curvature 
becomes infinite, or until all the vapor is condensed. 

Similarly, if the drop should by some accidental evaporation get 
smaller the curve of equilibrium will be to the right of point a, the vapor 
will be superheated relative to the drop, and tlie drop will continue to 
evaporate. 

Therefore the radius corresponding to the saturation curve passing 
through th(^ supersaturated state a is the radius of the smallest drop of 
liquid which would grow by condensation when exposed to vapor in 
state a; it is also tlu'. radius of the largest drop of liciuid which would 
evaporate undcir the same conditions. The radius corresponding to 
the saturat ion curve passing through the superheated liquid state a' has 
a similar significance with respect to the size of bubbles of vapor. 

The Supersaturation Limit 

Wilson’s tests with the cloud chamber indicate that dust-free air 
saturated with water vapor can be expanded in volume by 25 p{‘r cent> 
before any liquid forms in a reversible and adiabatic process. At this 
stage a rain of fine drops appears. If the mixture is expanded by 38 
per cent a dense fine fog is formed. Using Dalton’s law of partial 
pressures Wilson computed the corresponding supersaturation ratios ^ 
(the partial pressure of the water vapor divided by the normal saturation 
pressure corresponding to the temperature) and found them to be 
respectively 4.2 and 7.9. The corresponding minimum radii of drops 
that would grow are respectively 8.6 X cm and 6.4 X 10”^ cm, 
according to the Kelviii-Helmholtz equation. 

It is doubtful whether these figures represent limits to the super- 
saturated states of water vapor in the^ absence of air and other gases. 
There are available, however, a number of excellent observations* of 
water vapor in isentropic expansion which show a well-defined limit. 
Yellott and Holland find that the locus of supersaturated states at 

* Refer to footnote on page 430. 
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minute liquid particles forms in a nozzle is a line 
on the Mollier diagram approximately paralleling the saturation lini^ 
and lying about 60 Btu/lb below it. In the h-s diagram of Fig. 205 the 
line VV represents the normal saturated vapor, pp a line of constant 
pressure for metastable (supersaturated) states of the vapor, and pp' 
a line of constant prepare foi’ equilibrium b(>tween phases at boundary 
surfaces of large radius. Now if an isiaitropic expansion through a 
nozzle with smooth walls begins at a superheated state it proceeds 
without formation of liquid until the state B is reached. At state B a 
mist or haze made up of minute liquid particles forms suddenly. The 
state B is called the supersaturation limit of the expansion. The line 



Fig. 205. The Limit of Supersaturation 


SS is the locus of points B representing the siipi'rsaturation limit for 
expansion along various isentropics. 

From the Kelvin-Helmholtz equation [250] and the curve of the super- 
saturation limit (SS) the radius of curvatuni can b(^ computed for the 
smallest liquid particle that would grow to form a particle of fog. It 
is found to vary from about 1.4 X ft at th(* lowest pr(\ssures investi- 
gated (6 Ib/sq in. abs) to about 1.7 X 10"'^ ft at tlu* highest presshres 
(40 Ib/sq in. abs). It is shown below that a drop of radius 1.4 X lO""® 
ft contains about 12 molecules. It is doubtful whether the Kelvin- 
Helmholtz equation is even approximately valid for radii of this mag- 
nitude, but it offers evidence that supersaturation will persist until a 
small group of molecules, perhaps accidentally assembled, begins to 
grow. 
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The Nucleus of Condensation 


In their experiments on the flow of steam through nozzles Yellott and 
Holland have shown that at some point in the course of the expansion a 
fog is formed suddenly which is visible, when properly illuminated, as a 
bluish haze. Presumably, there are present in the steam before con- 
densation begins particles of fluid just large enough to grow when 
exposed to the supersaturated vapor at the point of condensation. 
The Kclvin-Helmholtz eciuation permits us to calculate in terms of the 
surface tension of the liquid the size of the particles that would grow. 
As one example, Yellott and Holland find a supersaturation ratio 
(pressure of the vapor divided by the normal saturation pressure corre- 
sponding to the temperature) of 5.G when the temperature of the vapor 
is 150 F immediately before the point of condensation. If we choose 
for the surface tension its value corresponding to a flat surface 
(p' — p" = 0) at 150 F we get for the radius of the drop which begins 
to grow 


r 


2av^ 


PsVg In - 


2 X .0042 X .015 
3.718 X 144 X 97.07 X In 5.6 


= 1.4 X 10"® ft. 


Let us compute the number of molecules comprised in such a drop. 
A gram mole of H 2 O has a mass of 18 grams and contains 6.06 X 10^^ 
molecules. One molecule, therefore, has a mass of 3 X 10"^^ gram or 
6.5 X 10“^® pound. The mass of a drop of water of radius 1.4 X 10“® 
foot and of specific volume 0.014 fvVlb is 0.8 X 10"^^ pound, and it 
compnscs 8 -j- 0.65 or 12 molecules. 

Now a drop comprising twelve molecules is a minute drop, but it is 
unlikely that the vapor phase of water contains molecular groups of 
this magnitude in such numbers as to cause the formation of the dense 
fog observed in the nozzle. However, in computing the size of this drop 
it was assumed that the surface tension is the same as that for a flat 
surface. A correction of this assumption may be attempted with the 
aid of [333] which is derived in Chapter XXVI. This equation gives the 
rate of change at constant temperature of the surface tension a with the 
difference between the pressure inside and outside the drop (p' — p"): 

[ dor “1 m 

d(p' - p")Jr ^l/t/- lA")" 

where m denotes the mass of the film, F its area, v' the specific volume 
of the liquid, and v'' that of the vapor. If we assume the density of 
fluid in the film to be the same as in the liquid, the right-hand member 



THE NUCLEUS OF CONDENSATION 441 


of [333], which is approximately (-mv'/F), is the negative of the thick- 
ness of the film. 

The thickness of the film cannot be less than zero, and [333] indicates, 
therefore, that the surface tension decreases with the radius of the drop. 
From the Kelvin-Helmholtz relation 


r = 


2(tv\ p" 
In — 


[249] 


it can be seen that, if the value of o- employed is greater than the true 
value, the value of r is also greater than the true value. That is, the 
true value of r is probably less than 1.4 X 10“^ foot, and the drop 
probably contains fewer than twelve molecules. 

Let us assume the film to be a single layer of molecules. Then its 
thickness would correspond to the diameter of a single molecule, which, 
according to the method used above, proves to be approximately 
foot. Substituting this value for the right-hand member of [333] and 
integrating between (p' — v') = 0 and (p' - p''), we got 

er = tri - (p' - p") X 10”^ [251] 


where <t denotes the surface tension of the drop corresponding to 
(p' — p") and a\ the surface tension of a flat surface (p' - p" = 0) at 
the same temperature. The pressure difference (p^ — p") is balanced 
by the surface tension, so that 


V - V 


2wr<x 2 a 
r 


[252] 


Therefore, [251] becomes 


a 


= ai - 


2a 

r X 10*’ 


or 


a 


2 


Substitution of this expression for <r in the Kelvin-Helmholtz equation 
gives 

p,' P,Vg{r -h 2 X 10“*) 

Using the same data for the supersaturation limit as before, we get 
r-l-2 X 10“* = 1.4 X 10“® ft 
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or 

r = -0.6 X 10"® ft, 

a result which indicates by its sign that the assumed effect of pressure 
on the surface tension is too large. Nevertheless, it is clear from these 
calculations that some reasonable value for the pressure coefficient of 
the surface tension will indicate that water particles of the order of 
magnitude of less than ten molecules will begin to grow at the point 
where condensation is observed. It is probable that chance groupings 
of two or more molecules are the nuclei for condensation in the nozzle. 


Behavior of a Stream if Large Drops Are Formed 

The behavior of Hie stream of fluid at the point of condensation can 
be studied in terms of the equations of steady flow. Assume that line 

c in the nozzle of Fig. 2()() represents the 
])lane in which condensation suddcaily occurs, 
so that to tlie left of c the fluid is trans- 
parent and to the right a fog is visible. 
Assume further that, fluid to the left of c 
is vapor (supersaturated vapor) and that 
to the right is an equilibriiim mixture of 
vapor and drops of licpiid. Let subscript 1 
refer to the stab' of the fluid just to the k'ft 
of c and let subscript 2 refer t.o that just to th(' right of c. For these 
two sections, if they are very close together, we may write the con- 
tinuity equation [9], 

^ Ij, 



where V denotes the velocity of tin' fluid and c its specific volume; the 
energy equation [6], 

+ I - ‘o- 

and the momentum equation [60], 


or, sinco ui == 02 , 


Pi«i + - Vj 
0 


P2O2 H — F2, 
Q 


Pi H P2 H 

ng V2g 


[254] 


[255] 


If the state of the fluid is known at some section of large area before the 
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nozzle (section 0) and the expansion is reversible and adiabatic, then 
the entropy at 1 is known. If the pressure at 1 is measured the state at 
1 and all its properties as well as the velocity there can be found by some 
method of extrapolation. (For example, it may bo assumed that 
the value of hi can thereupon be found from /ii = /io 4* 

/ V dp.) Equations [253], [254], and [255] tlum become expressions of 
Jo 

the relation between the four unknowns, To, rs, ho, and p 2 . 

If we assume for the moment tliat the particles of fog at 2 are infinitely 
large (say, greater than 10~® inch in diameter), the ordinary table of 
the properties of saturated liquid and saturated vapor yields a fourth 
relation between three of the four unknowns, nam(4y, p 2 , ^ 2 , and V 2 j 
and offers the possibility of a unique solution for the state at 2. For 
one of Yellott’s earlier tests* it is found that with a pr(\ssure at 1 of 13.7 
Ib/sq in. abs the computed pressure at 2 is 17,5 Ib/sq in. abs. That is, 
according to the analysis, the 
course of the pressure is dls- 
continuous at the point of con- 
densation. The measured curve; 
of pressures 0-l~3-4, Fig. 207, 
shows that such a discontinuity 
does exist although it is of lesser 
magnitude than the calculat(;d 
one and is rounded off by the 
finite size of the hole through 
which the pressure is sampled. 

The curve 4-3 can be (extrap- 
olated back to the point of 
condensation 2^ and a rough 
measure of the discontinuity 



Fiu. 207. Discontinuity in l^rossure at tin* 
Point of Condensation 


in pressure (p 2 — Pi) (‘tm be 

had. For the test in question it was found to be 1.75 Ib/sq in. instead 
of the computed value of 3.8 Ib/sq in. 


Behavior of a Stream if Small Drops Are Formed 

A similar analysis can be made assuming that th(; fluid at 2 is an equi- 
librium mixture of vapor and drops of less than infinite radius. The equa- 
tions [253], [254], and [255] still apply, but the ordinary tables of the 
properties of saturated liquid and saturated vapor do not. A table of 
properties of equilibrium mixtures of suf)ersaturated vapor and any one 

* Trans. A.S.M.E., Vol. 56, pp. 427-430. 
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size of drop can be prepared from the Kelvin-Helmholtz relation and 
the properties of vapor and drops. Thus the natural log of the pressure 
of the vapor in equilibrium with a drop of radius r at a temperature T 
is given by 

In p" = In p, + 9 [256] 

rPsVg 

where p, and Vg refer to the normal saturation state at T. By extrapola- 
tion of the properties of the vapor phase the properties of the vapor cor- 
responding to p' and T can be found. 

The specific volume of the liquid in [249] is the mean specific volume 
between the normal saturation pressure p, and the pressure p' within 
the drop at the temperature in question. The two values can be found 
from a table of properties of the liquid by entering at the saturation 
conditions and again at the pressure 



according to [252]. (It is probable that extrapolation will be necessary 
from any existing table of the properties of compressed liquid, such as 
Table 4 of Keenan and Keyes, but the precision attained will be ade- 
quate.) 

The energy of a drop of liquid is the sum of the energy of the material 
in the liquid phase and the energy of the film. If we assume the mass 
of the film to be negligible compared with the mass enclosed by it, we 
may write 


.E F 

W = W + 

F m 


where u denotes the energy of unit mass of drops, u' the energy at p' 
and T of unit mass of liquid phase, E the surface energy of the film on 
one drop, F the surface area of the film, and m' the mass of the drop. 
Now 

Z- _ Zl' _ 

m! Vol r 

where Vol denotes the volume of the drop, v' its specific volume, and r 
its radius. Substituting this expression for F/m' and employing for 
E/F the expression [334] which is derived in Chapter XXVI, we get 

r 
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Over a considerable range at low temperatures the experimental values 
of <r for flat surfaces can be represented by a linear equation: 

<r = a + 


In view of the small effect on the energj'^ of the stream of an error in the 
value of surface tension we may neglect the effect of curvature on a. 
Then 


and 



[258] 


Now the relationship between the properties w, v, and p of an equilib- 
rium mixture of vapor and drops of radius r in any proportion at 
temperature T can be found from [258] and the relations 

/ , // // 
m u -T m u 

^ 

m -f m 

and 

/ / , rf ff 

m V + m V 

“ / j 77 ^ 

m + m 

where subscript m refers to the mixture, superscript ' to the liquid and 
to the vapor, and u denotes the internal (energy of unit mass of drops. 
The enthalpy of the mixture is 

hm = Urn + p"vmf 

where p'' is the pressure of the vapor.* 


* The h-v-p relation for equilibrium mixtures of vapor and drops of various size 
can be:represented satisfactorily for small proportions drops by an equation of the 
type 

h — mpv — n log p -f t- 

Values of the coefficients of this equation, when h is in Btu/lb, p in Ib/sq in. abs, and 
V in ftVlh, are given below for drops of various radii, r. 

n h 

88.58 284.5 

91.4 ai8.6 

85.9 :M0.9 

79.00 394.2 

77.5 409.3 


r X 10* 

m 

ft 


00 

2.459 

8 

2.42 

6 

2.37 

4 

2.217 

3 

2.206 
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The state 2 in the nozzle may now be found for drops of various size, 
and the corresponding jump in pressure between 1 and 2 can be com- 
puted. The computed variation of the jump with size of drop for one 
set of test conditions is shown in Fig. 208. If the drops formed are 

2.2 X 10”® foot in radius no discontinuity 
will occur because this is the size of nuclei 
that are already present and any further 
increase in the number of nuclei will be a 
gradual and essentially continuous process. 
For the formation of larger drops the jump 
in pressure increases in magnitude until it 
reaches a maximum of 3.8 Ib/sq in. for the 
formation of infinitely large drops. The 
jump deduced from the measurements in- 
dicates the formation of drops at section 2 
wfith a radius of 5 X 10~® foot, which grow 
suddenly from nuclei, with a radius of 2.2 X 10“® foot. Figure 209 
shows the agreement between the calculated jump in pressure and the 
measured jump for a number of tests plotted against the pressure 
before the nozzle. The calcula- 



5 3 2 

Drop radius x 10^’ft 

Fig. 208. Pressun; Rise at 
Condensation as a Function 
of Drop Size 

From Tram. A.S.M.E., Vol. 56, 
pp. 427-430. 





lions were all made for the forma- 
tion of drops with a radius of 
5 X 10“® foot. The agreement 
appears to be good enough to 
justify the analysis. 

The kinetic energy of the fluid 
st ream im m edi at(‘ly af ter the f orma- 
tion of the fine fog is less than it 
would have been if reversible ex- 
pansion had occurred with th(' 
formation of large drops of liquid 
in equilibrium with the vapor. The 
amount by which it is less can be computed if the pressure after the point 
of condensation and the size of the drops that are formed are known. Since 

y2 

— = /lo - /i, [253] 

2 ? 


initial pressure~lb/sq in. 


Fig. 209. Pressure Rise at 
Condensation 

The circles represent experimental values. 
From Trans. A.S.M.E., Vol. 5^, pp. 427-430. 


it is necessary only to know the enthalpy of the mixture immediately 
after condensation, which is one of the quantities determined in the 
preceding analysis, in order to find the kinetic energy of the stream at 
that point. The kinetic energy for isentropic expansion in equilibrium 
with large drops can be found directly from the Sicemt Tables. 



PROBLEMS 


447 


A similar calculation for loss of kinetic energy can be made for the 
pressure immediately before condensation. Here the loss is attribu- 
table to the failure of the steam to condense. The ( xcess of the propor- 
tionate loss after condensation over that before condensation is due to 
the irreversibility of the process of condensation, which is in the natTire 
of a shock. 

Very little is known about the behavior of the mixture of vapor and 
drops as expansion proceeds beyond the point of condensation. During 
this process the temperature of the vapor will fall with falling pressure, 
but the temperature of the liquid will be reduced mainly by transfer of 
heat to the vapor. Temperature equilibrium will not be attained, be- 
cause the drops will always be hotter than the vapor. 

Under such conditions thermodynamics alone is of little use. It tells 
us the direction in which equilibrium lies and tlu^rc'forc the direction in 
which a change of state will proceed. It tells nothing, however, about- 
the rate at which it will proceed. Since the solution of the problem of flow 
of a non-equilibrium mixture through a nozzle depends largely on the 
time rate at which transf(u*s of mass and of heat occur, it must be sought 
through the principles of statistical mechanics or through empirical 
devices. 


PROBLEMS 

The surface tenaion of liquid water in dynes per centimeter in the presence of its 
own vapor is given to good precision by the equation 

<r = 75.64 - 0,1391/ - 0.0003/2, 
where t denotes the temperature in degrees Centigrade. 

1 . Find the diameter of the smallest drop of liquid that would grow in super- 
saturated vapor at 150 F and at a pressure twice the normal saturation pressure. 

2 . Derive an expression for the equilibrium pressure of a liquid surrounding a 
spherical bubble of vapor in terms of the normal saturc.tion pressure p*, the surface 
tension a, and the radius of the bubble r. A.s,sume that the densit}^ of the vapor is 
negligible as compared w'ith that of the liquid. 

3 . Find the diameter of the smallest bubble that would grow in liquid at a tem- 
perature of 150 F and at an absolute pre.ssure of zero. 

4 . How would you modify the Kelvin-Helmholtz relation for temperatures near 
the critical temperature, where the density of the vapor is not negligible compared 
with the density of the liquid and pv is not constant for constant temperature? 

6. (a) Find the pressure immediately before the point of condensation for a 
reversible adiabatic expansion in a nozzle from the saturated condition at 20 Ib/sq in. 
abs where the velocity is negligible. Assume that condensation begins when the 
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enthalpy is 60 Btu/lb less than the initial value. Use any reasonable method of 
extrapolating the properties of the vapor phase. 

(5) Find the size of the nuclei of condensation. 

For (c) and (d) note the relations given in the footnote on page 445. 

(c) Find the pressure immediately after the point of condensation if drops of 
infinite radius are formed. 

(d) Find the same quantity if drops of radius 5 X 10“® ft are formed. 

SYMBOLS 

E surface energy of film on one drop 

F area of film surface 

g acceleration given to unit mass by unit force 
h enthalpy per unit mass 

m mass of film 

p pressure 

p. pressure of vapor on flat surface 
p" pressure of vapor on curved surface 

r radius of curvature of surface 

R gas constant 

T absolute temperature 

u energy of unit mass 

V specific volume 

V velocity of fluid 

Vol volume of drop 

W work 

y vertical distance 

Greek Letter 
a surface tension 

Subscripts 

g saturated vapor, normal saturation state 

m mixture 

s normal saturation state 

Superscripts 

liquid phase, drop 
" vapor phase 



CHAPTER XXVI 

CHEMICAL EQUILIBRIUM AND THE CHEMICAL POTENTIAL 

A Generalized Expression for the Change in Energy 

A system which is non-homogeneous in composition and in state may 
be considered to be made up of a number of smaller systems, subsystems, 
each of which is no smaller than is necessary to insure (at least to the 
first order of small quantities) homogeneity of composition and state. 
Such a subsystem we shall call a phase. For each phase we may write 
for a change of state 

dE = TdS-p dV, [259J 

provided that the phase comprises always the same mahdal and provided 
also that all the states betwe(!n which the changes occur can be attained 
reversibly under no control other than a piston and a dev ice for control- 
ling temperature. For, in general, v/a. may write 

dE ^ TdS- dW [260] 


for any reversible process, where dW is the work done by the system. 
This equation is evidently equivalent to [259] if there is a reversible path 
between the states in (jue.stion for which dW = p dV , that is to .say, in 
the absence of gravity, capillarity, electricity, magnetism, distortion of 

solids, and relative motion of parts. 

In the field of chemistry [259] can be generalized to include cases in 
which the state of the phase is altered by virtue of .a transfer to it of the 
mass 5mi of some substance 1 from some other pert of the system. For 
example, gaseous oxygen might leavi' one pari, of a system to react 
chemically with carbon in another part, or to pass into .solutimi in an 
aqueous part of the system, or to difTu.se into a gaseous part. To allow 
for changes of state involving a transfer of mass into or out of a pliase, 
we may expand 1259] to 

= y _ p dF -f- MI rf»l + ‘^"*2 + • ■ 


The new quantity mi denotes the increasi- in inergy of tin phase per unit 
ma^ of substance 1 added to it while the entropy, the yotoe, and the 

masses of the other components 2, 3, etc., icmam cons .m 

449 
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Interpretation of the Generalized Expression 

Considered mathematically, M 2 , etc., are the differential coefficients 
of E taken with respect to the masses mi, m 2 , etc. Under the restrictions 
imposed above, the state of a phase is fixed by two independent proper- 
ties, such as S and V, provided that its composition is fixed. Therefore, 
the energy of the phase will be fixed by the quantities mi, m 2 , etc., which 
determine composition and mass and by S and V. Thus 

E = f(S, y, mi, m 2 , • • •), 


where / denotes a function of the independent variables enclosed in 
parenthesis. Then, from the partial differential calculus, it follows that 


dE dE dE dE 

dE = —dS dV - dmi + - dm 2 + 
dS dV dm\ dm 2 


where each partial derivative with respect to an independent variable 
is taken with all the other independent variables held constant. 

This last expression must hold for any change of state, and therefore 
it must hold for one in which the entropy is altered while the volume and 
the composition remain unchanged. But under these conditions, by 
1259], 

dE-=T dS, 

whereas, by [262], 


dE = ^ dS. 
dS 


It follows that 


By similar reasoning we get 




Comparison of [261] with [262] will show that 


= (— ) 

\<^W2/S. 


S, V, Wl2i WI3, • 


V, mi, m3, • • 


Selection of Component Substances 


Usually the nature and number of the substances 1, 2, etc., is a matter 
of choice, and any chosen selection will be adequate provided that it 
fulfills the following conditions: 
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The selection must be sufficient in number to describe all possible trans- 
fers of mass across the boundary of the phase. For example, if the phase 
is exposed to possible transfer of hydrogen, oxygen, and water across 
its boundaries, then these three substances (or an equivalent three) 
must be included in the selection. 

The selection must be restricted so that each dm is independent of 
every other. For example, if the phase is exposed to possible transfer 
of solutions of various concentrations of sulphunc acid in water, ihvn 
anhydrous sulphuric acid and water are a sufficient selection to describe 
these transfers. It is not necessary to add to the seku^tion solutions of 
various concentrations, because the magnitude; of dm for one of these 
would not be independent of the magnitudes of dm for water and dm 
for anhydrous sulphuric acid. 

The selection must include substances not present in the phases 
provided that the phase is exposed to transfer e)f such substances. For 
example, a phase composed of anhydrous sulphuric acid which is sur- 
rounded by other phases containing water may change^ its state by 
absorbing water. 

The Conditions of Equilibrium 

It was shown on page 400 that for the equilibrium of any isolated 
system it is necessary and sufficient that in all possible variations in the 
state of the system which do not alter its entropy the va.natum of its energy 
shall either vanish or be positiveJ^*' If the syn\l)e)l 6 is use;d to indicate 
a variation in a property taken only to the first, order relative to those 
which express the amount of change in the sysUan, we may write the 
condition of equilibrium in the; foian 

> 0. [263] 

If [263] is satisfied equilibrium may be of any kind — namely, stable, 
unstable, metastable, or neutral — but it cannot b(; what is sometimes 
called equilibrium due to passive rcvsistance. 

The condition [263] can be applied to a heterogen(‘OUS system in terms 
of the variations in energy of its homogeneous parts or phj^es. Thus, 
if we use accents to distinguish the properties of the various phases, 
[263] becomes 

5E' + 8E'' + etc. > 0 

for all possible variations for which the entropy of the whole system 
does not change. 

* Gibbs, Collected Works, Vol. 1, p. 56. 
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To determine whether an isolated system is in equilibrium we mayj 
for purposes of investigation, consider the system to be contained in 
a rigid envelope which is not only impermeable to all kinds of matter 
but which is also of fixed volume. This second requirement is con- 
venient and involves no loss in generality, for, if the system is in equilib- 
rium without the envelope, it will also be in equilibrium with the en- 
velope. 

Now in testing for equilibrium let us consider any possible variation 
from the state in question to any other state in which the system has the 
same entropy and volume and the same component substances in the 
same amounts. If any such state is found for which the energy of the 
system is less than in the state in question, thf‘n the system is not in 
(‘quilibrium, and a change can occur toward the new state. 

By virtue of [261] and [263] we may writer these conditions of equilib- 
rium in terms of the properties of th(i phasevs as follows : 

hS^ — p -f- fi2 ^'1^2 * ■ • 

"1“ T 5o — p Sy -r Ml “r M2 0^2 ' • * 

+ etc. > 0 

for all variations for which 

dS^ ri" -f" "b etc. = 0, 

dV' + 67" + 67"' + etc. = 0, 

dm'i + dnii 4- 6m(" + etc. = 0, 

61712 -f 81712 + 81712 ' + etc. = 0, 

6w' -f- Snin + 6m'" + etc. = 0. 

For [264] and [265] together constitute the criterion 

0, 

[266] states that the system is contained in a rigid envelope, and [267] 
that none of the material of the system can pass through the envelope. 

Equilibrium with Respect to Temperature and Pressure 

Let us consider an infinitesimal possible variation for which the volume 
and composition of each phase remain unchanged. Then in [264] all 
terms will vanish except those of the form T 6S, For this variation it 
is necessary that 


Mn 

Mn 5m'' 

[264] 

[265] 

[266] 

[267] 


T' 6S' + T" 8S" + etc. > 0 


[a] 
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and that 

SS' + + etc. = 0 [b] 

if the system is to be in equilibrium. If a variation of this sort is found 
for which the inequality holds in [a], then the reverse of this variation 
(in which the sign of each dS is reversed) would give 

r + T" 5N" + etc. < 0 

and the system would not be in equilibrium. It follows that only the 
equality can hold; that is^ 

T' 8S' + T" 6S" + etc. - 0. [c] 

Since it is possible to have a variation involving one pair of phases and 
no others, it follows from the two equalities, [6] and [c], that 

T' = r" = etc. [2G8J 

That is, equilibrium will subsist only if the temperature of the system 
is uniform. 

Similar considerations as regards infmit(\simal possible variations ^or 
which the entropy and composition of each phase remain unchanged 
will show that it is necessary that 

p' = p" - etc. [209] 

That is, equilibrium will subsist only if the pressure of the system is 
uniform. 

Equilibrium with Respect to Composition 

Let us consider an infinitesimal possible variation for which the volume, 
the entropy, and the masses of all substan^*(^s except substance 1 in each 
phase remain unchanged. Then the possible? vaiiation may consist of 
an increase 8mi in the mass of substance 1 in any phase; and it may con- 
sist of a decrease in the mass of substance J in an\ jduisc in which sub- 
stance 1 is an actual component. If in any phase substance 1 is a possible 
but not an actual component, then a possible variation may involve an 
increase in the mass of substance 1 in tliat phase, but not a decrease. 

For possible variations of this sort it is necessary that 


U-i hnii + ui 

+ etc. > 0 

[270] 

5m( + 

+ etc. = 0 

[271] 


if the system is to be in equilibrium. Any pair of phases in which sub- 
stance 1 is an actual comix)nent may exchange that substance in either 
direction. For such variations only the equality in the former expres- 
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sion can hold; and it follows that 

= etc. [272] 

A phase in which substance 1 is a possible but not an actual component 
may receive that substance from any phase in which it is an actual 
component, but the reverse variation cannot occur. For example, if we 
refer to a phase that does not contain substance' 1 by superscript x, 
and to one that does by superscript we may write for this variation, 
from [271], 

5mf = D and 6m[ = — D, 

where D can denote only a positive number. The other condition [270] 
is that 

iHf4 - Ml') > 0. 

It follows that 

lA > m(. [273] 

The quantity iii is called the cheynical potential of substance 1. Using 
this term we may sum up the conditions [264], [265], [266], and [267] 
which are necessary and sufficient for equilibrium of a heterogeneous 
system as follows: The temperature and pra^sure mud each he uniform 
throughout the system and the chemical potential for each of the component 
substances must haw a constant value in all parts of the system of which that 
substance is an actual component^ and have a value not less than this in all 
parts of which it is a possible component.^ 

The Equation of Chemical Equilibrium 

In the preceding discussion of equilibrium the point was stressed that 
t he comiKinent substances 1, 2, etc., must be so selected that all transfers 
of mass could be expn'ssed in terms of masses 6/ni, 5?n2, etc., of these 
substances, and that th(\se quantities bm\, etc., must be independent 
of each other. Now if there are three* phases containing respectively 
water, a salt, and an aqu(*ous solution of the salt, variations may be 
expressed in terms of massc's of the substances salt and water, and these 
masses are independc'iit of each other. On the other hand, if there are 
three phases containing respectively hydrogen, oxygen, and water, and 
the phase which contains one of these cannot contain either of the others, 
then for any variation the masses 5m of^any pair of the substances hydro- 
gen, oxygen, and water are not independent of each other. When one 
mole of hydrogen leaves its phase to enter the water phase, one-half 
mole of oxygen will leave its phase, and one mole of water will enter its 

See J. W. Gibbs, Collected Worksy Vol. 1, p. 67. 
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THE EQUATION OF CHEMICAL EQUILIBRIUM 

phaae in accordance with the chemical equation 

H 2 + §02 = H 2 O. 

Thus, the chemical equation introduces a restriction into the conditions 
of equilibrium. 

Suppose that among the components 1, 2, etc., which are comprised 
in an isolated systtan are the substances Oy b, etc., which can combine 
(or dissociate) chemically to form substances I:, I, etc. according to the 
relation 

aa + etc. = Kk + X/ -f- etc. (274] 

This relation represents the usual equation of a clunnical n^action. 
Symbols a, b, • • • /c, Z, • • • denote units of the corresponding substan(‘(\s, 
and a, ♦ K, X, • • • denote numbers. Let us assiiuK' that eaeli of 
these components is an actual component of some part of IIk' sysitmi. 

If the system is in equilibiium then the conditions |27:il must hold, 
and in all phases in which the substance a ap))(‘ars (as a s(‘parat(‘ly 
variable compound — not in chemical combination) the valu»‘ of jUa 
must be the same. We shall denote this common v alue by Mu. For 
phases which do not contain substance a the valiK' of ij,u cannot be l(\ss 
than Ma, so that in general 

Ma > Ma. [2751 

Similar statements may b(‘ made concerning fjtk, etc. 

The conditions of (equilibrium reqihre tliat , for any variation at con- 
stant entropy, 

&E = T' 5S' - v' &V’ + Ma iWa + M?, ^"4 + ■ ■ /k ^'^I'k + • • • 
+ T" dS” - p" SV” + Ma" + pI' bm[' + • • • m^' f • ■ ■ 

+ etc. 

> 0 . [2701 

Now let us consider a po.ssible variation for which 
iS' = 0 = 5.S" = Ho., 
iV' = 0 = »V" = ot,c., 

and for which the masses bnia, bnii,, etc., of substances a, b, etc., leave 
phases in which they are actual components to unite chemically and 
form masses bnik, bmp ('tc., of sub.stancc's k, I, etc., in phases in whicli 
these are actual components. Let bni dt'tioU; a cc.'i'tain small number 
of units of the kind employed in (274]. Then we may d<uiote the gain 
in mass of substance h in a phase in which it is an actual comiwnent 
by Kbm, and, by [274], the gain in mass of substance I by \bm, that of 
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substance a by { — adm) (since a gain in I, etc., must be compensated 

l)y a loss in a, 6, etc.), that of substance h by etc. 

Since substance a is an actual component of the phase which it enters 
or leaves, we have for any such phase 

Ma “ May 

and similarly as regards the other substances. Now we may write 
[276] for the variation in question 

hE ~ — aMa 5m — 6m • • • + kMjc hm, + \Mi 6m + • • • 

= — {aMa “h I^Mfy ' • • — kMjc — XM; • ■ ■) 6m 

> 0 . 

The quantity 6m may bo positive or negative, depending on the assumed 
direction of the reaction; therefore, only the equality can hold, and we 
g(‘t 

aMa f^M I, = KMk T XM/ + • • *. [277] 

This is the equation of chemical equilibrium. Unless it is satisfied equilib- 
rium cannot subsist in an isolated system. 

The equation of ch(‘rnical eciuilibrium can b(' obtained from the equa- 
tion of the chemical rcaiction [2741 by substituting the chemical potentials, 
Ma, Mi,^ etc;., for the units, a, 5, etc. It is easy to see that, if tlicae are 
a number of equations [274] relating to a number of possible chemical 
rc'actions between compcinents of the system, th(;re will be a correspond- 
ing number of equatioiivS of equilibrium similar to [277]. 

The Chemical Potential of a Pure Substance 

If we apply [261] to a phase of a pure substance we have 

(III = T dS — p dV + M dm, [278] 

vv’here U is substitutc'd for E, and, since they are identical for an actual 
component, M is substituted for fx. The magnitude of M is fixed b}^ 
tlie state of the fluid, which is in turn fixed by T and p. . Therefore 
[278] may be integrated at constant pressure and temperature from a 
^^aIlishingly small mass to a finite mass rn. The result is 

U - TS - pV + mM, 

from which we get 

,, U + pV - TS 
m ^ 
or 

M = f. [279] 

Thus, the chemical ])otential of a pure substance is identified as the 
value of Z per unit mass. 
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Equilibrium of a Heterogeneous System with a Pure Substance 

Consider a heterogeneous system comprising n substances among whi(!b 
is the substance 1. Let the syst^eni be (‘iicIoscmI by an (aivelope, one 
part of which is a membrane which separates tlu‘ sysican from a mass 
of pure substance 1 (Fig. 210). This mem]>rane ])('rmils th(' substance' 
1 to pass thiougli it. in ('itlier din ction, but it pr('V('nts tiie passage of 
other substances, including chemical compounds of which substance I 
is a part. If there is any n'sistance to tlu' passage of substance 1 through 
the membrane we shall assume it to be of the nature' of a viscous resist* 
ance; that is, it vanishes with the velocity of 
the current. 

Any membrane which fulfills these require- 
ments is known as a seniipenneahle membrane. 

Perfect semipermeable membranes do not occur 
in nature, but various approximations to ])(‘r- 
ftiction are found. For exami)l(‘, palladiun\ is 
})ermeable to hydrogen at higli temperatun's 
while it is essentially impermeabh' to nitrog('n and oth('r gases. The 
perfect semip(a’meable membraru', like th(' r(‘V('!sible process, is aii analyt- 
ical tool of great utility regardh^ss of the impossibility of realizing it in 
practice. 

For equilibrium of this system the conditions [2()4J to [207] must be 
satisfied as in the more general case. We can show, tlu'refon^, by means 
of suitable possible variations that th(' ban pc ratine of all iihast's, includ- 
ing the pure phase consisting of substance' 1, must bi'. the same, and 
that Ml must be the same in all phasi's of which substance 1 is an actual 
component, including the puri' phasi*. Thus, wi^ g(*t for the chemical 
potential of substance 1 in all phases of which it is an actual component 

Ml = M, ^ n, [280] 

where f i is the property (u + ^^e pure phase. If we include 

phases in which substance I is a possible but not an actual component, 
we have 

Ml ^ — fi- 

By possible variations in the volumes of the phases we can show, as 
was done above, that the pressures of all phas(;s whose volumes are not 
fixed by intervening membranes must be the same. Let us consider, 
however, the pure phase on one side of the semipermeable membiane 
and the mixture phase, which includes subst ance 1 , on the other vside. 
There are possible variations in the volume of the pure phase toward 
larger or smaller volumes, since the membrane does not prevent its 
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passage. On the other hand, there is no possible variation in the volume 
of the mixture phase through the membrane toward larger volume, 
though there are possible variations toward smaller volume. Therefore, 
it can be shown that the pressure in the mixture phase cannot be less 
than the pressure in the pure phase. In general it will be greater. 

Equilibrium of Pure Phases of Substances that Can React Chemically 

Consider a heterogeneous system comprising the component substances 
a, 6, • • • /c, Z, • • Let us assume that some of these substances can 
react chemically according to the chemical equation 

aa pb ‘ ‘ = ic/c -f + • • •, 

and that each of th(\se substances in a pure {)has(' is in equilibrium with 
the heterog(^neous system through an appropriate sernipermeable mem- 
brane (Fig. 211). 

Now a possible variation consists 
of a transfer of masses a5m, /36nq 
etc., from the pure phases a, 6, etc., 
into the composite phases, where 
rea(;tion occurs to form masses kSt??, 
X6m, etc., of compom‘nts k, Z, etc. 
If we add to this variation one for 
which the masses ndju, X6m, etc., of 
k, I, etc., leave the composite phases 
and enter the pure phases /c, Z, etc., 
then the entire variation will consist of a transh'r of mass from the pure 
phases a, 6, (dc., to the pure phavS(‘s ky /, etc., without effect on the com- 
posite phases. Such a vaiiation at constant entropy and volume of each 
{)hase results in an equation of e(iuilibrium in the form 

afa + + • • • - K^k -f xr^ 4- • • -, [281] 

where each f is a property of a pure phase in e(iuilibrium with the com- 
])osite phas('. This is a condition for equilibrium of the composite phase 
whetlua’ or not substan(‘es are present oth(‘r than those appearing in 
th(‘ chemical equation. 

The Equilibrium Constant in Terms of Partial Pressures 

The equation of equilibrium can be further simplified if each of the 
pure substances behind its sernipermeable membrane can be considered 
a perfect gas. Since the enthalpy of a perfect gas is a function of tem- 
perature only, and its specific heat at constant pressure is constant 
(Chapter IX), the enthalpy and the entropy of a unit mass may be stated 
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in the forms 

+ CpT, [ 282 ] 

and 

s = s' + Cp in T - R In p, [ 283 ] 

where h ^ Cpy s ^ and R are eonstanls for any one gas. Upon combining 
these with the definition of f we get 


= Rr In p -f y, [284] 

where p is a function of temperature only. If we substitute this expn's- 
sion into the equation of equilibrium [281], and tlum transpose and 
divide by T, we get 

aRa In Pa + PRb In pb -f • • • — kR^ In p^ — XR^ In p/ ~ • • • = F, 

[285] 

where F is a function of tx'inpe'ratun^ only for any one leaction. Each 
R is the universal gas constant if the molecular weight of each substance 
is chosen as its unit of mass, or 

R, = R^ = . . . R * 


Substituting in [285] and dividing through by R, we get 

a In Pa -f ^ In Pb -f ••• - K In p^. - X In p/ - • • • = F', 


where F^ is F/R. Taking the antilog we find that 


pip] ■ ■ ■ 
p°Pb ■ ■ 


= K 


Pf 


[286] 


where Kp is a function of temperature only and is therefore a constant, 
for any one temperature. It is called the equilibrium conMant in tenns 
of partial pressures. It should be noted that the (‘Xporu'nt of each 
pressure is the coefficient of the corn'sponding substance in the chemical 
equation [274]. 

Values of the equilibrium constant in terms of prt'ssure for a number 
of chemical reactions are shown in Fig. 212 as functions of tempf?rature. 

* If one prefers to use the same unit of mass for all substances, then one gets 

R R 

Ra = ~ , Rb ^ ~ r etc., 
nia rrih 

where Wa, w?,, etc., are the molecular weights of the substances a, h, etc. Then in 
everything that follows a ■ tria will appear in place of a, etr. 
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The value of Kp is that computed from [286] using pressures in atmos- 
pheres. 

It is desirable to relate the equilibrium constant to the pressure of the 
mixture enclosed by the semipermeable membranes. For this purpose 
we shall use Gibbs’s statement of an empirical principle which often 
holds true at low pressures to a high degree of approximation. It is 


H2(9)^^202(9)-H20(9) 



Fkj. 212. Equilibrium Constants of Chemical Reactions 

React ins concent ml if)iis nre oxprcBsocl in t erms of part ini pressures in atmospheres. From HouKen 
ami Watson, Industrial ("hetnical Calculations, Wiley, ItKil, p. 474. 


known as the Oibbs-Dalton Law: The pressure in a inixture of different 
gases is equal to the sim of the pressures of the different gases as existing 
each by itself at the same temperature and with the same value of its {chemi- 
cal) potential. Since th(‘ (Lemical potential of a component gas is the 
same on either side of thc‘ membrane which is permeable to it, we may 
write 

p = Pa + Vh 1- Pk + Pi---. [287] 

This equation and tlie (‘(piation of chemical (‘(luilibrium constitute 
two simultaneous eciuations in terms of the pressures of the pure 
substances. 
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The Equilibrium Constant in Terms of Concentrations 

We shall follow Gibbs’s method of showing tliat the Gibbs-Daltoa 
Law demands that the concentration (the mass )>er unit volume) of 
each substance in the mixture should be the same as its density in 
pure phase in equilibrium with tiie mixture. 

It was shown above that, for any phase of a system that is homogene- 
ous in state, we may write 

dE ~ T d>S — p dU + Ml dnii -f jLt2 dm^ -f • • ■ [261] 

for any change within the limitations prescribed on page 449 , between 
states of equilibrium. If this equation is integrated at constant pressure 
and temperature from a mass of zero to any finite mass at constant 
composition — that is, if thi' values of dE for each element of the homo- 
geneous mass are summed up — we get for the internal energy of the 
phase the expression 

E TS - pV + fiitui -j- + • • • , [288] 

which when differentiated in the most general way gives 

dE - T dS + S dT — p dV — V dp + Pi dnii -f mi dpi 

-j- M2 d7n2 "h 7H2 dp2 [289] 

Subtracting [261] from [289] we get 

SdT - V dp mi dpi -f ^2 e/M2 • • • = 0. [290] 

Since this expression, like [261], holds true for any change between 
states of equilibrium it may be applied to a mixture of gases in equilib- 
rium through semipermeable membranes with pure phases of the con- 
stituents of the mixture. It may also be 
applied to any one of the })ure phases. 

Let us apply it first to the mixture while 
a piston which confines the pure phase of 
substance 1 is pushtid inward. At the 
same time the temperatun^ of all parts 213 

and the pressures of the other pure phases 

are to be held constant (Fig, 213). Sin(v the pressure and temperature 
of each of the pure phases, except phase 1 , remain unaltered, the state 
of each and therefore the chemical potential (which is equivalent to the 
value of f ) also remain unaltered. But, for equilibrium, the chemical 
potential of each substance must be the same on either side of its semi- 
permeable membrane. Therefore, the chemical potential of each con- 
stituent of the mixture, except substance 1, remains unchanged. For 
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the mixture in this case [290] takes the form 

— V dp + mi dpi = 0. [291] 

For the pure phase 1 it is 

-V\dpi+ m[ d/i = 0, [292] 

where each symbol refers to a propeiiy of the pure phase. But for 
equilibrium the chemical potential of substance 1 must remain the same 
on both sides of the membrane, and therefore 

dpi = d/i. 

Also, by the statement of the Gibbs-Dalton Law given above, the pres- 
sure of th(^ mixture must incrc'asc by the same amount as the pressure of 
the pure phase, for the pressures of the other pure phases remain un- 
altered; that is, 

dp = dpi. 


Substituting these equalities in [291] and [292] we get 

h - ^ - L 

m[ dp mi 


[293] 


or the concentration of substance I in the mixture is the same as its 
density in the pure phase' with which the mixture is in equilibrium. If 
the concentration of the substance 1 in the mixture is denoted by Ci, 
we may write 

1 

Cl = - » [294] 

Vi 


where Vi is the specific volume of the pure phase. It also follows that 
the density of the mixture is the sum of the densities of the pure phases 
with which it is in equilibrium: thus 


m 

V 


F y 


Vi ¥2^^ 

= - + - + •• 
Vi V2 


For the pressure of the pure phase of each perfect 
an equation of the sort 


[296] 

1 we may write 


RT 
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if Vi denotes the volume of the phase per mole. 

Pi = RTcu 


Then, by [294], 


[296] 


where R denotes the universal gas constant and ci the molal concentra- 
tion of substance 1, that is, the number of moles of substance 1 per unit 
volume of the mixture. Substituting [296] in [286] we get 


• • 

CaC? • • 




[297] 


where Kc is the equilil)rium constant, in terms of concentrations. Like 
Kp it is a function of temperature only, and it is related to Kp in tlu* 
following way 

K, = Kp{Rrr+^—^-'\ 

Example. To illustrate the use of the cciuilibrium constant we shall ('aUai- 
late the degree of dissociation of suli)hur trioxidc into sulphur dioxide and 
oxygen in accordance with the chemical equation 

SO2 + KL = BO3. 


In terms of the symbols used above, we may wiitc this 

0 + Ih ~ k. 


From Fig. 212 we find the ec(uilibrium constant in terms of pressure at a 
temperature of 1050 K to be 




Pk 


Vaph 


~ 1 atm“ 


The corresponding value of the cciuilibrium constant in terms of concentration 
is 


Kc == = Kp (RTf^ = 1 X X 1050 = 294 (cm’Vmole)^^ 

CaCy^ 

Now let us assume that all SO 2 and all O 2 present in the state of etjuilibriurn 
are products of the dissociation of SO.*}. It follows from the chemical erpiation 
that there will be one mole of SO 2 ami one-half mole of O 2 for each mole of SO.-i 
that dissociates. Let e denote the fraction of 8 O 3 dissociated, llion the 
equilibrium concentration of SO .3 can be expressed as 

Ck = (\ - flCo, 

where Co reprcvsents the concentration of 8 O 3 when e is zero. The concentra- 
tions of the other substances are then 

Ca = tco, and ci ^ Jeco. 

The constants of equilibrium are now given by 


[2981 
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The pressure of the equilibrium mixture may be expressed as the sum of 
the partial pressures, and these in turn may be expressed in terms of the 
fraction of SO3 dissociated: 

P = Pa "b Pb 4" Pfc ” RT{Ck + Co + Cb) 

= RTcoil - e + e + §6) = RTcoH -f 


Thus, we get for co 


Co ^ 


JL 

RT 




Substituting back into [298] and rearranging, we get 

v'il, - .)» + 


V = 


2 ( 1 - 6)^(1 4 - h ) 

Kl 


[299] 


This relation between the fraction dissociated and the pressure is shown in 
Fig. 214. Dissociation will be complete at zero pressure for any temperature 

for which iv,, is finite. At a pres- 
sure of 1 atmosphere the sulphur 
trioxide is 73 per cent dissociiated; 
at 10 atmospheres it is half dis- 
sociated. 

The value of for this reaction 
increases with decrease in tempera- 
ture (Fig. 212). It can be seen 
from [299] that the pressure cor- 
responding to a given degree of 
dissociation will decrease with de- 
crease in temperature. The ordi- 
nates of the curve of Fig. 214 would 
be reduced to 1 per cent of the 
values shown if the temperature 
were reduced from 1050 K to 800 
K. Thus the stability of SO3 increases with decrease in temperature or 
with incTease in pressure. 

The Equilibrium Constant in Terms of Mole Fractions 

The mole fraction of substance I in the mixture is defined as 

Cl 



Fia. 214. 


Fraction dissociated 
Dissociation of SO.i at 1050 K 


Xi = 


Cl 4- C 2 -f • 
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or 


p 

where p is the density of the mixture in moles per unit volume. But for 
each pure phase we may write [296] 

RT 

Pi = — = RTcu 

and for all the pure phases we get th(‘ summation 

= RT'Zct = RTp. 

Then by the Gibbs-Dalton Law we get for the mixture 

p = RTp, 

Therefore, the mole fraction can be express(xl as a ratio of pressures: 



p 


? 1 . 

V 


[300] 


Expressing each pressure in [286] in terms of a mole fraction, we get for 
equilibrium 


■ 

ct B 

XaXl • • • 






[301] 


where Kx is calk'd the equilibrium constant in terms of mole fractions. 
It should be notc'd that whereas Y, Kj„ and Kc above are functions of 
temperature only, AT is a function of pressure and temperature. There- 
fore, it is constant only for constant t('mp(‘rature and constant pressure 
of the mixtun'. Howevt'r, it is independent of pressure if the number 
of moles of the products is identical with that of the reactants; that is, if 


The Fugacity 

For perfect gases wiiich obey the Gibbs-Dalton Law we find that the 
equation of equilibiium [277] can be reduced to the statement [286)] 
that a certain product of powers of the partial pressures of the gases is a 
constant. By analogy we may dc'duce a property comparable to tlu; 
pressure of a perfec;t gas in terms of which the ('quation of equilibrium 
can be similarly reduced for other substances. To do this we need only 
define a new property in such a way that M of [277] is a logarithmic 
function of the new property. 
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It was shown above that the value of the chemical potential for the 
pure phase of a perfect gas is 

^ = RT\np + y, [284] 

where 2/ is a function of temperature only. By analogy, let us define a 
cjuantity / as follows: 

f = RT\nf-\-y, [302] 


where y is again a function of temperature only. This new quantity /, 
which is evidently a property, is called the fugacity. 

We may substitute [302] in [281] to get a new equilibrium constant 
of the form 



= constant. 


[303] 


This statement is not limit(‘(i in its application, like [286], [297], and 
[301], to perfef;t gas(\s or to substance's which obc'y the Gibbs-Dalton Law. 
It is as general as the equation of chemical equilibrium. 


The Escaping Tendency 


Equilibrium may be thought of as a balance of active force's. When a 
syste'm comprises seweral hemiogeneous parts with the same actual 
components, then for e'quilibrium the tendency for any one eHnnponent 
to escape from one part must be the same as its tendency to escape from 
all othe'r parts. Eor this condition it has bt^en shown above that tlie 
cheanical potentiiil e)f the compeHieiii. is the same in all parts of the system. 

If a compoiu'nt of a system in equilibrium is a possibk' but not an 
actual component of a part of the system, then the tendency of the 
component to escape from that part must be greater than (or, in the 
limit, equal to) its U'lidency to escape from the parts of which it is an 



actual component. For this condition it has been 
shown above that the chemical potential of the 
component is greater (or, in the limit, no different) 
in the part in which it is not present than in 
those parts which include it. 

Thus, by analogy, the chemical potential of a 
component of a system is often thought of as a 
measure of the escaping tendency of that com- 
ponent. The fugacity can be similarly interpreted. 


Fia. 215 


Further Consequences of the Gibbs-Dalton Law 


Consider a mixture of n substances, 1, 2, • • • r?, which conforms to the 
Gibbs-Dalton Law. Let it be enclosed in an envelope consisting of n 



FURTHER CONSEQUENCES OF THE GIBBS-DALTON LAW 467 


semipermeablc membranes each of which separates the mixture from a 
mass of one of the substances in the pure form (Fig. 215). The Gibbs- 
Dalton Law may be stated in the form 

Pm = Pi + P2 f- Pn, [304] 


where subscript m refers to the mixtun^ and subscripts 1 , 2, • • • n refer 
to the pure phases. It was shown on page 453 that for equilibrium it is 
necessary that 

= ^2 • • * = ^n, [305] 


and 


Pi Plm» P2 ““ P2m> * * * Pn Pnm» 


[306] 


where subscripts Im, 2m, • • • nni refer to the components in the mixture. 
Furthermore on page 462 it was shown that 

-=C,„, - = C2„, ■ ■ = Cn^, [307] 

Vi V2 ^'n 


where each c denotes the concentration of a component in the mixture, 
and that, therefore, 

+ [308] 

Vm Vl ^’2 <'n 


Here we shall show how other properties of th(! mixture may be obtained 
from properties of the pure eomi)oncnts in (‘quilibrium witli tlu' mixture. 

On page 401 two basic equations were developed for a heterogeneous 
system, namely, 

E = TS - pV + Mimi + ■ ■ • + [288] 

S dT — V dp + mi d/ii + m 2 dftz ■ ■ ■ + m„ dun = 0, [290] 


where mi, »%,••• m„ denote, the ma.ss(« of the corresponding substances 
in a phase, and symbols without subscripts deno(<‘ proix-rties of the 
phase. These may be ai)pli<'d either to the mixture or to one of the 
pure phases in equilibrium with it.. I^'t ns apply [290] first to a ijrocess 
at constant mi, M 2 , ' ' ' Mn in t he mixture and at constant m m each puic 
phase. We get, upon dividing through by dT, 


Sfn ~ F«i 




If we differentiate the statement [304] of the Oibbs-Dalton I,aw at 
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constant values of the chemical potentials, we get 





+ etc., 


[310] 


which may be substituted in [309]. Now let us apply [309] to a volume 
of the pure phase of component 1 which is equal to the volume of the 
mixture. We get for component 1 


Si = V 



[311] 


and similar expressions for each of the other components. Combining 
[309], [310], and [311], we get 

+ ^2 • * ‘ + Sn. 


Since the volumes for which Smj Sij S 2 j etc., are the entropies are identi- 
cal and since the mass of each component is the same for identical 
volumes of its pure phase and of the mixture, the c'quation for entropy 
becomes 

rrimStn = miSi + m 2 S 2 • • • + irinSn, [312] 

where Wi, m 2 , etc., are the masses of components 1, 2, etc., in the mass m 
of mixture. 

To find a similar relation between the energies we substitute in [288] 
the values for p and S given by [304] and [312] and rearrange: thus 

Em = (Trnisi - piV + mi^i) + {Tm2S2 - ^2^ + ^^2^2) + etc., 

where mi is the mass of component 1 in a volume V of the pure phase as 
well as in a volume V of the mixture. Therefore, we may write the last 
equation in the form 

rrimUm = mi(Tsi - pvi + mi) + w?2(Ts2 “ pv2 + M2) + etc. 

But each parenthesis is by [288] the energy per unit mass of a pure 
I)hase. It follows that 

nimUm = rriiUi -f m2U2 • • • + VlnUn. [313] 

From the relations provi'd above it is ea.sy to show that 
nimhm = rriihi -f ^2/^2 + 'mnhnj 

mm 4 'm = rtlih + ^2^2 • • • + Wnl^n, 


and 


rrimU = 4" ^^25*2 • • • 4- 
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Azeotropic Mixtures 

The boiling points of the pure components of a mixture do not always 
correspond to the maximum and minimum boiling points of the mixture 
as in Fig. 171. When the boiling temperature passes through a maxi- 
mum or a minimum at an intermediate composition, as in Fig. 210, the 
composition of the vapor is identical with that of the liquid with which 
it is in equilibrium. That is, the condensation line and tlu^ boiling line 
coincide at the maximum or minimum. Such a mixture is called an 
azeotrope or an azeotropic mixture. When it is boiled its temperature 


Mof % Ethyl Alcohol in Liquid or Vapor 
0 20 40 60 80 too 



li/lol ^ Acetone in Liquid or Vapor 


Fia. 216. Isobaric Boiling- Point Curvos at 7.>0 mrn Hg 
I Acetone-Chloroform. H Benzene I'thyl Aleolml. 

The curves labeled t mark the heninnlne "f Calcuhliniin, 
beRinning of vaporization in heating. I rani Ilougen anti > -o , 

Wiley, 1931, p. 433. 


does not rise with time a.s does the tem,Kimture of ordinary mixtums' 
Therefore it i.s sometimes called a cmstant-bmhng mixture. 

To show that a constant-boiling mixture must be a mixture of maxi- 
mum or minimum boiling point,* we shall first write 2.«)1 J "' ° 

the phases, using a single accent to distinguish proix-rt,.-s of the luiuid 

* This treatment is given by Butler in Commentan/ on the ^rientpk Wnting« of 
J. J misXie UnivLity Press, Bl.tb, pp. lU-112, follow...* Gibbs s derivation 
on pp. 99-100 of Vol. 1 of the CoU€Cte</ Works. 
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phase and a double accent to distinguish those of the vapor phase : thus 


V' dp = dT + m[ dpi + dp2 
and 

y" dp = dT + mi" dpi + m' 2 ' dp2, 


where for equilibrium p, T, jui, and ^2 must bo respc'ctively the same for 
l)oth phases. lOliminating dp 2 from these ecjuations we get 

(y'm" — y"m2)r//> = {S'm^ — S^'ni2)dT + (mpAi" — m"m2)d/xi; [314] 


and from this it follows that at constant pressure 


dT 

dp\ 

and at constant temperature 




nil 1)12 




dp _ nil) 112 ~~ 
dpi l"m" — y"m.2 


For a constant-boiling mixture we may write 


or 


7n[ 

n 

7ni 

T' 

~ 77 

71)2 

ni2 


n t 

nii7ti2 

= W 1 W 2 , 


[315] 


wliieh when vsubsti luted in the previous equations gives for constant 
pressure 



and for constant temperature 


dp 

dpi 


- 0 . 


Therefore, the U'mperature of a constant-boiling mixture is cither a 
maximum or a minimum for a given pressure, and the pressure of such 
a mixture is either a maximum or a minimum for a given temperature. 

Substituting the condition [315] for a constant-boiling mixture into 
[314] and dividing through by we get 



which when multiplied through by the ratio of the mass of substance 
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2 in either phase to the total mass of the phase becomes 


or 



^ ~ s" 

(IT 


This is the Clapeyron equation which was shown in Chapter XIX to 
hold for a pure substance. Here it is shown to hold for an azeotropic 
mixture as well. 

If a binary mixture is azeotropic in some proportions (Fig. 2U>) it 
cannot be completi'ly rectified in llie simple 1ow(‘i’ d(\scribed in (4iapt('r 
XXII. Plowever, the azeotropic mixture, whicl) is so like a pure sub- 
stance in its constancy of c(>mi)()- 
sition during evaporation and in its 
conformity to the ( lapcyron i-(‘la- 
tion, may be treat(‘d as a constitiu'nt 
of the mixture and s(‘parated from 
one of the pure coiistitiu'nts by 
rectification. To s(‘i)arat(‘ the ot her 
pure constituent tlu' pressure must 
bo changed until the mixtun^ in 
question is no longer azeotropic. 

The Effect of Pressure on the Vapor 

Pressure of a Liquid 

If a liquid is separated from a 
gas by a wall of porous material of 
sufficiently fine structure no liquid will pass through the wall without 
changing to the vapor phase. That is, the capillaiy action of the liquid 
in the pores will bold the liquid (wam against a substantial diffi'naice 
in pressure. The porous wall may b(‘ lainsidered a stanipeimeabh* 
membrane which is pcumeable to the vapor phaw^ but not to the liquid 
phase. 

If we place within a chamber filled with the vapor of a pure substance 
a porous tube containing the same Rubstanc(‘ in th(‘ liquid jihase, the 
pressure and temperature of the contents of th(‘ chambcT may be adjusted 
until the vapor and the liquid suiiace (*S, Fig. 217) aie in ef}uihbrium. 
For this condition it follows from [280] that the chemical potential of 
the substance in the two phases must be the same in the neighborhood 
of the liquid surface. Since the chemical potential of a substance in 
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any of its pure phases is by [279] identical with the value of f, then 

f' = f", 

where * denotes the liquid phase and denotes the vapor phase. 

Under the influence of gravity the pressure of each phase will increase 
with depth. For an increase in depth dy the pressure of the liquid phase 
increases by dyl'o\ or 

dy = dp'. 

Similarly [ [316] 

dy — v" dp'‘ 

But since, by definition, 


then 

d^ = du + p dv + V dp — T ds ““ 8 dT, 

However, 

du + p dv = T dSf 

so that 

d^ — V dp — s dT. 

Therefore, 

at constant temperature 


II 

li 

and 

II 

II 


[317] 

It follows that if and are idcaitical at the level of the surface of 
the liquid they are identical at all levels below the surface. Therefore, 
the liquid and vapor are in equilibrium at all levels. 

Let us determine th(^ relation between the pressure of the liquid at 
any level and the pressure of the vapor in equilibrium with it. At any 
depth y below the surface of the liquid the pressure p' of the liquid 
is given by 


y 


= f v' dp = v'ip - p,), 
Jp. 


where Ps denotes the pressure at the surface <S, and the specific volume 
of the liquid is assumed to be constant. If the pressure of the vapor is 
low enough, we may assume that 

pv = RT = 'p,Vg, 

where Vg denotes the specific volume of the vapor at S. Then we get 


y 


r " 

J ' 

JVt 


dp" = ET In — , 
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where p'' denotes the 
liquid at pressure p'. 


pressure of the vapor in equilibrium with the 
Combining the last two equations, we get 

In — = * 

Vs RT 


[318] 


The quantity p may be called the vapor pressure of liquid under pres- 
sure p , and [318] may be said to state the effect of pressure on the vapor 
pressure of a liquid. 


The Relation between Osmotic Pressure and Vapor Pressure 

If the chamber of Fig. 218 contains a porous tube holding a solution 
consisting of the liquid of the pure substance as a solvent and a non- 
volatile solute, there will be some level at which th(‘ vapor and tlu* 
surface of the solution will be in 
equilibrium. Then by [317] the 
solution and the vapor will be in 
equilibrium at all lower levels. 

The chemical potcaitial of the pure 
solvent in the solution at lev(‘l S 
must be the same, for (‘quili])rium, as 
that of the vapor at the same Ic'vel. 

If the chamber contains a parallel 
column of pure solvent in a porous 
tube, the chemical potential of the 
pure solvent at any level will be the 
same as that of the surrounding 
vapor, which in turn is the same as 
that of the solvent in the solution at 
the same level. Therefore, if the two 
columns are joined at any level by a passage whicli is clost'd by a mem- 
brane permeable to the* solvent but not to the 'olute^, tlieai the solvent 
and the solution will be in equilibrium through the ineanbrane. 

Let us assume tliat the vapor pix'ssure ol the solution is l(‘ss than that 
of the pure solvent. Then for eeiuilibrium the fre'e* surfaejc of tla* solu- 
tion will stand at some lewel which is higher than the lewe^l S of the 
free surface of the pure solvent. The diffe^rence between the two vapor 
pressures will be represented by the hydrostatic head of vapor between 
S and /S'. If we let p, denote the pressure of the vapor at the level S 

* If for p - p, we substitute the capillary force per unit area 2<r/r, (3181 becomes 
identical with [250], the equation for equilibrium between a vapor and a curved 
surface of a liquid. 



Fkj. 218. Equilibrium of Solufion 
and Solvent (Osmotic Pn^ssure) 
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and we have, by [318], 


p's ~~ RT 


where denotes the pressure of the solution at level S, the specific 
volume of the solution, and R the gas constant for the pure vapor. 

If the two columns of liquid are connected at level S through a mem- 
brane which is permeable only to the solvent, then the membrane must 
support the difference' between the pressure of the solution p' and the 
pressure of the solvent p.,. This difference in pressure is called the 
osmotic pressure. It is a UK'asure of the force necessary to prevent solvent 
from entering the solution to dilute it. 

The osmotic prcvssuni {p' — ps) is large compris'd with the difference 
between tlu' tw^o vapor pressure's p^ and p^. Therefore we need not dis- 
tinguish between the osmotic ])r(‘ssure and the ciuantity {p — p,) which 
appears in the last equation. Solving this equation, we get for the 
osmotic pressure 


P - Ps 


RT 
^ . 

V 



Equilibrium between a Mixture and a Pure Liquid Phase 

Sometimes a single' component of a mixture' can condense to form a 
[)ure liquid phase in wdiich other compone'iits e)f the mixture are only 

slightly al)Sorbed, as in the 



formation of liquid water from 
moist air. The condition of 
equilibrium can be illustrated 
by the container shown in Fig. 
219, in which the vertical dash 
line elenotes a membrane per- 
meable to the vapor of sub- 
stance 1 only and the hatched 
'—B strip denotes a porous wall 
which permits the vapor of sub- 
stance 1 to pass but restrains 

the liquid. On the right- 
Fig. 219. Equilibrium between a Mixture v i j -j r i 

, ,, , . - , hand side ot the membrane 

and a Pure liiquid rliaBe 

IS a mixture of substances 
1, 2, • • • in the vapor phase with, at the bottom, some of substance 
1 in the pure liquid phase (indicated by l'). On the left-hand 
side of the membraiu' is substance 1 in the pure liquid phase (in- 
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dicated by 1 ) and in the pure vapor phase (indicated by 1). A gap 
at the bottom of the meiiibrano permits the liquid to communicate 
freely between the two columns. 

If the Gibbs-Dalton Law holds for the mixture, tlai pressure of the 
vapor on the left-hand side of the membrane will be less than the pi’es- 
sure of the mixture on the right-hand side. TluMvforc^ the level of the 
surface of the liquid on the left must b(‘ higher than that on the right 
in order to balance by tlie hydrostatic head th(' difleivnce in pr(‘s8ure 
between the two columns of vapor. Th(' poious wall s('])aratos the left- 
hand column of liquid from an adjacent column of pure vapor of sub- 
stance 1 which has acc('ss to the free surfacx' of th(‘ liquid over the top of 
the porous wall. 

First let us consider the level AA corresponding to the surface of 
the liquid exposed to its own vapor. ¥or (‘quilibrium, according to 
[280], the chemical potentials of the pur(‘ licpiid, of the pure vapor, and 
of substance 1 in the mixture must be identical. Then by the Gibbs- 
Dalton Law the pressure of the mixture at k^vel AA can be stated in the 
form 

P = + 7>2 • • • + Pm 

where Pa denotes the saturation pn^ssure of substance 1 at the tempera- 
ture of the system, and 7^2 * • • Pn dimote th(' ])artial i)r(\s8ur('s of com- 
ponents 2 • • • n in the mixture. Now if the ik'iisity of th(‘ mixture is 
small compared with the density of the liquid, this valu(‘ of th(‘ pressure' 
may be considered to be the same as that at th(‘ k'v^'l of th(‘ fn'e liquid 
surface BB in equilibnum with the mixture. In that ev(‘nt the partial 
pressure of a vapor over its own licpiid is tlu' normal saturation pnvssure 
of the vapor regardless of the number or kind of gas(‘s mix(‘d with it. 

For a more rigorous value of tlie partial pressui'c of the vapor wc nuist 
study level BB. For equilibrium the chemical potential of the pure 
vapor of substance 1 must be identical with that> of the ymrc' liquid, and 
the chemical potential of either of these must bo identical with that of 
substance 1 in the mixture — all at the .same lev('l. &inc(* the chemical 
potential and the temperature are adequate to determine the statrq it 
follows that the pure vapor at level Bly having pressure' p'/^ would be 
in equilibrium wdth the mixture at level BB if th(‘ two were connected 
through a semipermeable membrane. Therefore, the partial pressure 
PiB of substance 1 in the mixture at level BB is That is, Ps is the 
partial pressure of substance 1 in a mixture which is in equilibrium with 
the pure liquid phase of substance 1. 

To find the partial pressure of substance 1 in a mixture that is in 
equilibrium at prc'ssurc p^ with tlie liquid fdiase ol .substance 1, it is only 
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necessary to find tlie pressure of the pure vapor of substance 1 that will 
be in equilibrium with liquid under the pressure The expression 
[318] for this quantity was derived above, and in terms of the present 
symbols it is 


^ ^ (pb ~ p>y 

V> 


or 



(Pb - 
RxT 


1319] 


The quantity p\B as found from this equation may be included in the 
summation pi-escribed by the Gibbs-Dalton Law. Moreover, the other 
properties of the pure vapor at level BB may be included in the summa- 
tions [312] and [313] to find the corresponding properties of the mixture 
at the sam(‘ level. 

Let us apply [319] to a mixture of air and water vapor in equilibrium 
with liquid water at a temperature of 100 F (560 F abs) and at a pressure 
of 15 Ib/por sq in. abs. The gas constant for water vapor is 

Rx = 85.7 ft 

Substitution gives 

In — = 0.0007, 

P. 

or 

PlB 

— = 1.0007; 

Ps 


that is, the partial pressure of water vapor in the mixture is 7 parts in 
1 0,000 higher than the saturation pressure. Since 

Ps = 0.9492 Ib/sq in., 

then 

Pin = 0.9499 Ib/sq in. 

For ordinary engineering purposes a difference of this magnitude may be 
ignored. 


The Phase Rule of Gibbs 

i 

It was shown on page 461 that for any change between equilibrium 
states we may write for a phase of a system, if the phase is homogeneous 
in state, 

SdT - V dp + mi dpi + m 2 dM2 • * * + Wn dpn = 0. [290] 
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Solving this expression for the differential of pressure, we get 


dp 



[320] 


Since the temperature and the 7i chemical potentials of the 
of the phase are all independent variables, it follows that 


n components 



[321] 


Therefore, the entropy per unit volume of the pliase and the concen- 
tration of each component in the phase are determined by the relation 
between temperature, pn^ssure, and the chemical potentials of the com- 
ponents. In fact, all the other properties of tlu' phase, except thost‘ 
dependent on its total mass, are determined by the same relation. For, 
if we write [288] in the form 


E 

V 


T 


S vii 

^ — P + Ml -f M2 


T 




it becomes apparent- that the energy per unit, \aihim(‘ is determined by 
the temperature, the pressure, the cln'mical pot('iitials, and the relation 
that exists between them. It may be easily sliown that, and Z/V 
are similarly debnmined. It follows that for (‘ach homogeneous phase 
in a heterogeneous system there is an eciual ion b(‘tween n -f 2 indepen- 
dent variables of tlie form 


/(T, p, Ml, M2, * • * Mrt) = 0 [322] 

which completely det(‘rmines all the property's of that phase, except 
those dependent on its total mass. 

If there are r such phases in equilibrium with each other, then there are 
r equations of the form [322]; namely, 

f'(l\ p, Ml, M2, 

P, Ml, M2, 
etc. 

But by the conditions of (equilibrium [208], [200], and [272], the values of 
7\ p, juj, • • • fjLn must b(e th(* same in each of the r ecpiations in which they 
appear, and the equations are therefore' simultanc'ous equations in 
these (n + 2) variables. When th(*y are reduced there will remain 


* * * Mn ) — d, 

• ' - Mn) == 0, 
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(n + 2 — r) independent variables, or 

F = n + 2 - r, [323] 

where F is the number of independent variables or “ degrees of freedom/’ 
That is, F is the maximum number of phase properties which can be 
independently changed without changing either the number of homo- 
geneous phases of the system or the number of possible comjwnents of 
the parts. The term yhase property is used here to denote any property 
of any phase that is independent of the mass of the phase. Equation 
[323] is then the phase rule of CJibbs. 

For example, a system which is a p\ire substance may have states 
consisting of a single phase (solid, liquid, or gaseous) or of two coexistent 
phases (such as solid and liquid or liquid and gaseous) or of three 
coexistent phases (such as solid, li(iuid, and gaseous at the triple point). 
For thi', single phase, by [323], F is 2; therefore, the temperature and the 
pressure or, alU'rnatively, the temperature and the chemical potential, 
may be vari(*d independently without forming additional phases. For 
two cot'xisting phas(‘s F is 1 ; then^fore, only the temperature (or the 
pressure, or the chemical potential of either phase) may be changed 
without changing the number of phas(\s. If the pressure is changed, the 
temperature changes in accordance with the pressure-temperature 
relation at saturation, but the temperature cannot be changed inde- 
pendently without causing one of the phases to vanish. For three 
coexisting phases F is z(‘ro; therefore, none of the pro^x^rtu^s pressure, 
temperature, or chemical potential can be changed without changing 
the number of phases. For all possibhi three-phase states of the system 
the pressure must be the same, the temperature must be the same, and 
the chemical potential must be the same. 

As a more complex case consider a solution of NaCl in water. If the 
system is entirely in the liquid phase then 

F = 2 -f 2 - 1 = 3. 

That is, the pressure, the temperature, and the concentration of the salt, 
on which its chemical potential depends, can all bo varied independently 
without the formation of a new phase. When solid salt is in equilibrium 
with the solution, r is 2 and F reduces to 2. Then the pressure and 
temperature may be independently varied, but for each combination 
of the two there is a corresponding concentration of salt in the solution. 
Such a solution is called a saturated solution. When solid salt is in 
equilibrium with a solution which is in turn in equilibrium with vapor 
from the solution, F is 1. Then for each value of the temperature the 
pressure is the vapor pressure of a saturated solution at that tempera- 
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ture, and the concentration of the aalt is that corresponding to satura- 
tion. Thus pressure and concentration are no longer indf*pendent of 
temperature. 

Properties of a Surface of Discontinuity 
between a Liquid and Its Vapor 

Consider a spherical drop of liquid that 
is exposed to an atmosphere of its own 
vapor (Fig. 220). Let us assume that this 
drop consists of a large central core of 
liquid, homogeneous in state, which is sur- 
rounded by a thin film of the same maierial 
in some “ surface state.” If we signify 
the liquid phase by ^ and the vapor phase 
by we may write for each the equations 12()1], [288], and 1280): 

dE' = TdS' - p' dU' 4 - m' d/;/, 

dE" ■■= T dS" - p" dF" + m" dm'', 

E' = 7\S' - p'V' 4 n'm', 

E" = TS" - p"r" 4 

and 

The same symbol is used for temperature in both phases, because equi- 
librium demands uniformity of temperatur(‘. Differc^nt syml)ols are 
used for pressure in the two phases because the characterist ics of the film 
make uniformity of pressure unnecessary for e(|uilil)rium. 

If we consider the film to occupy a ncgligibk^ volimu', then work can 
be done on it in a reversible process only by means of a change in its 
area. Therefore, the equation corresponding to [261] lor the film is 

dEf = T dSf 4- a dF 4 M/ dmf, [324] 

where the subscript / .signifies a property of tlie film, F denotes the area 
of the surface of the film, and <j is defined by the eejuation 



It is now easy to show that the equation corresponding to [288] is 

Ef = TSf + crF + fi/Mf, [325] 

from which we get 

M/ = ~ ~ 
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where the lower-case symbols denote values of the corresponding proper- 
ties per unit mass of film. 


Equilibrium of Forces 

Let us assume the entire system consisting of liquid, vapor, and film 
to be enclosed in a container of invariable volume. As a test for equilib- 
lium suppose that the volume of the liquid drop increases so that its 
surface increases and the volume of the vapor decreases, but without 
any exchange of material between either pure phase and the film. Then 
the variation in energy of the system as a whole is 

SE = 8E’ + SE" + dEf 

= TdS' - p' W' + T 8S” - p" 8V" +TdSf + adF 
= T5S- p' dV' - p" 8V" + a 8F, 


where 8S denotes the increase in entropy of the system as a whole. If 
this variation occurs at constant entropy (T dS = 0), then for equilib- 



rium the energy of the system must not de- 
crease : that is, 

(7 dF - p' 8V' - p" 57" > 0. 

In this last equation only the equality can 
hold Ix^cause the reverse variation is also 
possible. Noting that the volume of the 
entire system is unchanged by the variation, 
we may write 

a SF = ip' - p") dV, [326] 


where 57 denotes the increase in the volume 
of the drop and also the decrease in the volume of the vapor if the 
change in volume of the film can be neglected. Tli(‘ (expressions for the 
surface and the volume of a sphere in terms of its radius are respectively 

F = 47rr2 


Therefore dV /dF == r/2, and, from [326],^ 


cr 


[327] 


Consider a liquid, homogeneous in state, contained in a spherical 
membrane of uniform tension a per unit length (Fig. 221 ). For d5niamic 
equilibrium the tension of the membrane along a great circle must balance 
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the normal components of the pressures on a hemisphere. That is, 

where p^ denotes the internal pressure and p' the external pressure. It 
follows that 

« = ^{p' - p")r, 

which is the same as the expression given above for the differential 
coefficient a. By virtue of this analogy a is known as the surface 
tension.^’ 

Equilibrium of Masses 

As a second test for equilibrium suppose that a mass dm transfers from 
the liquid phase to the surface film while the entropy of the whole system, 
the volume of each part, and the surface area of the film are kept constant. 
Since the vapor phase is unaffected, 

dE = T dS' - m' 5m +TdSf^ iif dm 

= T5N+ (m/ - /)5m. 

By assumption dS = 0, and for equilibrium dE > 0. Therefore, 

(m/ “ M^^m > 0. 

Only the equality will hold since the variation can occur in either direc- 
tion. Therefore, for equilibrium 

M/ = M - S 


by [280]. Similarly it can be shown that 


Therefore, 


n ytf 

M = s • 


f ' = f 


Instability of the Drop 

The variations discussed above disclose no instability. However, the 
discussion on page 437 shows that, equilibrinrn between a drop of liquid 
and surrounding vapor is nnsteblo. The following considerations con- 

firm this conclusion. 

For the state of equilibrium we have 

or = 

„t «„id traoto t,«,n ««■ do,, to ,W ^ 

will be a decrease in the radius of the drop. If the vapor suriounding 

Tbe d^p is ruffirirndy H.e .*d tl.r - .r,...,,, on p~ 
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will be negligible. The pressure in the drop, however, will increase 
with decrease in the size of the drop in accordance with [252]. At con- 
stant temperature 

dr' = dp', 

so that r' will be greater than r" after the variation. 

The result of this variation is to increase the escaping tendency of the 
material within the drop without altering the escaping tendency of 
the surrounding vapor. Therefore, evaporation will proceed further, 
once it starts. Similarly it may be shown that condensation will 
proceed further, once it starts. Equilibrium between the drop and its 
environment is therefore unstable. 


The Kelvin-Helmholtz Relation 


A permeable film between the liquid phase and the vapor phase is 
like the porous wall described on page 471 in that it can support a dif- 
ference in pressure between tw'o phases in equilibrium. Therefore the 
relation [318] between the press\ire of a liquid and its vapor will hold. 
If we substitute for {p — ps) in [318] the expression for its approximate 
equivalent (p' — p") from [327], we get the Kelvin-Helmholtz relation 


, p" 2av' 
in — = — 
p, rRT 


[250] 


The Change in Surface Tension with Temperature and with Pressure 
Difference 

The pressure of the vapor and of the liquid are independently variable. 
However, the difference between the pressures of the vapor and the 
liquid is fixed according to [327] by the surface tension and the radius 
of curvature. When this difference vanishes the surface is plane. We 
shall find the variation in surface tension with this difference in pressure 
and with temperature. 

If we differentiate [325] and simplify with the aid of [324] we get 

Sf dT -j- F da 4" TTif duf = 0, [329] 

from which we get 

-^dT da. 

TUf V 171/ 

For the liquid phase and for the vapor phase we may write 
S' dT - V' dp' + m' dp' = 0, 

S" dT - r" dp" + m" dp" = 0. 


[ 330 ] 
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Solving each of these for the differential of pressure and taking the dif- 
ference, we have 


Mf’ - p") - ip' - ip" . (I - + 0 _ 


where 


Solving for dfi, we get 

1 

dp 


P - p - p' , 
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{\/v - 

For any change between states of equilibrium 

dp = dpf. 

Therefore, we may equate the right-hand members of [331] and [330]; 

ii/v' - '*■ {v^ ~ ^ 

Solving for da, we have 

- [7 + - p)]"’’ 

- v”). 


F{\/v' - ]/(.") 

The differential coefficient with respect to t(anj)(‘raturf' is th(T(Tore 
/ da\ Sf nif / 

Wap'-,.") " ~\y^ ' V'j. 

and that with respect to the difference in pressure is 

rtif 
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da 

J{V - p')Jt 


F{l/v' - \/l") 


[333] 


The right-hand member of this equation has a certain significance if 
the density of the vapor {l/'v') is negligible cornpan^d with that of the 
liquid (1/e'). For then the quantity mflFiljv - l/v") becomes the 
thickness the film would have if its density were identical with that of 
the liquid phase. This is doubtless a very minute quantity of the 
order of magnitude of the diameter of a molecule. It is therefore probable 
that for surfaces that are nearly plane [332] may be approximated by 

j- 1 i • - 


the equation 


(a 




F ‘ 


[332a] 
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The Energy of the Film 

The energy of the film per unit area of its surface is found from [325] 
to be 



+ <^ + M/y 


The last term in this expression must be very small since (nif/F) is 
the mass of the film per unit area. Neglecting this term and substituting 
from [332a], we get 


E 

F 


a — 



[334] 


This is an expression that is frequently employed. It may be derived 
by other methods* for the energy of a plane stretched membrane which 
is impermeable to and distinct from the material in the contiguous 
phases. 


PROBLEMS 

1 . Starting from the conditions of (Mjuilibrium of a heterogeneous system, show 
that equilibrium will subsist (in the absence of membranes impermeable to any 
substance) only if the pressure of the sysitun is uniform. 

2 . Consider a system consisting of a pure substance in an equilibrium state 
consisting of three phases (a triple-point stale). From the conditions of equilibrium 
for a heterogeneous system as d(^veIoped in this chapter, state the conditions of 
equilibrium for the pure substan(‘e in the absence of gravity, electricity, magnetism, 
and capillarity. Compare these conclusions with those of Chapter XXIV. 

3. (o) Plot the escaping tendency, in terms of the chemical potential, against 
temperature for saturated li(]uid wat(;r. 

{b) Plot the same quantity against pressures ranging from 5000 to 1 Ib/sq in. abs 
for a temperature of 500 F. 

(c) Plot the same quantity against temperatures ranging from 32 to 1000 F for a 
pressure of 500 Ib/sq in. abs. 

4 . (a) The boiling point of water is raised 0.513 C per gram mole of a non-volatile 
solute in each kilogram of water. Find the value of the chemical potential of water 
in a solution of 3 moles of NaCl in a kilognun of water at the boiling point of the 
solution at a pressure of 1 atmosphere. 

(b) Assuming that the effect on the boiling point is the same for various pressures 
near atmospheric pressure, compare values of the chemical potential for pure water 
and for the salt solution, both at 100 C and both at their respective boiling pressures. 

♦ Hoare, Thermodynamics^ Longmans, 1931, p. 195. Rice, Commentary on the 
Scientific Writings of J. W. Gibbs, Yale University Press, 1936, Vol. 1, p. 588. 
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6 . It was shown in Chapter XIV that the decrease in Z at constant pressure and 
temperature is the maximum possible work that can be realized from a chemical 
reaction. Discuss the relationship between this fact and the fact that for equUibrium 
the value of A",) is fixed by the temperature. 

6. The sketch shows two boxes I and II in each of which the substances a, b, 
and I are in chemical equilibrium at the same temperature T. The pure substance a 
at the pressure Pa is in equilibrium through a semipermeable membrane with the 
composite systern in box I. The pure substance a at the pressure p'd is in equilibrium 
with the composite system in box II. 



(o) Find an expression for the work that would be delivered in a reversible iso- 
thermal steady-flow expansion through engine A from to p'J per mole of sub- 
stance a. Assume a to be a perfect gas, and give tlu; ex})ression in terms of the 
temperature and the pressures. 

The substances a, b, kj and I react in accordance with the chemical equation 
act -j- fib = nk 

If the substances a and h flow into either box in the proportions a : fi, and the sub- 
stances k and I flow out in the proportions k : X, no change in the state of fluid in the 
box will be observable if the mass flow in is equal to the mass flow out. Moreover, 
since the substances in the box are in chemical equilibrium the flow could occur in 
either direction. 

{h) Find an expression for the net work of engines Bf K, and L. 

Note that all operations in this steady-flow cycle are isothermal and reversible. 

(c) What must be the magnitude of the net work? 

(d) Compare the result of conclusion (c) with the condition for equilibrium in 
terms of Kp. 

7. (a) From Fig. 212 find the value of iiTp at 900 K for the reaction 
CO 2 (y) + C (g) = 2CO ((?). 
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(6) Calculate the corresponding values of Kc and A'*. 

(c) Find the per cent of CO that dissociates into C and CO2 at this temperature 
at a pressure of 1 atmosphere. 

(d) If the pressure is increased will a larger or a smaller fraction dissociate? 

8 . Answer questions (a) to (d) from the preceding problem for the reaction 

iNj (fit) + (fit) - Nil, ((/) 

at 400 K. 

(c) If an inert gas, siKih as helium, is added to the mixture without changing its 
total pressure, would a larger or smaller fraction of NH3 dissociate? 

9 . From Fig. 212 find the degree of dissociation of water vapor at 2000 K. 

10 . (a) Find an expression for y in the definition of fugacity, 

RT In / ~ M — i/, 

such that at very low pressures the fugacity and the pressure are identical: 

(6) Plot to the same scale of ordinates against temperature as abscissa values of 
the fugacity and the. pressure for all saturation states of liquid and vapor water 
between 32 F and the critii'al temperature. 

11 . Raoult’s Law states that the pai tial pressure pg of the vapor of a solvent in 
equilibrium with a solution is givcai by 

Ps = ^Ps 

where p« denotes the vapor pressure of the pure solvent and x the mole fraction of the 
solvent in tlie solution. 

(a) Derive an expression for the osmotic pressure of siuih a solution in terms of 
X, the temperature, and the specific volume of the solution. 

{b) An osmotic pressure of 30.7 cm Hg has been observed for a solution which 
contains 0.00190 g of glycerine fier g of solution at a temperature of 0 C. Com- 
pare this with the corresponding value from Raoiilt’s Law. 

12 . At a temperature of 100 F how much water would he required to saturate 
1 cu ft of air if the total pressure of the air and water vapor is 3000 Ib/sq in. abs? 
Compare this with the amount required to siiturate the same volume of air at 15 Ib/sq 
in. abs. 


13 . Find an expression for the maximum number of coexistent phases for mixtures 
of various numbers of components. What is the maximum number of coexistent 
phases for a binary mixture and for a ternary mixture? 


SYMBOLS ^ 

a, 6 • • • fc, i • • • units of corresponding substance 

c concentration 

Cp specific heat at constant pressure 

D a positive number 
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E 

f 

F 

m 

M 

P 

R 

R 

S 

T 

V 

Vg 

V 

w 

X 

y 

V 


internal energy of a system 
fugacity 

number of in(lo])endent variables, area of surface 
mass 

chemical potential for an actual component 

pressure 

gas constant 

universal gas constant 

entropy 

absolute temperature 
specific volume 

specific volume of snturaled vapor 
volume 

work from system 
mole fraction 

vertical distance, function of temperature 
function of temperature 


Greek Letters 


a, ft • • • K, X, • • • 
a 
8 


M 

P 

(T 

f 


numbers 

tension per unit length 

^’ariation in property (first order) 

fraction of su])stance dissociated 

chemical ])otential 

density in nK>les j)ei’ unit volume 

surface tension 

(a -h pv - Ts) 


Subscripts 


c 

m 


mi, 1712 , • • • 
P 


S 


concentration 

mixture 

constant mass of substance 1, 2, • • • 

constant pressure 

surface 

(ajnslant entropy, level, solvent 
constant \olume 


Superscripts 

\ used to distinguish properties of various phases 

' liquid 

" vapor 
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373 

Bottoraley, W. T., 432 
Boundaries of a system, 14, 201, 228 
Bridgman, P. W., 46, 347, 350, 427 
British thermal unit, 60-degree, 10 
corresponding to IF calorie, 10 
Btu, 11 

Bubble point, 3S9 

Bubbles, equilibrium of liquid with, 438 
Buckets, 125 

Bureau of Standards Table, 253 
Burgess, 377 
Butler, 469 

Callendar, H., 52 
Calorie, 15-degree, 10 
IT, 10 

Calorimeter, Peabody, 50 
Capacity for entropy, 426 
Capillarity, 434, 479 
Carbon dioxide, 52, 247 
Carnot, N. L. S., 93 
Carnot cycle, 415 
definition of, 59 
effect of friction on, 177 
reversibility of, 60 
Carnot engine, 59 
Carnot heat pump, 62 
Carnot refrigerating machine, 242 
Carnot's function, 78 
Caubet, 392 
Cen trigrade scale, 5 
absolute, 77 

thermodynamic, 77, 378 
Centrifugal compressor, 125 
Change of state, 6 
Characteristic functions, 369 
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Chemical equation, 226, 465 
Chemical equilibrium, equation of, 464 
Chemical potential, 454, 471 
Chemical reaction, application of First 
Law to, 225 
heat of, 226 
Church, 174 

Clapeyron relation, 347, 374, 471 
Clausius, 86 

inequality of, 69, 79, 293 
Clearance, 121 
Clearance volume, 112 
Cloud chamber, 429 
Coe, 43 

Coefficient, of discharge, 139 
of friction, 325, 332 
of performance, 245 
of velocity, 139 

Combustion, as a source of h(,‘at, 264 
as a source of pow(‘r, 267 
(‘.uergy and entropy of, 309 
internal energy of, 279 
reversibh!, 269 
Component substances, 450 
Components, actual an<l possibh*, 453 
Composition, equilibrium with respect 
to, 453 

Compounding, 120 
Compressed liquid, 54 
Coinpf'ssion, 113 
incomplete, 114 

Compression refrigt;rating machine, 244 
Concentration of a component in a mix- 
ture, 462 

Condensation, loss resulting from, 446 
nucleus of, 440 
pressure jump for, 443 
Condition curve, 161 
Conditions of equilibrium, 451 
Cons(',rvation of energy, law of, 13 
Conservative system, 37 
Constant-boiling mixture, 469 
Constant-pressure thermometer, 376 
Constant-temperature coefficient, 39, 346, 
369 

Constant-temperature expansion, 39 
Constant-volume thermometer, 376 
Continuity equation of steady flow, 38 
Conventional indicator card, 122 
Converging-diverging nozzle, 143 


Converging nozzle, 140 
expansion outside of, 143 
Cooling tower, 217, 223 
Corliss valves, 119 
Corresponding states, law of, 358 
Criterion, of irreversibility, 69, 89 
of stability, 395, 397, 400, 416 
Critical constants, 355 
Critical envelope, 389, 391 
Critical point, 46, 50, 354 
of mixture, 390 
Critical-pressure ratio, 137 
Critical states, 389 
Curved surface, equilibrium at, 434 
of a liquid, 473 
Cushion steam, 113, 117 
Cutoff, 113 
Cycl(^, 6 

Cy(;les, r(4ative performance of, 196 
Cylinder condensation, 117 
methods of reducing, 119 


Dalton, 201 
Danforth, J. L., 432 
Darrieus, 297, 313 
Davis, H. N., 369 
D(?ad center, 112 
D(‘ad state, 290 

i)(^gr('es of freedom, number of, 478 
Dehumidifi(iation, 222 
Density, 1 

Dependent property, 17, 19 
Derived siirface, 419 
Dew point, 208, 390 
saturation pressure corresponding to, 
210 

Diagram factor, 123 
Diagrams, 22 
enthalpy-entropy, 87 
pressure-volume, 87 
temperature-entropy, 86 
Diesel engine, 273 
Diffuser, 315, 321 
Dorse N. E., 52 

Drop of liquid, equilibrium of vapor with, 
438 

instability of, 481 
pressure equilibrium for, 480 
Diihring’s rule, 349 
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f, compared with u, 31 
definition of, 19 
Eberhardt, J. E., 277, 307 
Effectiveness, 297 
and efficiency, 300 
Efficiency, of an engine, 116 
of heat engines, 59, 62 
of a reversible engine, 78 
of Otto engine, 281 
of a power plant, 266 
of a steam generator, 265, 267 
Egli, 327 

Ejector in refrigeration, 245, 247 
El(‘e,trical work, 236, 292 
Electrolux n^frigerator, 254 
Ellenwood, F. O., 124, 174, 200, 221, 263, 
288 

Energy, definition of, 13 
definition of internal, 12 
internal, compared with heat and work, 
13 

kinetic, 14, 32 
law of conservation of, 13 
of a film, 484 
potential, 14 
due to gravity, 32 
process at constant internal, 23 
zero of internal, 12 

Energy equation of steady How, 35, 38 
Energy-volume-t'iitropy space, 419 
Engine, double-acting, 121 
eflScieiicy of, 116 
irreversible, 73 
reciprocating, 111 
reversibl(% 73 
reversible adiabatic, 113 
single-acting, 121 
steady-flow, 62 
uniflow, 120 
Enthalpy, 22 
evaluation of, 364 
of a perfect gas, 96 
relative, 238 
relative partial, 233 
Enthalpy-composition chart, 386 
Enthalpy-drop ratio, 131 
Enthalpy-entropy diagram, 87 
Entropy, 83, 104 
capacity for, 426 
evaluation of, 364 


Entropy, principle of the increase of, 69. 

88 

Epstein, P. S., 16, 394, 488 
Equality of ttmiperature, 4 
Equation of state, 351 
development of, 367 
gciKTalized form of, 357 
virial form of, 371 

Equilibrium, and passive resistance, 405 
as a balance of active* forces, 466 
conditions of, 451 
definition of, 395 
in gravitional field, 472 
metastable, 404 
neutral, 403 
of forces, 480 
of mass(‘s, 481 
of pure substfince, 408 
stable, 395, 403 
iinstabk*, 395, 403 
Equilibrium box, 485 
Equilii)n'ini constant, concentration, 461 
mole-fraction, 465 
partial prc'ssun*, 459 
Escaping tendency, 466 
Evaporation, 45 
Events, 113 

in terms of p(TC(‘ntage of the stroke, 

121 

Exact difh rential, 13 
Expansion, incomplete, 114 
reversible adiabatic, 115 
Expansion nitios of nozzle and stream, 
138 

Extensive properties, 48 
Extraction cycle, 187 
Extraction turlnnes, 197 

Fahrenheit scale, 5 
absolute, 77 
thermodynamic, 77 
Fanno line, 331 
Fermi, E., 66, 93, 381, 488 
Field, 187 

Film, energy of, 484 
First I^aw, 10, 289 

applied to chemical reactions, 226 
applie‘d to solutions, 228 
corollaririvS of, 12 
introduction to, 8 
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First-Law analysis of an absorption 
cycle, 251 
Fixed points, 378 
Flow, across a boundary, 32 
per unit area, 137, 317 
reversible, 314 
steady, 34 

through a nozzle, 40 
through a pipe, 330 
through steam turbines, 40 
with friction, 322 
Flow steam, 113 
Force on a wall, 325 
Forces, 149 

Fractional temperatures on the Kelvin 
scale, 261 

Freezing by expansion, 258 
Freon, 247 
Friction, 67, 322 
coefficient of, 325 
loss of energy due to, 329 
Frossel, 327 

F uel and air, most stable state of, 268 
properties of, 278 
Fugacity, 466, 486 
Fundamental equation, 369 
Funicular polygon, 149 
Fusion, 45 

(laging, 147 
Gas constant, 95 
of mixture, 204 
Gas thermometer, 376 
Gas turbine, 285 
Gases, at high temperature, 94 
at low pressure, 94 

Gt^neral Electric Company, mercury- 
steam plants by, 196 
Generalized n chart, 359 
Gibbs, J. W., 7, 201, 225, 235, 296, 407 
411, 418, 426, 428, 451, 454, 460, 
461, 469, 488 
phase rule of, 476 

Gibbs-Dalton law, 201, 360, 460, 461, 
465, 466, 475 
Gillespie, L. J., 43, 488 
Gilliland, 224, 388, 394 
Gilliland's method, 361 
Glass, 426 
Glauert, H., 323 


Goodenough, G. A., 277 
Gram-molecular volume, 95 
Gravity, 31, 296 
equilibrium in presence of, 472 

Hausen, 369 
Heat, and work, 289 
by-product, 197 
definition of, 5 
of formation, 227 
of solution, 230 
units of, 1 1 
Heat engine, 110 
Carnot, 59 
definition of, 58 
efficiency of, 59 
ideal, 176 
ideal fluid for, 193 
Stirling, 178 
Heat pump, 62 
Carnot, 62 

Heating value of fuel, 266 
Heats of reaction, 226 
Heck, R. C. H., 124 
Helium, fn^ezing of, 261 
liquefaction of, 260 
triple point of, 261 
Helmholtz, R. von, 434 
Hershey, R. L., 277, 307 
High pressure, effect of, 181 
Hirn's analysis, 117 

Hirshfeld, C. F., 124, 174, 200, 224, 263, 
288 

Hoare, F. E., 350, 373, 381, 484, 488 
Holland, 430, 438, 440 
Hottel, H. C., 277, 307 
Hougen, O. A., 241, 394, 407, 460, 469, 
488 

Humidifier, 217 
Hydrogen, liquefaction of, 260 
Hygrometry, 208 

Ice, fusion of, 349 
Ice point, 74 

Ideal gas, 96; see also Perfect gas 
Identical states, 6 
Impulse turbine, 125 
Incomplete compression, 114 
Incomplete expansion, 114 
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Incompressible fluid, 411 
flow of, 316 

Independent properties, 13, 383 
number of, 478 
Indicator, 112 
Indicator diagram, 112 
analysis of, 282 
Inequality of Clausius, 69, 79 
Infinitely dilute solution, 233 
Instability, limit of essential, 425 
Internal-combustion engine, 236, 270 
and steam power plant compared, 
284 

efficiency of, 281 
Internal-combustion turbine, 285 
Internal energy, compared with heat and 
work, 13 
definition of, 12 
of a perfect gas, 96 
zero of, 12 

International Conference on Weights and 
Measures, 377 

International scale, fixed points of, 378 
of temperature, 377 

Inversion of Joule-Thomson coefficient, 
372 

Irreversibility, 293 
criterion of, 69, 89 
effects of, 1 14 

Irreversibility in condensation, 447 
Irreversible engines, 73 
Irreversible flow, 322 
Irreversible processes, 67 
Isentropic process, 101 
Isometric, 20 
Isopiestic, 21 
Isotherm, 24, 101 
Isothermal process, reversible, 84 
IT calorie, 11 

Jennings, B. H., 52, 253, 392 
Jones, C. L., 52 
Joule coefficient, 414 
Joule-Thomson coefficient, 39, 34(), 366, 
369, 414 

Joule-Thomson experiment, 38 

Kay, W. C., 359 
Kearton, 174 


Keenan, J. H., 52, 299, 301, 304, 313, 327, 
334, 350, 352, 367, 373, 444 
Kellar, A., 192 
Kelvin, 434 
Kelvin scale, 374 

Kelvin-Helinholtz relation, 436, 482 
Kelvin temperature scale, 76 
Kelvin's first scale, 78 
Keyes, F. C., 52, 350, 352, 357 , 367 , 373, 
444 

Kiefer, P. J., 109, 124, 174, 200, 224, 263, 
288, 340, 350 

Kinetics energy, 14, 32, 296 
Knoblauch, 0., 369 
Knowlton, P. H., 168 
Koch, We., 52, 373 
Kraft, E. A., 174 

Laminar flow, 325 
I^ng, H. J., 334 
l^aplace, 319 

Latent heat, of fusion, 45 
of vaporization, 45 
Law of corresponding states, 358 
Lead storage c(‘ll, 23(), 237, 240, 405 
Leaving loss, 1 59 
Lev(ds of temp(*ratur(', 4 
Lewis, (1. N., 232, 241, 2S6 
Lewis, W. K., 224, 38S, 394 
Limit, of absohit(' stability, 425 
of ess(‘nlial instability, 425 
Linde process, 258 
Liquefying gns(‘s, 257 
Liquid film, properties of, 479 
Lj angstrom turbine, 125 
Lowenstein. L. C., 158, 174, 335, 340 

MacDougall, F. H., 7, 16, 66, 72, 389, 428, 
488 

Macintire, H. J., 211, 263 
Mass velocity, 137, 317 
Massieu, 369 

Maximum density, line of, 415 
Maximum us(‘ful work, 290 
Maximum work, 234 
from air and fuel, 267 
Maxwell, J. C, 37 
Maxwell relations, 363, 341 
McAdams, W. IL. 224, 388, 394 
McCaks 388 
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Mean effective pressure, 122 
Mechanical equivalent of heat, 10 
Mercury, 194 

Mercury-in-glass thermometer, 3 
Mercury-steam cycle, 195 
Metallurgical limit, 180, 182, 284 
Metastable equilibrium, 404 
Metastablc states, 354, 418, 425 
experimental evidence of, 429 
properties for, 433 
Mixing perfect gases, 207 
increase of entropy in, 207 
Mixture, azeotropic, 469 
constant boiling, 469 
critical point of, 390 
equilibrium between phases of, 382, 
389 

molecular weight of, 204 
phase boundaries of, 389 
properties of, 468 
rectification of, 383 
reversible adiabatic pro(;ess in, 215 
specific heats of, 205 
steady flow of, 217 
superheated vapor of, 389 
Mixture and pure liquid, 474 
equilibrium of, 207 
Mixtures, of air and water vapor, 208 
of perfect gases, 203 
of two phases, 48 
p-y-T relation for, 360 
Moisture, effect of, ISl 
Mole fraction, 204, 464 
Molecular weight, 95 
of mixture, 204 
Molecules, 5 
Mollier, R., 88 
Mollier chart, 88 
Motion, 31 

Multistage turbine, 127, 158 
distribution of impulse and reaction in, 
132 

impulse, 160 
reaction, 160 
two-row stage in, 159 
two-row wheel in, 134 

Necessity of conditions for equilibrium, 
397, 401, 405, 408 
Negative temperatures, 77 


Neutral equilibrium, 403, 411, 414, 418, 
423 

Newman, L. E., 160 
Newton’s second law of motion, 148 
Noyes, A. A., 72, 241 
Nozzle, coefficients of, 139 
converging, 140 

converging-diverging, 138, 143, 320 

critical -pressure ratio for, 137 

definition of, 125, 136, 316 

efficiency of, 138 

exit area of, 146 

expansion ratio of, 138 

flow characteristics of, 141 

flow per unit area in, 137 

gaging of, 147 

minimum area of, 319 

pitch of, 146 

pressure shock in, 145 

radial height of, 146 

reaction of, 337 

reversible adiabatic, 103, 136 

supersaturation in, 429 

throat of, 138, 320 

turbine, 146 

velocity characteristics of, 141 
velocity of sound in, 138, 319 
Nozzle angle, 134, 146 
Nozzle-bucket efficiency, 155 
Nucleus of condensation, 440 

Octane, 286, 279, 306 
Open system, 32, 230 
Orr, J., 196 
Osmotic pressure, 473 
Otto engine, 271 
analysis of, 275 
availability in, 306 

Paddle-wheel type of process, 68 
Partial pressure, 203, 255 
Partial property, 229 
Parts, by mass, 205 
by volume, 205 
Passive i*e8istance, 404, 451 
Path, 6 

Peabody calorimeter, 60 
Perfect gas, definition, part 1, 96 
part 2, 100 
entiialpy of, 96 
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Perfect gas, entropy of, 104 
flow of, 316 

fundamental equation for, 372 
internal energy of, 96 
poly tropic process in, 103 
reversible adiabatic process in, 101 
Perpetual motion of the second kind, 
62 

Perpetual-motion machine, 63 
Phase, 225, 230, 449 
Phase property, 478 
Phase rule of Gibbs, 476 
Phases, 44 

at a curved surface, 434 
coexisting, 419, 423 
mixtures of, 48 
stability of, 415 
Pipe, flow in, 330 

pressure of maximum entropy in, 338 
Pitch, 146 
Pitch circle, 146 
Pitch diameter, 147 
Planck, Max, 7, 16, 64, 66, 72 
Platinum resistance thermometer, 379 
Platinum vs. platinum-rhodium thermo- 
couple, 379 
Poincar6, 7, 16, 66 
Polar diagram, 386, 393 
Poly tropic process, 103 
entropy change in, 105 
Possible variation, 395 
Potential energy, 14 
due to gravity, 32 
Power plant, efficiency of, 266 
Pressure, definition of, 1 
equilibrium with respect to, 452 
negative, 431 
Pressure shock, 145, 334 
Pressure-volume diagram, 87 
Primitive surface, 419 
Principle of the increase of entropy, 69, 
88 

Process, 6 
adiabatic, 25 
adiabatic steady flow, 40 
constant-internal-energy, 23 
constant-pressure, 21 
constant-temperature, 24 
constant-volume, 20 
irreversible, 67 


Process, isentropic, 101 
limiting, 69 

paddle-who(‘l tyjx' of, 20, 21, 68 
reversible, 67, f)9 
reversible adiabatic:, 83 
reversible isothermal, 83 
unrestrained expansion, 23 
Products of combustion, properties of. 
279 

Propane, 371 

Properties, dependent, 17, 19 
extensive, 4H 
independent, 17, 19 
of refrigerants, 249 
of steam, 52 
reduced, 358 
Property, definition of, 6 
partial, 229 
test for, 7, 18 

Proportionality factor, J, 10 
Proportions by volume, 205 
Psi function, 235 
Psychronieter, 210 
I^sychroinetric chart, 211 
Psychromotry, 208 
Pure reaction stage*, 129 
Puni substance, ehemical potential of, 
456 

definition of, IS 
equilibrium of, ^108 
redation, 351 
generalized, 357 

Quinn, E. L., 52 

Radial lieight , i4G 
Randall, M., 232, 241, 28() 

Rankine eyele, 110, 179 
availability, 298 
Raoult's law, 486 
Ratio of t he speadfic heats, 99 
Rayleigh line, 334 
Reactants, properties of, 278 
Reaction, 325, 337 
degree of, 147 
Reaction turbine, 127 
Reciprocating engine, 111 
applications of, 169 
cylinder condensation in, 117 
double-acting, 121 
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Reciprocating engine, single-acting, 121 
steady-flow analysis of, 115 
turbine compared with, 168 
Rectifier, 251 
Rectification, 383 
of an azeotrope, 471 
Rectifying column, 388 
Reduced pressure, temperature, and 
volume, 358 
Reflux, 385 
Refrigerants, 246 
properties of, 249 
vapor pressure of, 248 
Refrigerating Data Book, 224:, 248, 249, 2(>3 
Refrigerating machine, 242 
Refrigerator, 58, 62 

Regenerative cycle. Second Law analysis 
of, 303 

Regenerative feed-water heating, 184 

Regenerative refrigerating mac'liine, 242 

Reheat, 183 

Reheat factor, 101, 302 

Reheating, Second Law analysis of, 303 

Relative? enthalpy, 238 

Relative humidity, 208 

Relative partial enthalpy, 233 

Relative velocities, 128 

Release, 113 

Retrograde condensation, 391 
Retrograde vaporization, 392 
Rettaliata, J. 1’., 430 
Reversible adiabatic engine, 113 
indicator diagram of, 113 
Reversible adiabatic expansion, 115 
Reversible adiabatic process, 83, 101, 215 
Reversible engines, 73 
efficiency of, 78 

Reversible isothermal process, 84 
Reversible process, 67 
as a limiting process, 69 
slowness of, 70 

Reversible refrigerating machine, 245 
Rice, J., 484 
Robinson, E, L., 164 
Rotation loss, 156 
Stodola’s formula, 158 
Rouse, H., 326 

Saturated liquid, 45 
Saturated mixture, 208 


Saturated solution, 478 
Saturated vapor, 45 
Saturation states, 53 
Scale of temperatiu'e, 4 
Scatchard, G., 357 
Second Law, 289 
applications, 234, 256, 335 
applied to refrigeration, 256 
applied to shock, 335 
of thermodynamics, 64 
corollari(‘s of, 73 

Second Law analysis of ammonia- 
absorption cycle, 305 
Semipermeable membrane, 457 
porous wall as, 471 
Shannon, F. P., 52, 253, 392 
Shear force, 328 
Sherrill, M. S., 72, 241 
Silica-gel adsorption machine, 255 
Solid phases of water, 46 
Solution, boiling point of, 484 
vapor pressure of, 473 
Solutions, 228 

Specific heat, at constant pressure, 22, 
346, 409 

at constant volume, 21 
Specific heats, 228, 309 
at zero pressure, 366 
derivatives of, 345 
of a mixture, 205 
of a perfect gas, 99 
ratio of, 99 
spectrographic, 366 
Specific humidity, 208 
Specific volume, 1 
Stability, criterion of, 395 
limit of absolute, 425 
of a mechanical system, 396 
of phases, 415 
Stable equilibrium, 90, 403 
Stable states, 422 
Stage, 125 
Stage efficiency, 156 
Standard atmosphere, 77 
State, 6^ 

Steady flow, 34, 115 
adiabatic, 40 
availability in, 295 

chemical reaction and solution in, 
234 
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Steady flow, continuity equation of, 38 
energy equation of, 35, 38 
heating and cooling in, 40 
irreversibility in, 298 
of mixtures, 217 
reversibility in, 70 
work in, 322 
Steady-flow engine, 62 
Steam, properties of, 52 
supersaturated, 239 
Steam gemerator, efficiency of, 2(i5, 267 
Steam power plant and internal-combus- 
tion engine compared, 284 
Steam Tables, 52 
Stirling air engine, 178 
Stodola, A., 158, 174, 335, 340 
Stream line, 323 
Stream tube, 323 

Stuart, M. C., 109, 124, 174, 200, 224, 263, 
288, 340, 350 
vSu, G-J., 360 
Sublimation, 45 

Sufficiency of (conditions for equilibrium, 
397, 401, 405, 411 
Sulphur, boiling point of, 77 
Sulphur trioxide, dissocciation of, 463 
Sulphuric acid, 232, 238 
Sup(cr(!ooled liquid, 425 
Superheat, cfTect of, 181 
Supcerheated liquid, 354, 418, 425, 431 
Superheated vapor, 45, 53 
Superheating, 119 
Supersaturated steam, 239 
Supersaturated vapor, 354, 418, 425 
condensatiem of, 442 
Supersaturation limit, 438 
Supersaturatioii ratio, 438 
Supersonic flow, 332 
Surface of discontinuity, 479 
Surface tension, 435, 447, 481, 482 
rate of (change of, 440 
Symbols e, u, E, and V , 19 
Systiun, conscervative, 37 
definition of, 1 
open, 32 

Tables of properties, 52 
Taylor, C. F., 273, 288 
Taylor, E. S., 288 

Temperature, absolute Fahrenheit, 374 


Temi)erature, absolute zero of, 77 
Centigrade, 5 
equality of, 4 

equilibrium with respect to, 452 
Fahrenheit, 5 
international, 377 
Kelvin scak' of, 76, 374 
levels of, 4 
negative, 77 

scakes of, sec Temperatum 8cal(*8 
thermodynamic, 374 
thermodynamic Centigrade, 378 
3’(‘nip(*rature-eniropy diagram, 86 
''remperature scales, 4, 74 
absolute Centigrade, 77 
absolute k\ihr(cnheit, 77 
Centigrade, 5, 77 
definition of, 73 
Fahn'ulucit, 5, 77 
Kelvin, 76 
K(4vin’s first, 78 
mer(cury-in-glass, 5 
thermodynamic, 76 
thermodynamiic Centigrade, 77 
tlKTinodynarnic I'ahn'rjheit, 77 
Thermodynamic Oentigra(k! scale, 77, 
378 

'riKTinodynarnic Fahrcuiluat 8(cale, 77 
Thermodynamic temjKcrature scale, 76, 
374 

Thermodynami(cs, definition of, 1 
'r}iermom(‘ter, 74, 376 
black-body, 380 
mer(cury-in -glass, 3 
platinum resistaiKce, 379 
platinum vs. jdatinum-rhodium, 379 
Thiele, 388 
Threcc-row stage, 12t) 

Throttling in n'frigcrntion, 244 
Triple jjoint, 46, 49, 55, 349, 415, 484 
Turi)me, 125 

absolute v(‘lociti(i8 in, 128 
iiI)pIi(;ations of, 169 
ca|)a(*ity of, 134, 167 
condition curve of, 161 
distribution of impuls(c and reaction in, 
132 

double-flow, 168 
(‘ITe(ctiveriess of, 303 
(efficiency of, 132, 135 
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'furbinc, finite-angle, 134 
friction in, 131, 159 
General Electric, 160 
impulse, 125, 160 
leakage in, 131 
leaving loss in, 159 
Ijungstrom, 125 

method of computing steam flow of, 
165 

multistage and single stage compared, 
159 

reaction, 127, 160 

r(Hdprocating engiiK^ compared with, 
108 

reheat factor in, 162 
relative velocities in, 128 
rcwersibhi adiabatic, 103 
seals in, 161 
stresses in, 159 
thrcHwow impulse', 126 
two-row in»pulse, 126, 133 
velofdty-cornpound, 127 
Westinghouse, 161 
wh(‘el speed of, 12<S, 165 
zero-angle, 127 
Turbine blackvs, 125 
Turbine bucket, 125, 147 
axial thrust on, 152 
coefficients of, 148 
force on, 148 
work on, 153 
Turbine nozzle, 125, 146 
Turbine stage, 125, 154 

characteristic velocity of, 155 
definition of, 154 
('ffectiveiK'ss and efficiency, 300 
(fficioncy of, 155 
irreversibility in, 302 
pitch circle of, 146 
pitch diameter of, 147 
reversible adiabatic, 155 
rotation loss in, 156 
Turbulent flow, 325 
Two-phase state, ('quilibrium of, 414 
Two-row' impulse stage, 126, 159 

ti, compared with e, 31 
definition of, 19 

Tndercooled vapor, 354, 418, 425 
Uni flow engine, 120 


Units of work and heat, 11 
Universal gas constant, 94, 203, 351, 
459 

Unrestrained expansion, 67 
Unstable equilibrium, 403, 418, 424, 
438 

Useful work, 236 

van der Waals, equation of, 352, 416, 424, 
426 

development of, 368 
Vapor, and drops, mixtures of, 445 
saturated, 45 
superheated, 45, 53 
supersaturated, 354, 418, 425 
Vapor pressun?, effect of pressure on, 471 
of a liquid in a mixture, 475 
of a solution, 473 
of refrigerants, 248 
Variation, 39(> 

Vector summation, 149 
Velocity -t^ompound stages, 127 
Velocity, of fluids, 317 
of sound, 138, 318, 332 
von Helmholtz, 11., 434 

WalkcT, W. H., 224, 388, 394 
Warburton, 305 
Warming (uigine, 261 
Warren, G. B., 168 
Water, 52 
boiling point of, 74 
solid phases of, 46 
surface tension of, 447 
triple point of, 55, 349 
Water-vapor refrigerating machine, 246 
Watson, K. M., 241, 394, 407, 460, 469, 
488 

Weber, H. C., 7, 16, 43, 57, 66, 109, 241, 
288, 313, 350, 355, 360, 373, 394, 
488 

Wet-and-dry-bulb thermometer, 210 
Wet-bulb temperature, 211 
Wheel speed, 128 
WilsonV C. T. R., 429 
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